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Abstract

This paper addresses the distributed stochastic min-
imax optimization problem subject to stochas-
tic constraints. We propose a novel first-order
Softmax-Weighted Switching Gradient method tai-
lored for federated learning. Under full client
participation, our algorithm achieves the standard
O(ϵ−4) oracle complexity to satisfy a unified
bound ϵ for both the optimality gap and feasibil-
ity tolerance. We extend our theoretical analysis to
the practical partial participation regime by quan-
tifying client sampling noise through a stochastic
superiority assumption. Furthermore, by relaxing
standard boundedness assumptions on the objec-
tive functions, we establish a strictly tighter lower
bound for the softmax hyperparameter. We pro-
vide a unified error decomposition and establish a
sharp O(log 1

δ ) high-probability convergence guar-
antee. Ultimately, our framework demonstrates
that a single-loop primal-only switching mecha-
nism provides a stable alternative for optimizing
worst-case client performance, effectively bypass-
ing the hyperparameter sensitivity and convergence
oscillations often encountered in traditional primal-
dual or penalty-based approaches. We verify the
efficacy of our algorithm via experiment on the
Neyman-Pearson (NP) classification and fair clas-
sification tasks.

1 Introduction

Federated Learning (FL) aims to solve distributed optimiza-
tion problems of the form

min
w∈Θ

n∑
i=1

pifi(w), (1)

where Θ ⊆ Rd is a compact convex set, n is the number
of clients, fi(w) := Eζ∼Di

[fi(w, ζ)] denotes the local ex-
pected loss at client i and pi denote the probability weight
of the client [McMahan et al., 2017, Kairouz and McMahan,
2021]. Under statistical heterogeneity, where local distribu-
tions {Di}ni=1 are non-identical, this empirical risk minimiza-
tion (ERM) objective inherently prioritizes average perfor-
mance across clients [Li et al., 2020a, Mohri et al., 2019].
As a result, the learned model is biased toward dominant
client distributions and may exhibit severely degraded per-
formance on underrepresented or hard clients [Mohri et al.,
2019, Hashimoto et al., 2018, Li et al., 2019].
To guarantee uniformly good performance across all de-
vices, a powerful alternative is to frame the training pro-
cess as a distributionally robust (or agnostic) optimization
problem [Mohri et al., 2019, Deng et al., 2020, Duchi and
Namkoong, 2021]. Instead of minimizing the average loss,
the algorithm minimizes the maximum expected loss over a
global set of adversarial weights

min
w∈Θ

max
λ∈Λ

n∑
i=1

λifi(w), (2)

where Λ :=
{
λ ∈ Rn+ :

∑n
i=1 λi = 1

}
represents the prob-

ability weight assigned to each local client i. Intuitively,
the inner maximization concentrates probability mass on the
worst-performing clients. This recovers the equivalent mini-
max formulation with I := {1, 2, . . . , n}

min
w∈Θ

max
i∈I

fi(w), (3)

which directly enforces robustness to client heterogeneity.
Existing minimax formulations in federated settings typi-
cally optimize this worst-case loss in isolation. However,
in many practical deployments, models must simultaneously
satisfy strict client-wise operational requirements, such as
fairness mandates, safety limits, resource budgets, or regula-
tory thresholds [Islamov et al., 2025b, Upadhyay et al., 2026].
Tracking n distinct stochastic constraints, i.e., gi(w) =
Eζ∼Di

[gi(w, ζ)] ≤ 0, ∀i ∈ I, which encode client-specific
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operational constraints, is prohibitively expensive in feder-
ated environments, as it requires maintaining and synchro-
nizing n distinct dual variables across a network with inter-
mittent client availability. To circumvent this communication
and memory bottleneck, these considerations naturally lead to
a constrained worst-case formulation over the discrete maxi-
mum,

min
w∈Θ

max
i∈I

fi(w) s.t. max
i∈I

gi(w) ≤ 0, (4)

This stochastic minimax problem with stochastic constraints
captures a strictly more challenging setting than the standard
agnostic setting, as it requires controlling both worst-case
performance and constraint violation across heterogeneous
distributions without explicitly relying on separate dual vari-
ables. Solving (4) in FL environments raises several nontriv-
ial theoretical and algorithmic challenges, including:

Non-smooth worst-case objective. The client-wise maxi-
mum maxi∈I fi(w) and maxi∈I gi(w) induces an inherently
non-smooth objective and constraint landscape. In particular,
when multiple clients attain similar worst-case losses or con-
straint violations, the subdifferential becomes highly sensi-
tive to stochastic perturbations. Under noisy local estimates,
the identity of the worst client may fluctuate across rounds,
causing standard gradient-based methods to exhibit oscilla-
tory behavior around the feasibility boundary.

Coupling of constraints with minimax optimization.
While unconstrained agnostic FL [Mohri et al., 2019] can
relax the discrete client maximum into a smooth probabil-
ity simplex (as in (2)) to employ standard stochastic saddle-
point algorithms like SGDA, incorporating non-smooth con-
straints shatters this convenience. Standard constrained op-
timization relies on primal-dual or penalty-based approaches
(e.g., ADMM), which require maintaining, tuning, and com-
municating dual variables. In federated networks, primal-
dual methods suffer from severe “dual drift” and instability
under stochastic gradients and partial client participation, as
inactive clients cause their corresponding dual variables to
become stale [Wang et al., 2022, Sun et al., 2024]. More-
over, many existing constrained methods rely on determinis-
tic gradients, bounded losses, or inner optimization subrou-
tines, which are highly restrictive in large-scale stochastic
federated settings.
Consequently, naive saddle-point reformulations yield degen-
erate adversarial dynamics, unstable dual updates, and com-
munication overhead. This necessitates a new algorithmic
approach to constrained federated and distributed minimax
optimization that avoids the pitfalls of dual-variable synchro-
nization while guaranteeing strict worst-case constraint satis-
faction.
To address these issues, we propose a stochastic Softmax-
Weighted Switching Gradient method for distributed and

federated stochastic minimax problem with stochastic con-
straints. The key idea is to replace the non-smooth hard maxi-
mum with a smooth, temperature-controlled Softmax approx-
imation that generates smooth adversarial weights over par-
ticipating clients,

pk = softmax(αf(wk)), (5)

where f(wk) := (f1(wk), . . . , fn(wk)) and α ≥ 0 con-
trols the approximation tightness, similarly for g(wk) =
(g1(wk), . . . , gn(wk)). This formulation stabilizes the gra-
dient landscape while preserving sensitivity to worst-case
clients. Crucially, we couple this smooth minimax approxi-
mation with a first-order switching mechanism [Polyak, 1967,
Upadhyay et al., 2025]: when the estimated global constraint
violation is within a prescribed tolerance, the algorithm prior-
itizes worst-case objective minimization; otherwise, it adap-
tively redirects updates toward reducing constraint violations.
This design eliminates the need for explicit dual variables, in-
ner optimization loops, or deterministic gradient access, mak-
ing the method fully compatible with stochastic first-order or-
acles, multiple local updates, and partial client participation.
From a theoretical perspective, our framework departs from
existing robust and meta-learning approaches in several im-
portant ways. Unlike downstream adaptation and constrained
meta-learning methods that rely on centralized optimization
or restrictive boundedness assumptions on the (loss) func-
tions [Wang et al., 2023], we analyze a fully stochastic fed-
erated setting with heterogeneous client distributions and
stochastic constraint evaluations. Furthermore, our method
operates as a single-loop first-order algorithm without requir-
ing the solution of auxiliary optimization problems at each
round, in sharp contrast to many primal-dual or ERM-oracle-
based minimax methods. These distinctions make our ap-
proach particularly suitable for large-scale, communication-
constrained federated systems where robustness, feasibility,
and scalability must be addressed simultaneously.

1.1 Contributions

In this paper, we present the Softmax-Weighted Switching
Gradient method to solve distributed stochastic optimiza-
tion problems with stochastic constraints (formally defined
in Eq. (†), Section 2). Our core contributions are summarized
as follows:

• Novel Constrained Minimax Framework: We propose
a single-loop, first-order algorithm that solves stochastic
constrained minimax problems in FL without explicit dual
variables (Section 3), achieving the canonical O(ϵ−4) ora-
cle complexity for stochastic constrained setting [Lan and
Zhou, 2020b]. This fundamentally bypasses the “dual drift”
and instability issues prevalent in heterogeneous federated
networks.

• Relaxation of Boundedness Assumptions: Building upon
foundational softmax-based minimax approaches for de-
terministic, centralized, and unconstrained settings [Wang
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et al., 2023], our theoretical analysis successfully relaxes
the requirement for strictly bounded objective functions.
This advancement allows us to establish a tighter, more
generalized lower bound for the softmax hyperparameter
α (Section 4), yielding improved theoretical guarantees
that apply broadly, including in purely centralized environ-
ments.

• Unified Error Decomposition for General FL Settings:
We establish rigorous high-probability convergence guar-
antees under practical federated constraints, explicitly ac-
commodating multiple local updates and partial client par-
ticipation. Our analysis cleanly decouples the optimality
gap and feasibility tolerance into three distinct sources: op-
timization error, stochastic estimation error, and client sam-
pling error (Section 4).

• Empirical Validation: Finally, we evaluate the robustness
of our approach through diverse empirical trials, including
the NP classification and fair classification tasks. By bench-
marking against traditional primal-dual and penalty-based
methods, we offer important practical observations regard-
ing the reliability of primal-only switching methods in the
face of client heterogeneity (Section 5).

2 Problem Setup

In this section, we formally state the setup of a distributed
stochastic minimax optimization problem with stochastic
constraints, and introduce notations for theoretical analysis.
Problem Formulation. Consider a set of n clients indexed
by i ∈ I = {1, 2, . . . , n}, where each client is associated
with a local data distribution Di on the sample space Z .
We define two vector-valued functions, f : Θ × Z → Rn
and g : Θ × Z → Rn. Specifically, for each client i,
let fi(w, ζ) = [f(w, ζ)]i and gi(w, ζ) = [g(w, ζ)]i de-
note the local objective and constraint values for a sample
ζ ∼ Di. The corresponding local expectations are given by
fi(w) = Eζ∼Di

[fi(w, ζ)] and gi(w) = Eζ∼Di
[gi(w, ζ)].

The expectation-constrained minimax optimization problem
is then formulated as:

min
w∈Θ

F (w) = min
w∈Θ

max
i∈I

[f(w)]i = min
w∈Θ

max
i∈I

fi(w)

s.t. G(w) := max
i∈I

[g(w)]i = max
i∈I

gi(w) ≤ 0
(†)

In the above problem, we minimize the maximum of the
objective functions F (w) := maxi∈I fi(w) while all the
constraints are less than or equal to 0, akin to G(w) :=
maxi∈I gi(w) ≤ 0. We assume the optimal solution w∗ ex-
ists and the optimal value is F (w∗) with G(w∗) ≤ 0.

w∗ ∈ arg min
w∈Θ

F (w) s.t. G(w) ≤ 0 (∗)

Notations. For the brevity of notations, the Jacobian ma-
trices of the expectation functions f(w),g(w) can be writ-
ten as ∇f(w) = (∇f1(w),∇f2(w), . . . ,∇fn(w))⊤ and

∇g(w) = (∇g1(w),∇g2(w), . . . ,∇gn(w))⊤ respectively,
where∇fi(w) ∈ ∂fi(w) and∇gi(w) ∈ ∂gi(w) are subgra-
dients of fi(w) and gi(w) under Assumption 4.1 on convex-
ity of fi(w) and gi(w).
To evaluate the function values of the objective and con-
straint functions f(w),g(w), we take batches of data sam-
ples ξ(i) = (ξ

(i)
1 , . . . , ξ

(i)
Bζ

)
i.i.d.∼ Di, drawn from the distribu-

tion Di to approximate the expectations [f(w)]i = fi(w) =
Eζ∼Di

[fi(w, ζ)] and [g(w)]i = gi(w) = Eζ∼Di
[gi(w, ζ)]

for i ∈ I using the batches of data samples ξ(i) as follows:

fi(w, ξ
(i)) :=

1

Bζ

Bζ∑
s=1

fi(w, ξ
(i)
s ),

gi(w, ξ
(i)) :=

1

Bζ

Bζ∑
s=1

gi(w, ξ
(i)
s ).

(6)

We write ξ = (ξ(i))i∈I and f(w, ξ) = (fi(w, ξ
(i)))i∈I ,

g(w, ξ) = (gi(w, ξ
(i)))i∈I to represent the batches of data

samples and the corresponding approximated function values
of the objective and constraint functions respectively. Simi-
larly, we can evaluate the gradients of the objective and con-
straint functions f(w),g(w) using batches of data samples
ζ(i) = (ζ

(i)
1 , . . . , ζ

(i)
Bg

)
i.i.d.∼ Di drawn from the distribution Di

as follows:

∇fi(w, ζ(i)) :=
1

Bg

Bg∑
s=1

∇fi(w, ζ(i)s ),

∇gi(w, ζ(i)) :=
1

Bg

Bg∑
s=1

∇gi(w, ζ(i)s ).

(7)

Correspondingly, we write ζ = (ζ(i))i∈I and ∇f(w, ζ) =
(∇fi(w, ζ(i)))i∈I , ∇g(w, ζ) = (∇gi(w, ζ(i)))i∈I to rep-
resent the batches of data samples used to evaluate the gra-
dients, and the approximated gradients of the objective and
constraint functions.
Regarding the minimization problem of the maximum func-
tion value F (w) := maxi∈I fi(w) under the constraint
G(w) := maxi∈I gi(w) ≤ 0. We can approximate the
maximum function value F (w) and the constraint G(w)
using the batches of data samples ξ such that F (w, ξ) =
maxi∈I fi(w, ξ

(i)) and G(w, ξ) = maxi∈I gi(w, ξ
(i)).

3 Algorithm

In this section, we propose a Softmax-Weighted Switching
Gradient method for solving the constrained minimax opti-
mization problem in (†) (Algorithm 1).
Basic Switching Strategy. The switching strategy imple-
ments a simple mechanism [Polyak, 1967, Nesterov et al.,
2018] based on the maximum constraint violation at the k-th
iteration of global round over all clients i ∈ I,

G(wk, ξk) = max
i∈I

gi(wk, ξ
(i)
k ). (8)
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Algorithm 1 (Softmax-Weighted Switching Gradient)
Federated Learning with Partial Participation (m ≤ n)
(Local Update Steps E ≥ 1)

1: Input: Initial parameters w0, global/local step size
(η, γ), tolerance ϵ, softmax hyperparameter α, size of
subsets m(≤ n)

2: S ← ∅ // Initialize set of constraint-satisfied iterations
3: for global round k ∈ [K] do

// Sample subsets with cardinalitym from I uniformly
and independently
// Cm(I) = {A ⊆ I | |A| = m}

4: Ik ∼ Unif(Cm(I))
5: broadcast wk to clients Ik
6: for each client i ∈ Ik in parallel do

// Samples for Function Value Evaluation
7: ξ

(i)
k ≡ ([ξ

(i)
k ]s)

Bζ

s=1
i.i.d.∼ Di

8: [f(wk, ξk)]i ← fi(wk, ξ
(i)
k ) // See Equation (6)

9: [g(wk, ξk)]i ← gi(wk, ξ
(i)
k ) // See Equation (6)

10: end for
11: collect [f(wk, ξk)]i, [g(wk, ξk)]i from client i ∈ Ik
12: pk ← softmaxIk

(αf(wk, ξk)) // Softmax weights
13: qk ← softmaxIk

(αg(wk, ξk)) // See Equation (10)
14: if Gk(wk, ξk; Ik) ≡ ⟨qk,g(wk, ξk)⟩ ≤ ϵ/2 then
15: S ← S ∪ {k} // Add iteration to set
16: end if
17: broadcast 1k ≡ 1Gk(wk,ξk;Ik)≤ ϵ

2
to clients Ik

18: for each client i ∈ Ik in parallel do
// Function 1 to compute the update direction

19: u
(i)
k ← LocalSolver(wk,1k, γ; i)

20: end for
21: collect u(i)

k from each client i ∈ Ik
22: uk ←

∑
i∈Ik

(1k[pk]i + (1− 1k)[qk]i)u(i)
k

23: wk+1 ← wk − ηuk // Update parameters
24: end for
25: wK ← 1

|S|
∑
k∈S wk // Averaged solution

26: Output: Optimized parameters wK

When constraints are satisfied such that G(wk, ξk) ≤ ϵ at
iteration k, the algorithm focuses on minimizing the objec-
tive function using approximated gradients∇f(wk, ζk) com-
puted over the data batches ζk. Otherwise, it prioritizes fea-
sibility by updating the constraint gradients∇g(wk, ζk).

In a federated setting, evaluating these updates requires local
client participation. We denote [K] := {0, 1, . . . ,K − 1} as
the index set for global rounds, and [E] := {0, 1, . . . , E − 1}
for local update iterations. For each global round k ∈
[K], clients i ∈ I compute either the objective gradient
∇fi(wk, ζ

(i)
k,τ ) or the constraint gradient ∇gi(wk, ζ

(i)
k,τ ) in

parallel over E local steps using their respective batches.

Softmax-Weighted Constraint Evaluation. Building upon
the basic strategy, we introduce a softmax-weighted con-
straint evaluation. Rather than strictly tracking the single

Function 1 Local Solver to compute local update direction

1: function LocalSolver(wk,1k, γ; i)

2: w
(i)
k,0 ← wk // Initialize local parameters

3: for local update step τ ∈ [E] do
// Samples for Local Gradient Evaluation

4: ζ
(i)
k,τ ≡ ([ζ

(i)
k,τ ]s)

Bg

s=1
i.i.d.∼ Di

// Local Gradient Evaluation
5: if 1k = 1 then
6: v

(i)
k,τ ← ∇fi(w

(i)
k,τ , ζ

(i)
k,τ ) // See Equation (7)

7: else
8: v

(i)
k,τ ← ∇gi(w

(i)
k,τ , ζ

(i)
k,τ ) // See Equation (7)

9: end if
10: w

(i)
k,τ+1 ← w

(i)
k,τ − γv

(i)
k,τ // Update local parameters

11: end for
12: return w

(i)
k,0−w

(i)
k,E

γE // Local update direction u
(i)
k

13: end function

worst-case client, this approach evaluates constraints through
a softmax-weighted combination of clients. This provides
an approximation of the maximum function, which stabi-
lizes the constraint evaluation against noisy local estimates
and smoothly distributes the weights across near-worst-case
clients. This evaluation is formulated as follows,

Gk(wk, ξk) := ⟨softmax(αg(wk, ξk)),g(wk, ξk)⟩

=

∑
i∈I exp(αgi(wk, ξ

(i)
k ))gi(wk, ξ

(i)
k )∑

i′∈I exp(αgi′(wk, ξ
(i′)
k ))

.

Instead of checking the hard constraint violation G(wk) ≤
ϵ, we check if Gk(wk, ξk) ≤ ϵ

2 is satisfied at iteration k.
This tightened tolerance accounts for the approximation gap
between the softmax mean and the true maximum. Instead
of relying on the gradient of a single worst-case ∇fi∗(w) or
∇gi∗(w), we assign smooth weights to each client i using
softmax based on their approximated function values pk =
softmax(αf(wk, ξk)),qk = softmax(αg(wk, ξk)).
Full Participation. We consider the full participation sce-
nario where all clients participate in the optimization process.
In this setting, the algorithm operates through a sequence of
broadcasting, local updating, and global aggregation at each
global round k ∈ [K].
First, the server broadcasts the global parameters wk to all
clients i ∈ I. The system evaluates the constraint violation
Gk(wk, ξk) to determine the global switching indicator 1k =
1Gk(wk,ξk)≤ ϵ

2
.

Next, clients perform E local update iterations in parallel by
initializing their local model as w

(i)
k,0 = wk. If the con-

straint is satisfied (1k = 1), clients update their parame-
ters using the objective gradient ∇fi(w(i)

k,τ , ζ
(i)
k,τ ). Otherwise

(1k = 0), they use the constraint gradient ∇gi(w(i)
k,τ , ζ

(i)
k,τ ).

Using a local step size γ, this process repeats for τ ∈ [E],
after which each client computes its normalized local updates
u
(i)
k = (w

(i)
k,0 −w

(i)
k,E)/(γE) and returns it to the server.
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Finally, the server aggregates these local updates to perform
the global update. It computes the softmax weights pk or qk
based on the approximated function values, and updates the
global parameters with a global step size η,

wk+1 = wk − η
∑
i∈I

(1k[pk]i + [1− 1k][qk]i)u(i)
k . (9)

Partial Participation. In practical federated learning deploy-
ments, only a subset of clients participate in the optimization
process during each global round. We denote the selected set
of participating clients at iteration k as Ik ⊆ I, with a fixed
cardinality |Ik| = m ≤ n. We assume these subsets are sam-
pled uniformly and independently, such that (Ik)k∈Z≥0

i.i.d.∼
Unif(Cm(I)), where Cm(I) = {A ⊆ I | |A| = m}.
To accommodate partial participation, we must restrict the
softmax probability mass strictly to the participating clients.
We achieve this by introducing a masked softmax operator
associated with the subset Ik. Letting 1Ik

denote the indica-
tor vector of Ik (where [1Ik

]i = 1 if i ∈ Ik and 0 otherwise),
the masked softmax is defined as

softmaxIk
(v) :=

1Ik
⊙ exp(v)

1⊤
Ik

exp(v)
. (10)

Because only clients in Ik participate at round k, the server
only collects function values and gradients from this active
subset. For concise notation, we denote the localized func-
tion evaluations as f(wk, ξk)Ik

= [fi(wk, ξ
(i)
k )]i∈Ik

and
g(wk, ξk)Ik

= [gi(wk, ξ
(i)
k )]i∈Ik

. Furthermore, the maxi-
mum function values over the participating subset are

F (w; Ik) := max
i∈Ik

[f(w)]i = max
i∈Ik

fi(w),

G(w; Ik) := max
i∈Ik

[g(w)]i = max
i∈Ik

gi(w).
(11)

Instead of evaluating the global constraint criteria over all
clients, we rely on the participating clients to determine feasi-
bility. We evaluate the subset constraint Gk(wk, ξk; Ik) ≤ ϵ

2
and encode this strategy in the switching indicator 1k =
1Gk(wk,ξk;Ik)≤ ϵ

2
. This subset constraint is computed using

the masked softmax function:

Gk(wk, ξk; Ik) := ⟨softmaxIk
(αg(wk, ξk)),g(wk, ξk)⟩

=

∑
i∈Ik

exp(αgi(wk, ξ
(i)
k ))gi(wk, ξ

(i)
k )∑

i′∈Ik
exp(αgi′(wk, ξ

(i′)
k ))

.

(12)
Similarly, the server computes the client update weights
over the selected subset using the masked softmax, de-
fined as pk = softmaxIk

(αf(wk, ξk)) and qk =
softmaxIk

(αg(wk, ξk)). By restricting the evaluation to Ik,
the generalization of the global objective and constraint is fea-
sible only if the clients share certain structural proximity. As
we establish in Section 4, this approximation remains theo-
retically sound under some regularity assumption, provided

the participating subset adequately captures the information
fo the worst-case client.

4 Theoretical Analysis

In this section, we analyze our proposed Algorithm 1 and pro-
vide a comprehensive theoretical analysis. We detail the com-
putational complexity and provide guidance for the selection
of the softmax hyperparameter α.
First, we begin with the analysis of a simplified version of
the proposed algorithm under full participation (m = n) and
a single local update per global round (E = 1) (see Algo-
rithm 2 in Appendix A). Our analysis then proceeds to the
more general full participation case (m = n) with multiple
local updates (E ≥ 1) per global round (see Algorithm 3 in
Appendix A). Finally, we analyze the general scenario of Al-
gorithm 1 with partial participation (m ≤ n) and multiple
local updates (E ≥ 1). Before presenting our analysis, we
formally state our assumptions.

Assumption 4.1 (Convexity of functions). fi(w) and
gi(w) are convex with respect to w for all i ∈ I,w ∈ Θ.

Assumption 4.2 (Lipschitz Continuity). All components
of f and g are L-Lipschitz continuous, i.e., there exist con-
stants L > 0 such that

|fi(w1)− fi(w2)| ≤ L∥w1 −w2∥,
|gi(w1)− gi(w2)| ≤ L∥w1 −w2∥,

for all w1,w2 ∈ Θ and i ∈ I.

Assumption 4.3 (Diameter of the parameter space). The
diameter of the parameter space Θ is bounded by D, i.e.,
∥w1 −w2∥ ≤ D for all w1,w2 ∈ Θ.

In the following assumptions, we state the sub-guassianity
of noise for the approximation of function values and the
stochastic gradients, and thereby establish high probablity
ganrantees with these assumptions.

Assumption 4.4 (Sub-Gaussianity of Stochastic Es-
timates). All components of the stochastic estimates
f(w, ζ),g(w, ζ) are sub-Gaussian with variance proxy σ2

ζ

such that Eζ∼Di
[fi(w, ζ)] = fi(w),Eζ∼Di

[gi(w, ζ)] =
gi(w) and

Eζ∼Di

[
exp([fi(w, ζ)− fi(w)]2/σ2

ζ )
]
≤ 2,

Eζ∼Di

[
exp([gi(w, ζ)− gi(w)]2/σ2

ζ )
]
≤ 2,

for all i ∈ I and w ∈ Θ.
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Assumption 4.5 (Sub-Gaussianity of Stochastic Gradi-
ents). The stochastic gradients are sub-Gaussian with
variance proxy σ2

g such that Eζ∼Di
[∇fi(w, ζ)] =

∇fi(w),Eζ∼Di
[∇gi(w, ζ)] = ∇gi(w) and

Eζ∼Di

[
exp(∥∇fi(w, ζ)−∇fi(w)∥2/σ2

g)
]
≤ 2,

Eζ∼Di

[
exp(∥∇gi(w, ζ)−∇gi(w)∥2/σ2

g)
]
≤ 2,

for all i ∈ I and w ∈ Θ, where ∇fi(w) ∈ ∂fi(w),
∇gi(w) ∈ ∂gi(w) are subgradients of fi(w), gi(w).

Full participation and single local update. We begin by
analyzing a simplified case with full participation (m = n)
and a single local update (E = 1). Here, the "effective vari-

ance" σ̄2
g :=

σ2
g/Bg

L2E , representing the relative gradient estima-

tion error, simplifies to
σ2
g/Bg

L2 .

Main theorem 4.6 (Convergence Guarantee of Al-
gorithm 2 (special case of Algorithm 1 with
m = n,E = 1)). Consider the optimization func-
tion F and the constraint function G as defined in
Eq. (†), and the optimal solution w∗ defined in Eq. (∗).
Suppose Assumptions 4.1 to 4.5 hold. Consider run-
ning Algorithm 2, with step size η = γ = D

2L
√
K

,

tolerance ϵ = ϵ′ + 4σζ

√
2 ln(12Kn/δ)

Bζ
and ϵ′ =

2DL√
K

[
1 + σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
8 ln 8

δ

]
and softmax

hyperparameter α satisfying α ≥ 2 lnn
ϵ′ , where σ̄2

g :=
σ2
g/Bg

L2 . Then, Algorithm 2 finds a solution wK with
probability at least 1− δ for some δ ∈ (0, 1) such that:

F (wK)− F (w∗) ≤ ϵ, G(wK) ≤ ϵ.

Remark. The unified tolerance ϵ comprises two primary er-

ror sources: the optimization error O( 1+σ̄
2
g√

K
) and the estima-

tion error O( σζ√
Bζ

). To achieve an ϵ-accurate solution, we

require iteration complexity K = O(ϵ−2) and sample batch
sizeBζ = O(ϵ−2). Notably, our high-probability analysis es-
tablishes a K = O(ϵ−2 log 1

δ ) dependency, improving upon
the O(ϵ−2 log2 1

δ ) rate in Lan and Zhou [2020b].
Remark. Unlike Wang et al. [2023], which considers a cen-
tralized, deterministic, and unconstrained problem and re-
quire the boundedness assumption 0 < fi(w) < B to estab-
lish α ≳ ln(nB/ϵ′)

ϵ′ , our analysis eliminates this requirement
and provides a tighter lower bound α ≳ lnn

ϵ′ that depends
only on optimization error ϵ′, number of clients n.

Full participation and multiple local updates. We then
generalize our analysis to multiple local updates (E ≥ 1).

Main theorem 4.7 (Convergence Guarantee of Al-
gorithm 3 (special case of Algorithm 1 with
m = n,E ≥ 1)). Consider the optimization func-
tion F and the constraint function G as defined
in Eq. (†), and the optimal solution w∗ defined
in Eq. (∗). Suppose Assumptions 4.1 to 4.5 hold.
Consider running Algorithm 3 with m = n, global
step size η = D

L
√
8K

, local step size γ = D
LE

√
8K

,

tolerance ϵ = ϵ′ + 4σζ

√
2 ln(12Kn/δ)

Bζ
and ϵ′ =

DL√
K/32

[
1 + 2σ̄2

g(3 +
8 ln 8

δ

K ) + σ̄g

√
8 ln 8

δ (1 +
E√
6K

)
]

and softmax hyperparameter α satisfying α ≥ 2 lnn
ϵ′ ,

where σ̄2
g :=

σ2
g/Bg

L2E . Then, Algorithm 3 finds a solution
wK with probability at least 1 − δ for some δ ∈ (0, 1)
such that:

F (wK)− F (w∗) ≤ ϵ, G(wK) ≤ ϵ.

Remark. In the more general scenario where the number
of local updates E is greater than 1, we can still achieve
an optimization error of ϵ′ ≍ DL√

K
(1 + σ̄2

g) provided that

E ≲
√
K. In particular, when the number of global iter-

ations is K = O(ϵ−2), we select the number of local up-
dates to be E = O(ϵ−1). To ensure that our optimization
error maintains the classical O(DL/

√
K) convergence rate,

the “effective variance” σ̄2
g :=

σ2
g/Bg

EL2 must be relatively small
(σ̄2
g ≲ 1). This requirement implies that the total stochastic

gradient complexity per global round, Bg · E, must be larger
than the inverse square of the Signal-to-Noise Ratio (SNR),
namely Bg · E ≳ (L/σg)

−2.

Partial participation and multiple local update. The goal
of parameter updates under partial participation is to gen-
eralize to unseen clients using information from a sampled
subset. This generalization is feasible only if the clients
share certain structural proximity. To formalize this, we as-
sume the function values from clients are concentrated near
their maximum. To quantify this concentration and establish
high-probability guarantees, we introduce a key concept from
probability theory.

Definition 4.8 (Stochastic Superiority via First-Order
Stochastic Dominance (FSD), see Shaked and Shanthiku-
mar [2007]). Let X and Y be two random variables. We
say X is stochastically superior to Y in the sense of First-
Order Stochastic Dominance (FSD), denoted by X ⪰st Y
or Y ⪯st X , if:

P(X ≥ t) ≥ P(Y ≥ t) for all t ∈ R.

Remark. Consider a discrete random variable X taking val-
ues from the set x = (x1, . . . , xn) with equal probability 1/n,
and let U ∼ Unif[0, σ] for some σ > 0. We aim to stochasti-
cally upper bound the relative differenceD := maxx−X by

6



U , such that D ⪯st U , which is defined as, P(maxx−X ≥
t) ≤ P(U ≥ t), ∀t ∈ R.
This is equivalent to imposing the restriction on x ∈ Rn,
1
n

∑
i∈I 1{maxi′ xi′ − xi ≥ t} ≤

(
1− t

σ

)
+
, ∀t ∈ R.

Let x(1) ≤ x(2) ≤ · · · ≤ x(n) denote the ordered ele-
ments of x. The condition above is equivalent to requir-
ing that σ bounds the scaled gaps of the order statistics
maxi∈I,i̸=n

x(n)−x(i)

1−(i−1)/n ≤ σ.

Assumption 4.9 (Uniformly Bounded Relative Gap). Let
i be an index chosen uniformly at random from I, and let
the relative differencesDf(w) := F (w)−fi(w), Dg(w) :=
G(w)− gi(w). We assume that

Df(w) ⪯st U, Dg(w) ⪯st U

for U ∼ Unif[0, σ] with some σ > 0 and any w ∈ Θ.

Remark. By applying the aforementioned assumptions to the
relative gaps Df(w) and Dg(w), we establish that a uni-
form random variable U is stochastically superior to these
gaps. Consequently, Df(w) and Dg(w) are uniformly upper-
bounded in a probabilistic sense. By leveraging this charac-
terization of stochastic superiority, we can extend our anal-
ysis from full participation to partial participation, thereby
establishing high-probability convergence guarantees for our
proposed Algorithm 1.

Main theorem 4.10 (Convergence Guarantee of Al-
gorithm 1). Consider the optimization function F
and the constraint function G as defined in Eq. (†),
and the optimal solution w∗ defined in Eq. (∗).
Suppose Assumptions 4.1 to 4.5 and 4.9 hold. Con-
sider running Algorithm 1 with global step size
η = D

L
√
8K

, local step size γ = D
LE

√
8K

, tolerance

ϵ = ϵ′ + 4σζ

√
2 ln(24Km/δ)

Bζ
+ 4σ

| ln(1−r)|n ln 32
δ and ϵ′ =

DL√
K/32

[
1 + 2σ̄2

g(3 +
8 ln 8

δ

K ) + σ̄g

√
8 ln 8

δ (1 +
E√
6K

)
]

and softmax hyperparameter α satisfying α ≥ 2 lnm
ϵ′ ,

where σ̄2
g :=

σ2
g/Bg

L2E , r := m
n , and κ := |S|

K ∈ (0, 1] is
a constraint-satisfied ratio. Then, Algorithm 1 finds a
solution wK with probability at least 1 − δ for some
δ ∈ (0, 1) such that:

F (wK)−F (w∗) ≤ ϵ, G(wK) ≤ ϵ+
4σ ln 1

2κ

| ln (1− r) |n
.

Remark. Compared to full participation, partial participation
adds a sampling error of O( σ

| ln(1−r)|n ), where r := m/n

is the participation ratio. As r → 1, | ln(1 − r)| → ∞,
causing this term to vanish and recovering full-participation
guarantees. For small r, then | ln(1− r)| ≈ r implies | ln(1−
r)|n ≈ m, yielding a sampling error of O(σ/m).

Error Decomposition
The optimality gap / feasibility tolerance ϵ is com-
posed of three distinct error terms:

ϵ ≍ DL√
K

(1 + σ̄2
g)︸ ︷︷ ︸

optimization error ϵ′

+
σζ√
Bζ︸ ︷︷ ︸

estimation error

+
σ

| ln(1− r)|n︸ ︷︷ ︸
sampling error

where r := m/n is the participation ratio, and the re-
maining parameters are defined as:

• σ̄2
g :=

σ2
g/Bg

L2E is effective variance in stochastic
gradient approximation during optimization process,
scaled by batch size Bg , number of local updates E,
and L-Lipschitz constant.

• σζ is associated with the estimation of expectation
function values using a finite batch of Bζ samples.

• σ quantifies the client sampling noise arising from
the heterogeneity of function values across the pop-
ulation of n clients.

This bound is achieved with a smaller softmax hyper-
parameter α ≳ lnm

ϵ′ , compared to lnn
ϵ′ required in the

full participation case (m = n).

5 Experiments

In this section, we evaluate our algorithm on classical
stochastic constrained optimization problems across three
datasets. We begin with the classical convex setting of
Neyman-Pearson (NP) classification on the breast cancer
dataset [Wolberg et al., 1993]. We then extend our numeri-
cal analysis to the non-convex setting of fair classification us-
ing deep neural networks. Detailed experimental setups and
hyperparameters are presented in Appendix F.

Neyman Pearson Classification NP Classification involves
a constrained optimization problem where the objective
is to minimize the empirical loss on the majority class
while bounding the minority class loss below a spe-
cific threshold. Translating this to the formulation in
Eq. (†), we define the objective and constraint for client
i as fi(w) := 1

mi,0

∑
x∈D(0)

i
ϕ(w; (x, 0)) and gi(w) :=

1
mi,1

∑
x∈D(1)

i
ϕ(w; (x, 1)), respectively. Here, D(0)

i and

D(1)
i denote the local datasets for class-0 and class-1, with

respective sizes mi,0 and mi,1, and ϕ represents the binary
logistic loss. Across experiments, solid lines represent mean
results across five seeds; shaded regions indicate variance.

As demonstrated in Figure 1, our algorithm rapidly achieves
constraint feasibility (G(w) ≤ ϵ) while consistently minimiz-
ing the worst-case objective F (w) in both settings. Further-
more, compared to the penalty-based and primal-dual base-
lines, our approach secures a lower objective value for a com-
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Figure 1: NP classification. Objective F (wk) and con-
straint G(wk) vs. gradient evaluations. Comparisons against
penalty and primal-dual baselines under full participation
(E = 1,m = n; top) and partial participation (E = 5, mn =
0.5; bottom). Red dashed line: tolerance (ϵ).
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Figure 2: α-sensitivity. Impact of temperature α. High α
approximates the hard max operator, while low α smooths
the objective toward a simple average.

parable level of constraint satisfaction.

We further validate the theoretical efficacy of our approach by
varying the softmax parameter (α), as illustrated in Figure 2.
As α→ 0, the softmax approximation relaxes into an average
over the clients’ local values; conversely, as α→∞, it recov-
ers the discrete maximum over clients. Consequently, with a
lower α, the algorithm assigns more uniform weights across
clients, easing the satisfaction of the smoothed constraint and
prioritizing objective minimization. However, this uniformity
inherently fails to enforce strict feasibility with respect to the
true worst-case constraint.

Fair Classification. We formulate the fair classifi-
cation task as the minimization of the binary cross-
entropy (BCE) loss subject to a demographic parity
constraint. Mapping this to the constrained minimax
formulation in Eq. (†), each client evaluates the lo-
cal objective and constraint defined respectively as
fi(w) := 1

mi

∑
(x,y)∈Di

ℓBCE(π(x;w), y), gi(w) :=∣∣∣ 1
mi,p

∑
x∈Di,p

π(x;w)− 1
mi,u

∑
x∈Di,u

π(x;w)
∣∣∣, where

π(x;w) denotes the model’s positive prediction probability.
The sets Di,p and Di,u represent the protected and unpro-
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Figure 3: Fair classification. Comparisons against penalty
and primal-dual baselines. Top: full participation (E =
1,m = n). Bottom: partial participation (E = 2, mn = 0.5).

tected subgroups on client i, with corresponding cardinalities
mi,p and mi,u. For this task, we employ a deep neural
network, which renders the optimization landscape highly
non-convex and non-smooth. We conduct experiments using
the Adult income dataset [Kohavi and Becker, 1996].
We compare our method against the penalty-based and
primal-dual baselines. As illustrated in Figure 3, our algo-
rithm demonstrates accelerated convergence with respect to
cumulative gradient evaluations. Furthermore, while penalty-
based and primal-dual methods require meticulous tuning of
the penalty parameter and dual step size to ensure stability
and feasibility, our approach achieves highly competitive per-
formance using a static, default value of α = 1.

6 Conclusion

In this paper, we introduce a novel primal-only first-order
algorithm for solving constrained stochastic minimax opti-
mization problems in federated environments. We theoret-
ically establish that our method achieves the standard con-
vergence rates without relying on explicit dual variables or
strict functional boundedness assumptions. Our unified error
decomposition successfully decouples optimization dynam-
ics, stochastic estimation variance, and client sampling noise,
offering guidelines for hyperparameter selection. Empirical
results across Neyman-Pearson and fair classification con-
firm the method’s stability and practical edge. Future work
may explore extending this work to decentralized topolo-
gies and incorporating momentum-based variance reduction
to further improve the oracle complexity. Additionally, ex-
tending this framework to weakly convex objectives [Huang
and Lin, 2023] to ensure ϵ-stationary guarantees remains a
vital next step.
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Appendices

We organize the Appendices as follows:

• Appendix A: We provide foundational baseline algorithms that establish the core switching logic under full participation
(m = n), covering both the single local update (E = 1) and multiple local update (E ≥ 1) regimes.

• Appendix B: We present the technical lemmas required to establish the convergence results for our proposed framework.
• Appendix D: We provide the proof of Main theorem 4.6, establishing the convergence guarantee for the foundational switch-

ing strategy (Algorithm 2) with E = 1 and full participation.
• Appendix C: We provide the proof of Main theorem 4.7 for the convergence of Algorithm 3 under the federated setting with

multiple local updates (E ≥ 1) and full participation (m = n).
• Appendix E: We provide the proof of Main theorem 4.10, which characterizes the convergence of our primary algorithm,

Algorithm 1, in the general case of partial participation (m ≤ n).
• Appendix F: We provide the details of experimental settings and additional empirical results.
• Appendix G: We discuss related work on the problems we are studying in this work.
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A Algorithms

Algorithm 2 (Softmax-Weighted Switching Gradient)
Full Participation (m = n), (Local Update Steps E = 1)

1: Input: Initial parameters w0, step size η, tolerance ϵ,
softmax hyperparameter α

2: S ← ∅ // Initialize set of constraint-satisfied iterations
3: for k ∈ [K] do

// Samples for Function Value Evaluation
4: ξk ≡ (ξ

(i)
k )i∈I , ξ

(i)
k ≡ ([ξ

(i)
k ]s)

Bζ

s=1
i.i.d.∼ Di,∀i ∈ I

// Samples for Gradient Evaluation
5: ζk ≡ (ζ

(i)
k )i∈I , ζ

(i)
k ≡ ([ζ

(i)
k ]s)

Bg

s=1
i.i.d.∼ Di,∀i ∈ I

6: pk ← softmax(αf(wk, ξk)) // Softmax weights
7: qk ← softmax(αg(wk, ξk)) // See Equation (6)
8: if Gk(wk, ξk) ≡ ⟨qk,g(wk, ξk)⟩ ≤ ϵ/2 then
9: S ← S ∪ {k} // Add iteration to set

10: uk ← (∇f(wk, ζk))
⊤pk // Update direction

11: else
12: uk ← (∇g(wk, ζk))

⊤qk // See Equation (7)
13: end if
14: wk+1 ← wk − ηuk // Update parameters
15: end for
16: wK ← 1

|S|
∑
k∈S wk // Compute averaged solution

17: Output: Optimized parameters wK

Algorithm 3 (Softmax-Weighted Switching Gradient)
Federated Learning with Full Participation (m = n)
(Local Update Steps E ≥ 1)

1: Input: Initial parameters w0, global/local step size
(η, γ), tolerance ϵ, softmax hyperparameter α

2: S ← ∅ // Initialize set of constraint-satisfied iterations
3: for global round k ∈ [K] do
4: broadcast wk to all clients I
5: for each client i ∈ I in parallel do

// Samples for Function Value Evaluation
6: ξ

(i)
k ≡ ([ξ

(i)
k ]s)

Bζ

s=1
i.i.d.∼ Di

7: [f(wk, ξk)]i ← fi(wk, ξ
(i)
k ) // See Equation (6)

8: [g(wk, ξk)]i ← gi(wk, ξ
(i)
k ) // See Equation (6)

9: end for
10: collect f(wk, ξk),g(wk, ξk) from all clients I
11: pk ← softmax(αf(wk, ξk))
12: qk ← softmax(αg(wk, ξk)) // Softmax weights
13: if Gk(wk, ξk) ≡ ⟨qk,g(wk, ξk)⟩ ≤ ϵ/2 then
14: S ← S ∪ {k} // Add iteration to set
15: end if
16: broadcast 1k ≡ 1Gk(wk,ξk)≤ ϵ

2
to all clients I

17: for each client i ∈ I in parallel do
// Function 1 to compute the update direction

18: u
(i)
k ← LocalSolver(wk,1k, γ; i)

19: end for
20: collect u(i)

k from each client i ∈ I
21: uk ←

∑
i∈I(1k[pk]i + (1− 1k)[qk]i)u(i)

k

22: wk+1 ← wk − ηuk // Update parameters
23: end for
24: wK ← 1

|S|
∑
k∈S wk // Averaged solution

25: Output: Optimized parameters wK

To provide a rigorous foundation for our proposed framework, we first analyze two baseline variants in the Appendix: Al-
gorithm 2, which establishes the core switching logic with single local update E = 1 under full participation m = n, and
Algorithm 3, which extends this logic to multiple local steps E ≥ 1 with full participation m = n. These baseline analyses
serve as the theoretical stepping stones for our primary theoretical contribution presented in the main text for Algorithm 1,
which addresses the more general scenario of partial participation m ≤ n with multiple local updates E ≥ 1.
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B Lemmas Used in Proofs

Lemma B.1 (Three-point Bregman Divergence Identity, see equation (4.1) on page 297 of [Bubeck et al., 2015]). Let ψ be a
convex function, then for Bregman divergence Dψ[x||x′] := ψ(x) − ψ(x′) − ⟨∇ψ(x′),x − x′⟩ ≥ 0 with any x,x′ in the
domain of ψ, the following identity holds for any three points x,x′, x̂ in the domain of ψ:

⟨∇ψ(x)−∇ψ(x̂), x̂− x′⟩ = Dψ[x
′||x]−Dψ[x

′||x̂]−Dψ[x̂||x]

Lemma B.2 (Polarization Identity). The update direction uk and the parameters wk,wk+1 in the update rule wk+1 = wk−ηuk
with step size η > 0 satisfies the following identity:

⟨uk,wk −w∗⟩ = 1

2η

(
η2∥uk∥2 + ∥wk −w∗∥2 − ∥wk+1 −w∗∥2

)
Lemma B.3 (Properties of Weighted Functions). F (w), G(w) and F (w; Ik), G(w, Ik) are:

• Convex on Θ, if all components of f(w) and g(w) are convex on Θ.
• L-Lipschitz continuous on Θ, if all components of f(w) and g(w) are L-Lipschitz continuous on Θ.

Lemma B.4 (Properties of Softmax Mean). Let the softmax mean be defined as

m(x, α) := ⟨softmax(αx),x⟩ = x⊤ exp(αx)

1⊤ exp(αx)

where x = ([x]i)i∈I = (x1, . . . , xn) ∈ Rn and α ≥ 0. The softmax mean m(x, α) with hyperparameter α satisfies:

m(x+ C1, α) = m(x, α) + C, ∀C ∈ R
m(Cx, α) = C ·m(x, Cα), ∀C ∈ R≥0

m(x, α′) ≥ m(x, α), for α′ ≥ α

Moreover, the following inequality holds:

0 ≤ max
i∈I

[x]i −m(x, α) = lim
α→∞

m(x, α)−m(x, α) < k, for α ≥ α :=
lnn

k
, k > 0

Lemma B.5 (Properties of Masked Softmax Mean). Let the masked softmax mean with a nonempty subset I ′ ⊆ I be

mI′(x, α) := ⟨softmaxI′(αx),x⟩ = x⊤(1I′ ⊙ exp(αx))

1⊤
I′ exp(αx)

=
x⊤
I′ exp(αxI′)

1⊤ exp(αxI′)
= ⟨softmax(αxI′),xI′⟩ = m(xI′ , α)

where x = ([x]i)i∈I = (x1, . . . , xn) ∈ Rn,xI′ = ([x]i)i∈I′ = (xi)i∈I′ ∈ Rm, α ≥ 0 and the masked softmax operator
softmaxI′ is defined in Eq. (10). The masked softmax mean mI′(x, α) with hyperparameter α satisfies:

mI′(x+ C1, α) = mI′(x, α) + C, ∀C ∈ R
mI′(Cx, α) = C ·mI′(x, Cα), ∀C ∈ R≥0

mI′(x, α′) ≥ mI′(x, α), for α′ ≥ α

Moreover, the following inequality holds:

0 ≤ max
i∈I′

[x]i −mI′(x, α) = lim
α→∞

mI′(x, α)−mI′(x, α) < k, for α ≥ α :=
lnm

k
, k > 0

Lemma B.6 (Deviation Bound of Softmax Mean). Let x = ([x]i)i∈I = (x1, . . . , xn) ∈ Rn, δ = ([δ]i)i∈I = (δ1, . . . , δn) ∈
Rn and α ≥ 0, then the deviation bound of maxi∈I [x]i − ⟨softmax(α[x+ δ]),x⟩ satisfies:

max
i∈I

[x]i − ⟨softmax(α[x+ δ]),x⟩ ≤ 2∥δ∥∞ + k, for α ≥ α :=
lnn

k
, k > 0

m(x+ δ, α)− ⟨softmax(α[x+ δ]),x⟩ ≤ ∥δ∥∞.
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Proof for lemma B.4. The first two properties are straightforward to verify by the definition of softmax mean. For the third non-
decreasing property, it is due to the non-negativity of the partial derivative with respect to α. By letting p(α) := softmax(αx),
then:

∂m(x, α)

∂α
= x⊤(diag(p(α))− p(α)p(α)⊤)x = Varp(α)[x] ≥ 0

The left hand side of thelast inequality follows from the definition of softmax mean.

max
i∈I

[x]i = ⟨p(α),max
i∈I

[x]i1⟩ ≥ ⟨p(α),x⟩ = m(x, α)

Let’s focus on the right hand side of the last inequality.
Since the inequality holds when n = 1, we only need to prove the inequality for n > 1. Letting p(α) := softmax(αx), then
by applying Jensen’s inequality to the concave function ln(·), we derive the upper bound of the entropy of p(α):

Ent[p(α)] :=
∑
i∈I

[p(α)]i ln
1

[p(α)]i
= Ep(α) ln

1

p(α)
≤ lnEp(α)

1

p(α)
= lnn

By the definition of softmax mean m(x, α) = Ep(α)[x], then for the case n > 1, we have:

Ent[p(α)] = −Ep(α)[αx] + ln
∑
i∈I

exp(α[x]i) > −α ·m(x, α) + αmax
i∈I

[x]i

Combining these two inequalities, when α ≥ lnn
k > 0 for some k > 0, n > 1, we have:

max
i∈I

[x]i −m(x, α) <
lnn

α
≤ k

Proof for lemma B.6. Let p(α) := softmax(α(x+ δ)) and z := x+ δ, by using the last inequality in lemma B.4, we have:

m(z, α) = ⟨p(α), z⟩ ≥ max
i∈I

[z]i −
lnn

α
.

Substituting z = x+ δ, and using maxi∈I [z]i −mini∈I [δ]i ≥ maxi∈∈I [x]i gives

⟨p(α),x+ δ⟩ ≥ max
i∈I

[x]i +min
i∈I

[δ]i −
lnn

α

Rearranging and using ⟨p(α), δ⟩ −mini∈I [δ] ≤ maxi∈I [δ]i −mini∈I [δ]i ≤ 2∥δ∥∞ and α ≥ lnn
k , k > 0 yields

max
i∈I

[x]i − ⟨p(α),x⟩ ≤ 2∥δ∥∞ +
lnn

α
≤ 2∥δ∥∞ + k.

This completes the proof of the first inequality. Regarding the second inequality, we again apply the definition of softmax mean
and the inequality ⟨p(α), δ⟩ ≤ maxi∈I [δ]i ≤ ∥δ∥∞ and α ≥ lnn

k , k > 0 to get:

m(x+ δ, α)− ⟨p(α),x⟩ = ⟨p(α), δ⟩ ≤ ∥δ∥∞.

This completes the proof of the second inequality.
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Lemma B.7 (Subgaussianity). Suppose a random variableX such that E[X] = 0 and E[exp(X2)] ≤ 2, thenZ is 1-subgaussian,
i.e.,

lnE[exp(λX)] ≤ λ2

2
∀λ ∈ R

Remark. Suppose a random vector z such that E[z | F ] = 0⃗ and E[exp(∥z∥2/σ2) | F ] ≤ 2, then z is σ2-subgaussian, i.e.,

lnE[exp(λ⟨e, z⟩) | F ] ≤ λ2σ2

2
∀e ∈ Sd−1,∀λ ∈ R

since by letting X = ∥z∥/σ and using the above lemma, we have:

lnE[exp(λ⟨e, z⟩) | F ] ≤ lnE[exp(λ∥z∥) | F ] = lnE[exp(λσ∥z∥/σ) | F ] = lnE[exp((λσ)X) | F ] ≤ λ2σ2

2

Lemma B.8 (Average of Subgaussian Random Vectors). Suppose random vectors (zτ )τ∈[E] and a filtration (Fτ )τ∈Z≥0
are such

that zτ is Fτ+1-measurable and E[zτ | Fτ ] = 0⃗,E[exp(∥zτ∥2) | Fτ ] ≤ 2 for all τ ∈ [E], then the average of the random
vectors z := 1

2
√
E

∑
τ∈[E] zτ satisfies E[z | F0] = 0⃗ and the following subgaussian tail bound:

E[exp(∥z∥2) | F0] = E

exp
 1

4E

∥∥∥∥∥∥
∑
τ∈[E]

zτ

∥∥∥∥∥∥
2
 | F0

 ≤ 2

Remark (Remark 1 for lemma B.8). Let (Fs)Bs=1 be a filtration, and D be a distribution on a measurable space Z . Let a
sequence (ζs)

B
s=1

i.i.d.∼ D be drawn from D independently and identically, and is independent of F0, i.e., (ζs)Bs=1 ⊥⊥ F0. The
filtration is generated sequentially such that Fs = σ(Fs−1, ζs), and w0 ∈ Θ is F0-measurable. Then for a measurable function
h : Θ × Z → Rd, assume that for any deterministic w ∈ Θ, we have Eζ∼D[h(w, ζ)] = 0⃗ and Eζ∼D[exp(∥h(w, ζ)∥2)] ≤ 2.
Then for z := 1

2
√
B

∑B
s=1 h(w0, ζs), it satisfies E[z | F0] = 0⃗ and a subgaussian bound:

E[exp(∥z∥2) | F0] ≤ 2

Remark (Remark 2 for lemma B.8). Let (Fτ )τ∈[E] be a filtration, and D′ = D⊗B be a distribution on a measurable space

Z ′ = ZB . Let a sequence (ζτ )τ∈[E]
i.i.d.∼ D′ be drawn from D′ independently and identically, and is independent of F0, i.e.,

(ζτ )τ∈[E] ⊥⊥ F0. The filtration is generated sequentially such that Fτ = σ(Fτ−1, ζτ−1), and wτ ∈ Θ is Fτ−1-measurable.
Then for a measurable function h′ : Θ × Z ′ → Rd, assume that for any deterministic w ∈ Θ, Eζ∼D′ [h′(w, ζ)] = 0⃗ and
Eζ∼D′ [exp(∥h′(w, ζ)∥2)] ≤ 2. Then z := 1

2
√
E

∑
τ∈[E] h

′(wτ , ζτ ), satisfies E[z | F0] = 0⃗ and a subgaussian bound:

E[exp(∥z∥2) | F0] ≤ 2

Proof for lemma B.7. We show these elementary inqualities (exp(|u|/
√
2)− 1)2 ≥ exp |u| − |u| − 1 ≥ exp(u)− u− 1 hold

for any u ∈ R, since

(exp(|u|/
√
2)− 1)2 − (exp |u| − |u| − 1) =

∞∑
k=2

(2k/2 + 1)(2k/2 − 2)

2k/2k!
|u|k ≥ 0

exp |u| − |u| − 1 = exp(u)− u− 1 + 2(sinh |u| − |u|)1u<0 ≥ exp(u)− u− 1

Then by Cauchy-Schwarz inequality, we have:

(exp(λ2/2)− 1)(exp(X2)− 1) =

∑
k≥1

[λ/
√
2]2k

k!

∑
k≥1

X2k

k!

 ≥
∑
k≥1

(|λX|/
√
2)k

k!

2

=
(
exp(|λX|/

√
2)− 1

)2
≥ exp(λX)− λX − 1

By taking the expectation on both sides, and using E[X] = 0 and E[exp(X2)] ≤ 2, we have:

E[exp(λX)] ≤ (exp(λ2/2)− 1)(E[exp(X2)]− 1) + λE[X] + 1 ≤ exp(λ2/2)
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Proof for lemma B.8. We introduce the partial sum of random vectors Sτ =
∑
τ ′∈[τ ] zτ ′ for all τ ∈ [E + 1] , which is Fτ -

measurable, then S0 = 0⃗ and SE =
∑
τ∈[E] zτ . By using E[exp(∥zτ∥2) | Fτ ] ≤ 2 and applying lemma B.7, forFτ -measurable

Sτ and any λ ∈ R:

E[exp(λ⟨Sτ , zτ ⟩) | Fτ ] ≤ exp

(
λ2∥Sτ∥2

2

)
Consider such a quantity exp(λτ∥Sτ∥2) with a sequence (λτ )

E
τ=1 of positive numbers, we will select λτ wisely to establish a

recursive relationship between exp(λτ∥Sτ∥2) and exp(λτ+1∥Sτ+1∥2).
From the defintion of Sτ and using Sτ is Fτ -measurable, we have:

E[exp(λτ+1∥Sτ+1∥2) | Fτ ] ≤ exp(λτ+1∥Sτ∥2)E[exp(λτ+1∥zτ∥2 + 2λτ+1⟨Sτ , zτ ⟩) | Fτ ]

Then applying Hölder’s inequality E[|XY | | F ] ≤ E[|X|p | F ]
1
pE[|Y |q | F ]

1
q with p = 1/λτ+1 and q = 1/(1 − λτ+1), to

upper bound the conditional expectation by relating it to E[exp(∥zτ∥2)] ≤ 2 and E[exp(λ⟨Sτ , zτ ⟩) | Fτ ] ≤ exp(λ
2∥Sτ∥2

2 ).

E[exp(λτ+1∥zτ∥2 + 2λτ+1⟨Sτ , zτ ⟩) | Fτ ] ≤ E[exp(∥zτ∥2) | Fτ ]λτ+1E
[
exp

(
2λτ+1

1− λτ+1
⟨Sτ , zτ ⟩

)
| Fτ

]1−λτ+1

≤ 2λτ+1 exp

(
(1− λτ+1) ·

1

2

(
2λτ+1

1− λτ+1

)2

∥Sτ∥2
)

By selecting the sequence (λτ )
E
τ=1 such that the final value λE = 1

4E and satisfies the recursive relationship:

λτ := λτ+1 + (1− λτ+1) ·
1

2

(
2λτ+1

1− λτ+1

)2

= λτ+1 ·
1 + λτ+1

1− λτ+1

then we can establish the recursive relationship for Mτ := exp(λτ∥Sτ∥2 −
∑τ
τ ′=1 λτ ′) with M0 = exp(0) = 1:

E[exp(λτ+1∥Sτ+1∥2 −
τ+1∑
τ ′=1

λτ ′) | Fτ ] ≤ exp(λτ∥Sτ∥2) · 2λτ+1 exp(−
τ+1∑
τ ′=1

λτ ′) ≤ exp(λτ∥Sτ∥2 −
τ∑

τ ′=1

λτ ′)

From the above recursive relationship, we show that Mτ is a supermartingale, namely E[Mτ+1 | Fτ ] ≤Mτ . Then by the tower
property of conditional expectation (Theorem 4.2.4 on page 189 of Durrett [2019]) and the fact that M0 = 1, we have:

E[ME | F0] ≤ E[M0 | F0] =M0 = 1, λE =
1

4E
=⇒ E

[
exp

(
1

4E
∥SE∥2

)
| F0

]
≤ exp

(
E∑
τ=1

λτ

)

To upperbound
∑E
τ=1 λτ , we introduce aτ := λE+1−τ with initial value a1 = λE = 1

4E and use the recursive relation:

1

aτ
=

1

a1
+

τ−1∑
τ ′=1

(
1

aτ ′+1
− 1

aτ ′

)
= 4E −

τ−1∑
τ ′=1

2

1 + aτ ′
> 4E − 2(τ − 1)

Therefore, we have:

E∑
τ=1

λτ =

E∑
τ=1

aτ <
1

2

E∑
τ=1

1

E + (E + 1− τ)
=

1

2

E∑
τ=1

1

E + τ
<

1

2

∫ E

0

dτ

τ + E
=

ln 2

2

By selecting z := 1
2
√
E
SE = 1

2
√
E

∑
τ∈[E] zτ , we have:

E
[
exp(∥z∥2) | F0

]
= E

[
exp

(
1

4E
∥SE∥2

)
| F0

]
≤ exp

(
ln 2

2

)
=
√
2 < 2
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Lemma B.9 (Freezing Lemma: Conditional Expectation with Independent Random Variable). Let X and Z be random vari-
ables on a probability space (Ω,F ,P). Assume: X is G-measurable, where G is a sub-σ-algebra of F . Z is independent of G.
For any measurable function h satisfying E[|h(X,Z)|] <∞, then it holds almost surely that for fixed value x:

E[h(X,Z) | G] = E[h(x, Z)]x=X

Remark. This lemma is known as the “Freezing Lemma”, and can be extended from random variables X and Z to random
vectors x and z with a measurable function h satisfies E[|h(x, z)|] <∞ such that

E[h(x, z) | G] = E[h(·, z)]·=x

Proof of lemma B.9. We first establish the theorem for the case of indicator function, from which the general result follows
by using the monotone class argument (see example of “Standard Machine” procedure in proof of Theorem 4.1.14 on page
184 of Durrett [2019]). Let’s begin with h(x, z) = 1A(x) · 1C(z), where A and C are Borel sets on the real line. Then
E[h(x, Z)]x=X = 1A(X)·E[1C(Z)] is G-measurable, sinceX is G-measurable and 1A(X) is also G-measurable, therefore it is
G-measurable as a constant multiple of a G-measurable variable. For any set of outcomesB ∈ G, suppose that E[h(X,Z)·1B ] =
E[E[h(x, Z)]x=X · 1B ] holds, then it implies E[h(X,Z) | G] = E[h(x, Z)]x=X by the definition of conditional expectation on
page 178 of Durrett [2019]. The two sides are identical for any B ∈ G as shown below by using that Z is independent of G and
X is G-measurable (see also pages 38-39 and page 184 of Durrett [2019]).

E[h(X,Z) · 1B ] = E[1A(X) · 1C(Z) · 1B ] = E[1A(X) · 1B ] · E[1C(Z)] = E[E[h(x, Z)]x=X · 1B ]

Using monotone class argument, the above result is extended to all general measurable functions h with E[|h(X,Z)|] <
∞. This monotone class argument involves three steps: (1) the linearity of conditional expectation generalizes the property
from indicator functions to all simple functions (finite linear combinations of indicators); (2) the Monotone Convergence
Theorem (Theorem 1.5.7 on page 23 of Durrett [2019]) then extends it to all non-negative measurable functions; (3) the
decomposition of measurable function into its positive and negative parts (h = h+ − h−) covers all measurable functions
satisfying E[|h(X,Z)|] <∞.

Proof of Remark 1 for lemma B.8. As w0 ∈ Θ is F0-measurable, and Fs = σ(Fs−1, ζs), then we have Fs−1 ⊆ Fs and
therefore w0 is Fs-measurable for all s = 1, 2, · · · , B. As Fs = σ(Fs−1, ζs), then ζs is Fs-measurable, and therfore zs :=
h(w0, ζs) is Fs-measurable. Since ζs is independent of F0 and all prior ζ1, ..., ζs−1, then ζs is independent of Fs−1 =
σ(F0, ζ1, ..., ζs−1). Therefore, by applying the Freezing Lemma lemma B.9, we have:

E[zs | Fs−1] = E[h(w0, ζs) | Fs−1] = E[h(w, ζs)]w=w0
= Eζ∼D[h(w, ζ)]w=w0

= 0⃗

E[exp(∥zs∥2) | Fs−1] = E[exp(∥h(w0, ζs)∥2) | Fs−1] = E[exp(∥h(w, ζs)∥2)]w=w0 = Eζ∼D[exp(∥h(w, ζ)∥2)]w=w0 ≤ 2

Given E[zs | Fs−1] = 0⃗ and E[exp(∥zs∥2) | Fs−1] ≤ 2, then by applying the subgaussian tail bound lemma B.8 to z :=
1

2
√
B

∑B
s=1 zs =

1
2
√
B

∑B
s=1 h(w0, ζs), we have E[z | F0] = 0⃗ and E[exp(∥z∥2) | F0] ≤ 2.

Proof of Remark 2 for lemma B.8. Since wτ is Fτ -measurable, and ζτ is Fτ+1-measurable since Fτ+1 = σ(Fτ , ζτ ). There-
fore, zτ := h′(wτ , ζτ ) is Fτ+1-measurable. Since ζτ is independent of F0 and all prior ζ0, ..., ζτ−1, then ζτ is independent of
Fτ = σ(F0, ζ0, ..., ζτ−1). Therefore, by applying the Freezing Lemma lemma B.9, we have:

E[zτ | Fτ ] = E[h′(wτ , ζτ ) | Fτ ] = E[h′(w, ζτ )]w=wτ
= Eζ∼D′ [h′(w, ζ)]w=wτ

= 0⃗

E[exp(∥zτ∥2) | Fτ ] = E[exp(∥h′(wτ , ζτ )∥2) | Fτ ] = E[exp(∥h′(w, ζτ )∥2)]w=wτ
= Eζ∼D′ [exp(∥h′(w, ζ)∥2)]w=wτ

≤ 2

Given E[zτ | Fτ ] = 0⃗ and E[exp(∥zτ∥2) | Fτ ] ≤ 2, then by applying the subgaussian tail bound lemma B.8 to z :=
1

2
√
E

∑E−1
τ=0 zτ = 1

2
√
E

∑E−1
τ=0 h′(wτ , ζτ ), we have E[z | F0] = 0⃗ and E[exp(∥z∥2) | F0] ≤ 2.
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Lemma B.10 (Maximal Inequality for Conditionally Sub-Gaussian Martingale Differences). Let a sequence of random vec-
tors (zk)k∈Z≥0

in Rn and a sequence of indicator random variables (1k)k∈Z≥0
with 1k ∈ {0, 1} be adapted to a filtration

(Fk+1)k∈Z≥0
with F0 = {∅,Ω}, namely zk,1k are Fk+1-measurable. Assume that the sequence satisfies the martingale dif-

ference property E[zk | Fk] = 0⃗ and possesses a sub-Gaussian tail bound such that for any λ ∈ R and any i ∈ I ≡ {1, · · · , n}:

lnE [exp(λ[zk]i) | Fk] ≤
λ2

2
.

Then for any δ ∈ (0, 1), the following inequality holds with probability at least 1− δ:

∑
k∈[K]

∥zk∥∞1k ≤
√
2 ln

2Kn

δ

∑
k∈[K]

1k.

Proof. The above inequality holds if
∑
k∈[K] 1k = 0, otherwise, we have

∑
k∈[K] 1k > 0. Noting that the maximum is not

less than the average of {∥zk∥∞ | 1k = 1, k ∈ [K]}, and the maximum whose index is in the subset {k | 1k = 1, k ∈ [K]} is
less than the maximum of the entire trajectory [K]:

∑
k∈[K]

∥zk∥∞1k

/ ∑
k∈[K]

1k ≤ max
k:1k=1,k∈[K]

∥zk∥∞ ≤ max
k∈[K]

∥zk∥∞ = max
k∈[K]

max
i∈I
|[zk]i|

The probability of maxk∈[K] ∥zk∥∞ > t for some t ≥ 0 is bounded by the probability of all |[zk]i| > t for any i ∈ I and
k ∈ [K], then taking the union bound over all i ∈ I and k ∈ [K].

P
(
max
k∈[K]

max
i∈I
|[zk]i| > t

)
≤ P (|[zk]i| > t,∀i ∈ I, k ∈ [K]) ≤

∑
k∈[K]

∑
i∈I

P (|[zk]i| > t)

For any t > 0, by the Law of Total Expectation and the conditional Chernoff bound using the sub-Gaussian tail bound
lnE [exp(λ[zk]i) | Fk] ≤ λ2ν

2 :

P([zk]i > t) = E[P([zk]i > t | Fk)] ≤ E
[
inf
λ>0

exp (−λt+ lnE [exp(λ[zk]i) | Fk])
]
≤ exp

(
inf
λ>0
−λt+ λ2

2

)
= exp

(
− t

2

2

)
.

Similary, for any t > 0, we have P([zk]i < −t) ≤ exp
(
− t

2

2

)
, and therefore, the probability of |[zk]i| > t is bounded by

2 exp
(
− t

2

2

)
. Setting the failure probability 2Kn exp(−t2/2) = δ and solving for t yields the high-probability threshold

t =
√

2 ln(2Kn/δ). Since the ratio is bounded by maxk∈[K] ∥zk∥∞, it is bounded by t with probability at least 1− δ.

P


∑

k∈[K]

∥zk∥∞1k∑
k∈[K]

1k
>

√
2 ln

2Kn

δ

 ≤ P

(
max
k∈[K]

∥zk∥∞ >

√
2 ln

2Kn

δ

)
≤ 2Kn exp

(
−
2 ln 2Kn

δ

2

)
= δ.

Lemma B.11 (Upper Bound for Binomial Coefficient). Let n ∈ Z+ and n′,m ∈ Z≥0 such that n ≥ n′ ≥ m, then the following
inequality holds: (

n′

m

)(
n
m

) ≤ (1− m

n

)n(1−n′
n

)

Proof. Rewriting the ratio of two binomial coefficients as a product, applying the elementary inequality 1+ t ≤ exp(t) for any
t ∈ R, and lowerbounding a summation with a integral such that

∑
m′∈[m]

1
n−m′ ≥

∫m
0

1
n−m′ dm

′ = − ln(1− m
n ).(

n′

m

)(
n
m

) =
∏

m′∈[m]

(
1− n− n′

n−m′

)
≤ exp

−(n− n′) ∑
m′∈[m]

1

n−m′

 ≤ (1− m

n

)n(1−n′
n

)
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Lemma B.12 (Conditional Exponential Tail Bound for Maximum of a Subset with a Uniform CDF Bound). Let x =
(x1, . . . , xn) ∈ Rn, which satisfies the following condition (Uniform CDF Bound) with some σ > 0 and any t ∈ R:

1

n

∑
i∈I

1{max
i′∈I

[x]i′ − [x]i ≥ t} ≤
(
1− t

σ

)
+

A subset I ′ with fixed cardinality |I ′| = m ∈ Z+ is selected from I uniformly at random, which is independent of x, namely
I ′ ∼ Unif(Cm(I)) with Cm(I) := {A ⊆ I : |A| = m}, and

P(I ′ = A) = P(I ′ = A | x) = 1

|Cm(I)|
=

1(
n
m

) , ∀A ∈ Cm(I)

Then the difference between the maximum maxi∈I [x]i over the entire set I, and the maximum maxi∈I′ [x]i over the subset I ′,
is bounded as follows when r := m

n ̸= 1:

P
(
max
i∈I

[x]i −max
i∈I′

[x]i ≥ t | x
)
≤ exp

(
− [− ln(1− r)]n

σ
t

)

E
[
max
i∈I

[x]i −max
i∈I′

[x]i | x
]
≤ σ

[− ln(1− r)]n
<

σ

rn
=

σ

m

Otherwise, if r := m
n = 1, then I = I ′ and maxi∈I [x]i = maxi∈I′ [x]i.

Proof. Let’s define the following set It for some t ≥ 0, then the condition can be rewritten as:

It(x) := {i ∈ I ′ | max
i′∈I

[x]i′ − [x]i ≥ t},
|It(x)|
n

≤
(
1− t

σ

)
+

Noting that the event maxi∈I [x]i−maxi∈I [x]i ≥ t is equivalent to maxi′∈I [x]i′− [x]i ≥ t,∀i ∈ I, namely I ⊆ It(x). Using
P(I = A | x) = 1

|Cm(I)| , P(A ⊆ It(x) | I = A;x) = 1{A ⊆ It(x)}, letting Cm(It(x)) := {A ⊆ It(x) | |A| = m}.

P
(
max
i∈I

[x]i −max
i∈I

[x]i ≥ t | x
)

= P (I ⊆ It(x) | x) =
∑

A∈Cm(I)

P(A ⊆ It(x) | I = A;x)P(I = A | x)

=

∑
A∈Cm(I) 1{A ⊆ It(x)}

|Cm(I)|
=
|{A ⊆ It(x) | |A| = m}|

|Cm(I)|
=
|Cm(It(x))|
|Cm(I)|

=

(|It(x)|
m

)(
n
m

) 1m≤|It(x)|

Noting |I ′| = m, applying lemma B.11 to upperbound the ratio of two binomial coefficients by substituting n′ ← |It(x)|, and
using the condition such that |It(x)|

n ≤
(
1− t

σ

)
+

P
(
max
i∈I

[x]i −max
i∈I′

[x]i ≥ t | x
)

=

(|It(x)|
|I′|

)( |I|
|I′|
) 1|I′|≤|It(x)| ≤

(
1− |I

′|
|I|

)n[1−(1− t
σ )+

]
1

{
|I ′|
|I|
≤
(
1− t

σ

)
+

}

Therefore, by letting r := m
n , we have P (maxi∈I [x]i −maxi∈I [x]i ≥ t | x) = 0 when t ≥ σ. For any t ≥ 0, we have:

P
(
max
i∈I

[x]i −max
i∈I′

[x]i ≥ t | x
)
≤ (1− r)n t

σ 1{t ≤ (1− r)σ}

When r := m
n = 1, then P (maxi∈I [x]i −maxi∈I′ [x]i ≥ t | x) = 1{t = 0} for t ≥ 0, and maxi∈I [x]i = maxi∈I′ [x]i. If

r := m
n ̸= 1, then the upperbound of expectation is established as follows.

P
(
max
i∈I

[x]i −max
i∈I′

[x]i ≥ t | x
)
≤ exp

(
− [− ln(1− r)]n

σ
t

)

E
[
max
i∈I

[x]i −max
i∈I′

[x]i | x
]
=

∫
t≥0

P
(
max
i∈I

[x]i −max
i∈I′

[x]i ≥ t
)
dt ≤ σ

[− ln(1− r)]n
<

σ

rn
=

σ

m
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Lemma B.13 (Conditional Exponential Tail Bound with Assumption of Uniformly Bounded Relative Gap). Let a filtration
(Gk)k∈Z≥0

be defined with G0 = {∅,Ω} and Gk = σ(Gk−1, Ik−1,Bk−1), where a sequence of subsets (Ik)k∈Z≥0

i.i.d.∼
Unif(Cm(I)) with Cm(I) = {A ⊆ I | |A| = m} for some 0 < m ≤ n and I ≡ {1, · · · , n}, are independently and identically
sampled from Cm(I), and are independent of the collection of random sample batches Bk at any time k. Let wk ∈ Θ be
Gk-measurable, and f ,g : Θ → Rn be two measurable functions, and assume that Assumption 4.9 of Uniformly Bounded
Relative Gap holds for f(w),g(w) and their maximum values F (w) ≡ maxi∈I [f(w)]i, G(w) ≡ maxi∈I [g(w)]i. Then for
F (wk; Ik) ≡ maxi∈Ik

[f(wk)]i and G(wk; Ik) ≡ maxi∈Ik
[g(wk)]i, there exist exponential tail bounds for the conditional

probabilities of F (wk)− F (wk; Ik) and G(wk)−G(wk; Ik) as follows for any k ∈ Z≥0, t ∈ R≥0:

P (F (wk)− F (wk; Ik) ≥ t | Gk) ≤ exp

(
− [− ln(1−m/n)]n

σ
t

)
,

P (G(wk)−G(wk; Ik) ≥ t | Gk) ≤ exp

(
− [− ln(1−m/n)]n

σ
t

)
.

Proof. Applying Assumption 4.9, for any fixed value v ∈ Θ, t ∈ R≥0, k ∈ Z≥0 and subsets Ik ⊆ I and substituting fixed
values x← f(v),g(v) and I ′ ← Ik in lemma B.12, respectively.

E[1{F (v)− F (v; Ik) ≥ t}] = P(F (v)− F (v; Ik) ≥ t) ≤ exp

(
− [− ln(1−m/n)]n

σ
t

)

E[1{G(v)−G(v; Ik) ≥ t}] = P(G(v)−G(v; Ik) ≥ t) ≤ exp

(
− [− ln(1−m/n)]n

σ
t

)
Ik is independent of Gk = σ(I0,B0, . . . , Ik−1,Bk−1), since Ik is indepedndent of prior I0,B0, . . . , Ik−1,Bk−1. Since wk

is Gk-measurable, then we show the following identities by substituting fixed value x ← v, G ← Gk, X ← wk, Z ←
Ik;h(X,Z)← 1{F (wk)− F (wk; Ik) ≥ t},1{G(wk)−G(wk; Ik) ≥ t} in lemma B.9, respectively.

E[1{F (wk)− F (wk; Ik) ≥ t} | Gk] = E[1{F (v)− F (v; Ik) ≥ t}]v=wk

E[1{G(wk)−G(wk; Ik) ≥ t} | Gk] = E[1{G(v)−G(v; Ik) ≥ t}]v=wk

Combining the above identities, and the exponential bounds for any fixed value v.

P (F (wk)− F (wk; Ik) ≥ t | Gk) = E[1{F (wk)− F (wk; Ik) ≥ t} | Gk] ≤ exp

(
− [− ln(1−m/n)]n

σ
t

)
,

P (G(wk)−G(wk; Ik) ≥ t | Gk) = E[1{G(wk)−G(wk; Ik) ≥ t} | Gk] ≤ exp

(
− [− ln(1−m/n)]n

σ
t

)
.

Lemma B.14 (Upper Bound for Sum of Random Variables with Conditional Exponential Tail). Let nonnegative random vari-
ables (Yk)k∈Z≥0

and a sequence of indicator random variables (1k)k∈Z≥0
be adapted to a fitlaration (Gk+1)k∈Z≥−1

with
G0 = {∅,Ω}, namely Yk,1k are Gk+1-measurable, and have the following one sided conditional tail bound with some C > 0
for any t ≥ 0 and any k ∈ Z≥0:

P(Yk ≥ t | Gk) ≤ exp

(
− t

C

)
Then for [K] ≡ {0, 1, 2, . . . ,K − 1}, with probability at least 1− δ for some δ ∈ (0, 1):∑

k∈[K]

Yk1k ≤ C ln
K

δ

∑
k∈[K]

1k

For S ≡ {k ∈ [K] | 1k = 1}, hence |S| =
∑
k∈[K] 1k, with a ratio κ := |S|/K ∈ [0, 1] and such a convention of

1
|S| ·

∑
k∈[K] 1k = 1, ln 1

|S| ·
∑
k∈[K] 1k = 0 when |S| = 0, the following inequalities hold:

∑
k∈[K]

Yk1k ≤ 2C ln
2/κ

δ

∑
k∈[K]

1k,
∑
k∈[K]

Yk1k ≤ 2C

ln
1

δ
+ ln

16

κ

∑
k∈[K]

1k


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Remark (Remark for lemma B.14). By using the 2nd inequality and distributing the constant in logarithm, we have:∑
k∈[K]

Yk1k ≤ 2C ln
4

δ

∑
k∈[K]

1k + 2C ln
1

2κ

∑
k∈[K]

1k

By using the 3rd inequality, we have the following bound (see its derivation after the proof of the 3rd inequality):∑
k∈[K]

Yk1k ≤ 2C ln
4

δ

∑
k∈[K]

1k + 2C ln
4

δ
·K

Proof of lemma B.14. By letting Zk := Yk/C, we have P(Zk ≥ t | Gk−1) ≤ exp(−t) for any t ≥ 0 and any k ∈ Z≥0. We
give the proofs for these three inequalities separately for Zk, then we have these inequalities for Yk = CZk automatically.
Proof of 1st inequality (using maximal inequality and union bound) The first inequliaty holds trivially if

∑
k∈[K] 1k = 0,

otherwise, we have
∑
k∈[K] 1k > 0, then we have the following maximal inequality for nonnegative random variables Zk:

∑
k∈[K]

Zk1k

/ ∑
k∈[K]

1k ≤ max
k∈[K],1k=1

Zk ≤ max
k∈[K]

Zk

By using P(Zk ≥ t) = E[E[1Zk≥t | Gk]] = E[P(Zk ≥ t | Gk)] ≤ exp(−t),∀t ≥ 0, for some fixed t = ln K
δ ≥ 0, the

probability of maxk∈[K] Zk ≥ t is bounded by δ by taking the union bound over all k ∈ [K].

P

 ∑
k∈[K]

Zk1k > t
∑
k∈[K]

1k

 ≤ P
(
max
k∈[K]

Zk ≥ t
)

= P(Zk ≥ t,∀k ∈ [K]) ≤
∑
k∈[K]

P(Zk ≥ t) = K exp(−t) = δ

By substituting t = ln K
δ , we complete the proof of the first inequality for Zk with probability at least 1− δ

Proof of 2nd inequality (using AM-GM inequality and Markov’s inequality) The second inequality holds trivially if |S| =∑
k∈[K] 1k = 0 under the convention of |S| ·

∑
k∈[K] 1k = 1, ln 1

|S| ·
∑
k∈[K] 1k = 0, otherwise, we have |S| =

∑
k∈[K] 1k >

0, then by applying the AM-GM inequality for some λ > 0, we have:

exp

 λ

|S|
∑
k∈[K]

Zk1k

 ≤ 1

|S|
∑
k∈[K]

exp(λZk)1k ≤
1

|S|
∑
k∈[K]

exp(λZk)

Noting that for any nonnegative random variable X , E[X | F ] =
∫ 1

0
+
∫∞
1

P(X > u | F)du. Since Zk = Yk/C is
nonnegative, we have P(exp(λZk) > u | Gk−1) = 1 for any u ∈ [0, 1], λ > 0, and letting u = exp(λt) in the second integral
and using the fact that P(Zk ≥ t | Gk−1) ≤ exp(−t), we have the following inequality for any k ∈ Z≥0, λ ∈ (0, 1):

E[exp(λZk) | Gk] =
∫ 1

0

1du+

∫ ∞

1

P(exp(λZk) > exp(λt) | Gk)d(exp(λt)) ≤ 1 + λ

∫ ∞

0

exp(−[1− λ]t)dt = 1

1− λ

By tower property of conditional expectation, E[exp(λZk)] = E[E[exp(λZk) | Gk]] ≤ 1
1−λ , then by applying Markov’s

inequality for δ ∈ (0, 1), t := K
(1−λ)δ , we have the following bound:

P

 ∑
k∈[K]

exp(λZk) > t

 ≤ E

 ∑
k∈[K]

exp(λZk)

 /t ≤ K

(1− λ)t
= δ

Therefore, we have the following inequality with probability at least 1− δ by substituting t := K
(1−λ)δ , κ := |S|/K:

∑
k∈[K]

Zk1k ≤
|S|
λ

ln

 1

|S|
∑
k∈[K]

exp(λZk)

 ≤ ln(t/|S|)
λ

· |S| =
ln 2/κ

δ − ln(2(1− λ))
λ

∑
k∈[K]

1k

By selecting λ = 1
2 , we complete the proof of the second inequality for Zk with probability at least 1− δ.
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Proof of 3rd inequality (using supermartingale and combinatorics) The third inequality holds trivially if |S| =∑
k∈[K] 1k = 0 under the convention of |S| ·

∑
k∈[K] 1k = 1, ln 1

|S| ·
∑
k∈[K] 1k = 0, otherwise, we have |S| =

∑
k∈[K] 1k >

0, then for non-empty outcomes Aj of the random set S ⊆ [K] such that |S| = j for j ∈ {1, 2, . . . ,K},

Aj := {Aj ⊆ [K] | Aj ̸= ∅, |Aj | = j}, |Aj | =
(
K

j

)
≤
(
eK

j

)j
= exp

(
j ln

e

j/K

)
For any deterministic set Aj ∈ Aj , we introduce the corresponding (Mk(Aj))k∈{0,1,...,K} with M0(Aj) = exp(0) =

1,M(Aj) ≡MK(Aj) and Mk(Aj) := exp
(
λ
∑
k′∈[k] Zk′1k′∈Aj + ln(1− λ)

∑
k′∈[k] 1k′∈Aj

)
, we have Mk(Aj) is a super-

martingale because for any k ∈ [K], (see Theorem 4.2.4 on page 189 of Durrett [2019]):

E[Mk+1(Aj) | Gk] = [(1− λ)E[exp(λZk) | Gk]]1k∈Aj ·Mk(Aj) ≤Mk(Aj)

By using the tower property of conditional expectation, we have the following inequality for any k ∈ [K]:

E[M(Aj)] = E[MK(Aj)] ≤ . . . ≤ E[Mk+1(Aj)] ≤ E[Mk(Aj)] ≤ E[M0(Aj)] =M0(Aj) = 1

By applying the Markov’s inequality for M(Aj) = exp(λ
∑
k∈Aj

Zk + |Aj | ln(1− λ)) with some δj ∈ (0, 1), tj := ln 1
δj

:

P

λ ∑
k∈Aj

Zk + |Aj | ln(1− λ) > tj

 ≤ exp(−tj)E[M(Aj)] ≤ exp(−tj) = δj , ∀Aj ∈ Aj

Therefore, by selecting δj such that δ/(j(j + 1)) = |Aj |δj =
(
K
j

)
δj ,∀j ∈ {1, 2, . . . ,K} and taking the union bound over all

possible outcomes Aj ∈ Aj , then for any fixed λ ∈ (0, 1):

P

(
λ
∑
k∈S

Zk + |S| ln(1− λ) > t|S|, |S| = j

)
= P

 ⋃
Aj∈Aj

λ ∑
k∈Aj

Zk + |Aj | ln(1− λ) > tj

 ∩ {S = Aj}


≤

∑
Aj∈Aj

P

λ ∑
k∈Aj

Zk + |Aj | ln(1− λ) > tj

 ≤ |Aj | · δj = δ

j(j + 1)
= δ

(
1

j
− 1

j + 1

)
Therefore, for any fixed λ ∈ (0, 1):

P

(
λ
∑
k∈S

Zk + |S| ln(1− λ) > t|S|

)
=

K∑
j=1

P

(
λ
∑
k∈S

Zk + |S| ln(1− λ) > t|S|, |S| = j

)
≤

K∑
j=1

δ

(
1

j
− 1

j + 1

)
< δ

By definitions of S, κ ≡ |S|
K , noting that t|S| = ln 1

δ|S|
= ln 1

δ + ln(|S|(1 + |S|)) + ln |A|S|| ≤ ln 1
δ + |S| + |S| ln e

κ and
|S| =

∑
k∈[K] 1k, we have the following inequality with probability at least 1− δ for any fixed λ ∈ (0, 1):

∑
k∈[K]

Zk1k ≤
1

λ

t|S| + ln
1

1− λ
∑
k∈[K]

1k

 ≤ 1

λ

ln
1

δ
+ ln

e2/(1− λ)
κ

∑
k∈[K]

1k


By selecting λ = 1

2 , then e2/(1− λ) = 2e2 < 16, we complete the proof for Zk with probability at least 1− δ.

Proof of Remark for lemma B.14. The latter bound in the remark holds trivially if
∑
k∈[K] 1k = 0, otherwise, we have∑

k∈[K] 1k > 0, and noting that
∑
k∈[K] 1k + K = (1 + κ)K,

∑
k∈[K] 1k = κK from the definition of κ, the third in-

equality in lemma B.14 becomes:

∑
k∈[K]

Yk1k ≤ 2C

ln
1

δ
+ ln

16

κ

∑
k∈[K]

1k

 = 2C

(
1

(1 + κ)K
ln

1

δ
+

κ

1 + κ
ln

16

κ

) ∑
k∈[K]

1k +K


By using 1

(1+κ)K ≤ 1 and κ
1+κ ln

16
κ ≤ maxκ∈[0,1]

κ
1+κ ln

16
κ = ln 4, and noting ln 1

δ + ln 4 = ln 4
δ , we establish the latter

bound in the remark:
∑
k∈[K] Yk1k ≤ 2C ln 4

δ

∑
k∈[K] 1k + 2C ln 4

δ ·K.
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C Proof for Result of Federated Learning with Full Participation

Proof for Main theorem 4.7 of Algorithm 3. By applying lemma B.2 to the update rule wk+1 = wk−ηuk with step size η > 0,
we have

⟨uk,wk −w∗⟩ = 1

2η

(
∥wk −w∗∥2 − ∥wk+1 −w∗∥2

)
+
η

2
∥uk∥2

For brevity, we write 1k := 1Gk(wk,ξk)≤ ϵ
2

with Gk(wk, ξk) = m(g(wk, ξk), α). The local direction uk is given by the

following equation and local updates are given by w
(i)
k,τ+1 = w

(i)
k,τ − γ

[
∇fi(w(i)

k,τ , ζ
(i)
k,τ )1k +∇gi(w

(i)
k,τ , ζ

(i)
k,τ )[1− 1k]

]
:

u
(i)
k =

w
(i)
k,0 −w

(i)
k,E

γE
=

1

E

∑
τ∈[E]

∇fi(w(i)
k,τ , ζ

(i)
k,τ )1k +

1

E

∑
τ∈[E]

∇gi(w(i)
k,τ , ζ

(i)
k,τ )[1− 1k]

where ζ
(i)
k,τ is the sample at the τ -th local update step of the k-th epoch for the i-th client, and w

(i)
k,0 = wk is the initial

local parameters for the i-th client. The direction uk is given by the following equation with the brevity notations pk :=
softmax(αf(wk, ξk)) and qk := softmax(αg(wk, ξk)), and we introduce rk := pk1k + qk[1− 1k]:

uk =
∑
i∈I

([pk]i1k + [qk]i[1− 1k])u(i)
k =

∑
i∈I

[rk]iu
(i)
k

To help the analaysis, we introduce the following notations:

ũ
(i)
k =

1

E

∑
τ∈[E]

∇fi(w(i)
k,τ )1k +

1

E

∑
τ∈[E]

∇gi(w(i)
k,τ )[1− 1k], ū

(i)
k = ∇fi(wk)1k +∇gi(wk)[1− 1k]

Step 1: Upperbound η
∑

k∈[K]

∥uk∥2 and Lowerbound
∑

k∈[K]

⟨uk,wk −w∗⟩

Then we can decompose the direction as u(i)
k = ũ

(i)
k + (u

(i)
k − ũ

(i)
k ) = ū

(i)
k − (ū

(i)
k − ũ

(i)
k )− (ũ

(i)
k − u

(i)
k ).

1.1: upperbound of η
∑
k∈[K] ∥uk∥2

Then by using 1
2∥x − y∥2 ≤ ∥x∥2 + ∥y∥2,E[X]2 ≤ E[X2] and the assumption of Lipschitz continuity assumption 4.2

(∥∇fi(w)∥ ≤ L, ∥∇gi(w)∥ ≤ L, therefore ∥ũ(i)
k ∥ ≤ L,

∥∥∥∑i∈I [rk]iũ
(i)
k

∥∥∥ ≤ L using
∑
i∈I [rk]i = 1 and all [rk]i ≥ 0):

η

2

∑
k∈[K]

∥uk∥2 =
η

2

∑
k∈[K]

∥∥∥∥∥∑
i∈I

[rk]iũ
(i)
k +

∑
i∈I

[rk]i(u
(i)
k − ũ

(i)
k )

∥∥∥∥∥
2

≤ ηL2K + η
∑
k∈[K]

∑
i∈I

[rk]i∥u(i)
k − ũ

(i)
k ∥

2

1.2: decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

We decompose the inner product by introducing the Bregman divergenceDfi [w
′||w] := fi(w

′)−fi(w)−⟨∇fi(w),w′−w⟩ ≥
0, Dgi [w

′||w] := gi(w
′) − gi(w) − ⟨∇gi(w),w′ − w⟩ ≥ 0 for convex functions fi and gi from assumption 4.1, therefore

⟨uk,wk −w∗⟩ = (fi(wk)− fi(w∗) +Dfi [w
∗||wk])1k + (gi(wk)− gi(w∗) +Dgi [w

∗||wk])[1− 1k]:∑
k∈[K]

⟨uk,wk −w∗⟩

=
∑
k∈[K]

∑
i∈I

[rk]i⟨ū(i)
k ,wk −w∗⟩ −

∑
k∈[K]

∑
i∈I

[rk]i⟨ū(i)
k − ũ

(i)
k ,wk −w∗⟩ −

∑
k∈[K]

∑
i∈I

[rk]i⟨ũ(i)
k − u

(i)
k ,wk −w∗⟩

=
∑
k∈[K]

∑
i∈I

[pk]i(fi(wk)− fi(w∗))1k +
∑
k∈[K]

∑
i∈I

[qk]i(gi(wk)− gi(w∗))[1− 1k]

−
∑
k∈[K]

∑
i∈I

[pk]i
1

E

∑
τ∈[E]

[
−Dfi [w

∗||wk] + ⟨∇fi(wk)−∇fi(w(i)
k,τ ),wk −w∗⟩

]
1k

−
∑
k∈[K]

∑
i∈I

[qk]i
1

E

∑
τ∈[E]

[
−Dgi [w

∗||wk] + ⟨∇gi(wk)−∇gi(w(i)
k,τ ),wk −w∗⟩

]
[1− 1k]

−
∑
k∈[K]

∑
i∈I

[rk]i⟨ũ(i)
k − u

(i)
k ,wk −w∗⟩
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1.3: lowerbound of 1st and 2nd terms in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

Regarding the first and second terms in the above equation for the inner product, using the definition of F = maxi∈I fi and
G = maxi∈I gi, from the definition of w∗ such that G(w∗) ≤ 0 in Eq. (∗).∑

i∈I
[pk]ifi(w

∗) ≤ F (w∗),
∑
i∈I

[qk]igi(w
∗) ≤ G(w∗) ≤ 0

Applying the deviation bound of softmax mean lemma B.6 with α ≥ 2 lnn
ϵ′ and substituting x ← f(wk), δ ← f(wk, ξk) −

f(wk) and x← g(wk), δ ← g(wk, ξk)− g(wk), then we have∑
i∈I

[pk]ifi(wk) ≥ F (wk)− 2∥f(wk, ξk)− f(wk)∥∞ −
ϵ′

2∑
i∈I

[qk]igi(wk)[1− 1k] ≥
[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k] +

( ϵ
2
− ∥g(wk, ξk)− g(wk)∥∞

)
[1− 1k]

Combining the above, we have the following lower bound for the first and second terms in the equation for the inner product:∑
k∈[K]

∑
i∈I

[pk]i(fi(wk)− fi(w∗))1k +
∑
k∈[K]

∑
i∈I

[qk]i(gi(wk)− gi(w∗))[1− 1k]

≥
∑
k∈[K]

[F (wk)− F (w∗)]1k +
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k] +

ϵK

2
− ϵ′ + ϵ

2

∑
k∈[K]

1k

−2
∑
k∈[K]

∥f(wk, ξk)− f(wk)∥∞1k −
∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞[1− 1k]

1.4: upperbound of 3rd and 4th terms in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

Regarding the third term and fourth term in the equation for the inner product, we noting the three-point Bregman divergence
identity lemma B.1 by substituting ψ ← fi, gi, x← wk, x′ ← w∗, x̂← w

(i)
k,τ , and using the fact that Dfi [·||·] ≥ 0, Dgi [·||·] ≥

0 from the definition of Bregman divergence for convex functions fi and gi from assumption 4.1.

−Dfi [w
∗||wk] + ⟨∇fi(wk)−∇fi(w(i)

k,τ ),w
(i)
k,τ −w∗⟩ = −Dfi [w

∗||w(i)
k,τ ]−Dfi [w

(i)
k,τ ||wk] ≤ 0

−Dgi [w
∗||wk] + ⟨∇gi(wk)−∇gi(w(i)

k,τ ),w
(i)
k,τ −w∗⟩ = −Dgi [w

∗||w(i)
k,τ ]−Dgi [w

(i)
k,τ ||wk] ≤ 0

Using (wk−w
(i)
k,τ )1k = γ

∑
τ ′∈[τ ]∇fi(w

(i)
k,τ ′ , ζ

(i)
k,τ ′)1k and (wk−w

(i)
k,τ )[1−1k] = γ

∑
τ ′∈[τ ]∇gi(w

(i)
k,τ ′ , ζ

(i)
k,τ ′)[1−1k] from

the update rule, and applying Abel’s summation formula
∑
τ∈[E]⟨aτ ,Bτ ⟩ = ⟨AE ,BE−1⟩ −

∑
τ∈[E−1]⟨Aτ+1, bτ ⟩ with a0 =

0⃗,Aτ :=
∑
τ ′∈[τ ] aτ ′ ,Bτ :=

∑
τ ′∈[τ ] bτ ′ and substituting aτ ← ∇fi(wk)−∇fi(w(i)

k,τ ), bτ ← ∇fi(w
(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ ),

then again applying Cauchy-Schwarz inequality and Lipschitz continuity assumption 4.2:

1

E

∑
τ∈[E]

⟨∇fi(wk)−∇fi(w(i)
k,τ ),wk −w

(i)
k,τ ⟩1k

= 2γL2 1

E

∑
τ∈[E]

∑
τ ′∈[τ ]

〈
∇fi(wk)−∇fi(w(i)

k,τ )

2L
,
∇fi(w(i)

k,τ ′)

L

〉
1k

+4γL(σg/
√
Bg)

〈
1

E

∑
τ∈[E]

∇fi(wk)−∇fi(w(i)
k,τ )

2L
,
∑

τ∈[E−1]

∇fi(w(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

〉
1k

−4γL(σg/
√
Bg)

∑
τ∈[E−1]

τ

〈
1

τ

∑
τ ′∈[τ+1]

∇fi(wk)−∇fi(w(i)
k,τ ′)

2L
,
∇fi(w(i)

k,τ , ζ
(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

〉
1k

≤ 2γL2(E − 1)1k + 4γL(σg/
√
Bg)

∥∥∥∥∥∥
∑

τ∈[E−1]

∇fi(w(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

∥∥∥∥∥∥1k
+4γL(σg/

√
Bg)

∑
τ∈[E−1]

τ

〈
e
′(i)
k,τ ,
∇fi(w(i)

k,τ , ζ
(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

〉
1k
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where the intermediate vector e′(i)k,τ := − 1
τ

∑
τ ′∈[τ+1]

∇fi(wk)−∇fi(w(i)

k,τ′ )

2L satisfies ∥e′(i)k,τ∥ ≤ 1 by the assumption of Lipschitz

continuity assumption 4.2 and hence ∥∇fi(wk) − ∇fi(w(i)
k,τ )∥ ≤ 2L. Similarly, by introducing the intermediate vector

e
′′(i)
k,τ := − 1

τ

∑
τ ′∈[τ+1]

∇gi(wk)−∇gi(w(i)

k,τ′ )

2L satisfies ∥e′′(i)k,τ ∥ ≤ 1 by the assumption of Lipschitz continuity assumption 4.2 and

hence ∥∇gi(wk)−∇gi(w(i)
k,τ )∥ ≤ 2L, then:

1

E

∑
τ∈[E]

⟨∇gi(wk)−∇gi(w(i)
k,τ ),wk −w

(i)
k,τ ⟩[1− 1k]

≤ 2γL2(E − 1)[1− 1k] + 4γL(σg/
√
Bg)

∥∥∥∥∥∥
∑

τ∈[E−1]

∇gi(w(i)
k,τ , ζ

(i)
k,τ )−∇gi(w

(i)
k,τ )

2σg/
√
Bg

∥∥∥∥∥∥ [1− 1k]
+4γL(σg/

√
Bg)

∑
τ∈[E−1]

τ

〈
e
′′(i)
k,τ ,
∇gi(w(i)

k,τ , ζ
(i)
k,τ )−∇gi(w

(i)
k,τ )

2σg/
√
Bg

〉
[1− 1k]

We introduce the following notations, e
(i)
k,τ := e

′(i)
k,τ1k + e

′′(i)
k,τ [1 − 1k] and z

(i)
k,τ :=

∇fi(w(i)
k,τ ,ζ

(i)
k,τ )−∇fi(w(i)

k,τ )

2σg/
√
Bg

1k +

∇gi(w(i)
k,τ ,ζ

(i)
k,τ )−∇gi(w(i)

k,τ )

2σg/
√
Bg

[1 − 1k]. Summing over τ ∈ [E] and i ∈ I and noting
∑
i∈I [pk]i = 1 and

∑
i∈I [qk]i = 1, the

upperbound of the 3rd and 4th terms in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩ is given by:

∑
k∈[K]

∑
i∈I

[pk]i
1

E

∑
τ∈[E]

[
−Dfi [w

∗||wk] + ⟨∇fi(wk)−∇fi(w(i)
k,τ ),wk −w∗⟩

]
1k

+
∑
k∈[K]

∑
i∈I

[qk]i
1

E

∑
τ∈[E]

[
−Dgi [w

∗||wk] + ⟨∇gi(wk)−∇gi(w(i)
k,τ ),wk −w∗⟩

]
[1− 1k]

≤ 2γL2(E − 1)K +
4γLσg√
Bg

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥+ 4γLσg√
Bg

∑
k∈[K]

∑
i∈I

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉

1.5: rewriting the 5th term in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

We introduce the the direction vector dk := w∗−wk

D which satisfies ∥dk∥ ≤ 1 by the assumption of finite diameter D of the
parameter space Θ assumption 4.3. From the definition of z(i)k,τ and ũ

(i)
k ,u

(i)
k , we have:

ũ
(i)
k − u

(i)
k = − 2σg√

Bg
· 1
E

∑
τ∈[E]

z
(i)
k,τ

Therefore, the 5th term in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩ can be rewritten as:

∑
k∈[K]

∑
i∈I

[rk]i⟨ũ(i)
k − u

(i)
k ,wk −w∗⟩ = 2Dσg√

Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉

1.6: rewriting ∥u(i)
k − ũ

(i)
k ∥2 in the upper bound of η

2

∑
k∈[K] ∥uk∥2 By using the above equation with z

(i)
k,τ and ũ

(i)
k ,u

(i)
k ,

the term in the upper bound of η2
∑
k∈[K] ∥uk∥2 can be rewritten as:

η
∑
k∈[K]

∑
i∈I

[rk]i∥u(i)
k − ũ

(i)
k ∥

2 =
4ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2
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Step 2: Upperbound
∑

k∈[K]

[F (wk)− F (w∗)]1k and
∑

k∈[K]

G(wk)1k

We introduce a filtration (Ft)t∈Z≥−1
to track the information up to time t := ind(k, i, τ) ≡ k · nE + i · E + τ and Ft :=

σ((ζ
(i′)
k′,τ ′)ind(k′,i′,τ ′)<t, (ξk′)ind(k′,0,0)≤t) with F−1 = {∅,Ω}. These introduced notations satisfy the following:

1. the indicator 1k ≡ 1Gk(wk)≤ ϵ
2

is Ft-measurable; (from the definition of Gk(wk, ξk) = m(g(wk, ξk), α))

2. the softmax weights rk such that
∑
i∈I [rk]i = 1 and [rk]i ≥ 0 and is Ft-measurable; (from the defintion of rk)

rk ≡ pk1k + qk[1− 1k] = softmax(αf(wk, ξk))1k + softmax(αg(wk, ξk))[1− 1k]

3. the direction vectors dk and e
(i)
k such that ∥dk∥ ≤ 1 (from the definition of dk and the assumption of finite diameter of the

parameter space Θ assumption 4.3) and ∥e(i)k ∥ ≤ 1 (from the definition of e(i)k and the assumption of Lipschitz continuity as-
sumption 4.2) and are Ft-measurable; (from the definition of dk and e

(i)
k )

dk ≡
w∗ −wk

D
, e

(i)
k ≡

1

τ

τ∑
τ ′=1

∇fi(w(i)
k,τ ′)−∇fi(wk)

2L
1k +

1

τ

τ∑
τ ′=1

∇gi(w(i)
k,τ ′)−∇gi(wk)

2L
[1− 1k]

4. the condtional 1-subgaussian random variable z
(i)
k,τ such that E[z(i)k,τ | Ft] = 0 and E[exp(∥z(i)k,τ∥2) | Ft] ≤ 2 and therefore

lnE[exp(λ⟨e, z(i)k,τ ⟩) | Ft] ≤ lnE[exp(λ∥z(i)k,τ∥) | Ft] ≤
λ2

2 ,∀e ∈ Sd−1,∀λ ∈ R, and is Ft+1-measurable. (from the definition

of z(i)k,τ , independence of all ζ(i)
k,τ and ξk ≡ (ξ

(i)
k )i∈I and the assumption of sub-Gaussianity of stochastic gradients assump-

tion 4.4, and lemma B.7 for subgaussianity of random variables, lemma B.8 for subgaussianity of the average of subgaussian
random vectors)

z
(i)
k,τ ≡

∇fi(w(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

1k +
∇gi(w(i)

k,τ , ζ
(i)
k,τ )−∇gi(w

(i)
k,τ )

2σg/
√
Bg

[1− 1k]

2.1: terms in the upperbound of
∑
k∈[K][F (wk)− F (w∗)]1k

By using the polarization identity lemma B.2 and the established lower bound of η
∑
k∈[K] ∥uk∥2 and the lowerbound of∑

k∈[K]⟨uk,wk−w∗⟩ in the previous step, dropping the nonnegative term ∥wK−w∗∥2

2η , noting the assumption of finite diameter
of the parameter space Θ assumption 4.3 then ∥w0 −w∗∥ ≤ D, we rearrange the terms and obtain the following upperbound
of
∑
k∈[K][F (wk)− F (w∗)]1k:

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ′ + ϵ

2

∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k]−

ϵK

2
+
D2

2η
+ ηL2K + 2γL2(E − 1)K

+ 2
∑
k∈[K]

∥f(wk, ξk)− f(wk)∥∞1k +
∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞[1− 1k]

+
4ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

+
4γLσg√
Bg

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
+

2Dσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
+

4γLσg√
Bg

∑
k∈[K]

∑
i∈I

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉

By choosing the local step size γ = η
E , and applying triangle inequality ∥x− y∥ ≤ ∥x∥+ ∥y∥, then:

4γLσg√
Bg

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥ ≤ 4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥+ 4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i∥z(i)k,E−1∥
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Noting E[X]2 ≤ E[X2] and 2
√
xy ≤ x+ y for any x, y ≥ 0, then we have:

4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥ =
∑
k∈[K]

2

√
ηL2 ×

4ησ2
g

Bg
· 1

E2

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
≤

∑
k∈[K]

2

√√√√√ηL2 ×
4ησ2

g

Bg
· 1

E2

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
2

≤ ηL2K +
4ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
2

Hence, we can upperbound
∑
k∈[K][F (wk)− F (w∗)]1k as:∑

k∈[K]

[F (wk)− F (w∗)]1k

≤ ϵ′ + ϵ

2

∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k]−

ϵK

2
+
D2

2η
+ 4ηL2K

(
1− 1

2E

)

+ 2
∑
k∈[K]

∥f(wk, ξk)− f(wk)∥∞1k +
∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞[1− 1k] +
8ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

+
2Dσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
+

4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉
+

4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈I

[rk]i∥z(i)k,E−1∥

2.2: terms in the upperbound of
∑
k∈[K]G(wk)1k

Noting Gk(wk, ξk)1k = Gk(wk, ξk)1Gk(wk,ξk)≤ ϵ
2
≤ ϵ

21k, applying lemma B.4 of softmax mean m(x, α) with softmax
hyperparameter α ≥ 2 lnn

ϵ′ then G(wk, ξk) − Gk(wk, ξk) = maxi∈I [g(wk, ξk)]i − m(g(wk, ξk), α) ≤ ϵ′

2 , using G(w) −
G(wk, ξk) = maxi∈I [g(wk)]i −maxi∈I [g(wk, ξk)]i ≤ maxi∈I [g(wk)− g(wk, ξk)]i ≤ ∥g(wk, ξk)− g(wk)∥∞:∑

k∈[K]

G(wk)1k =
∑
k∈[K]

[Gk(wk, ξk) + [G(wk, ξk)−Gk(wk, ξk)] + [G(wk)−G(wk, ξk)]]1k

≤ ϵ+ ϵ′

2

∑
k∈[K]

1k +
∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞1k

2.3: upperbounds of
∑
k∈[K] ∥f(wk, ξk)− f(wk)∥∞1k and

∑
k∈[K] ∥g(wk, ξk)− g(wk)∥∞1k, [1− 1k]

By applying the established lemmas B.7 and B.8 for subgaussianity of random variables and subgaussianity of the average of
subgaussian random vectors with assumption 4.4, and lemma B.10 of maximal inequality of subgaussian random variables with
zk ← f(wk,ξk)−f(wk)

2σζ/
√
Bζ

, gk(wk,ξk)−gk(wk)

2σζ/
√
Bζ

, 1k ← 1k, [1 − 1k] and δ ← δ
8 , the following upperbounds hold with probability at

least 1− 3× δ
6 = 1− δ

2 :

∑
k∈[K]

∥f(wk, ξk)− f(wk)∥∞1k ≤ 2σζ

√
2 ln 12Kn

δ

Bζ

∑
k∈[K]

1k

∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞1k ≤ 2σζ

√
2 ln 12Kn

δ

Bζ

∑
k∈[K]

1k

∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞[1− 1k] ≤ 2σζ

√
2 ln 12Kn

δ

Bζ

∑
k∈[K]

[1− 1k]

2.4: upper bound of
∑
k∈[K]

∑
i∈I [rk]i

∥∥∥∑τ∈[E] z
(i)
k,τ

∥∥∥2
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For brevity, with the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we define such a filtration (Gk)k∈Z≥−1
by

G−1 = {∅,Ω} and Gk = FnE⌈ t
nE ⌉, and z

(i)
k := 1

2
√
E

∑
τ∈[E] z

(i)
k,τ . Then from the definition and properties of z(i)k,τ listed at the

beginning of the Step 2, we have:

E[z(i)k | Gk] = 0⃗, ln[E[exp(λ∥z(i)k ∥) | Gk]] ≤
λ2

2
,∀λ ∈ R,

and z
(i)
k is Gk+1-measurable. Morevover, rk is Gk-measurable from definitions of rk and Gk. We rewrite the summation as:

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

= 4E
∑
k∈[K]

∑
i∈I

[rk]i∥z(i)k ∥
2 = 4E

∑
k∈[K]

Xk

where Xk :=
∑
i∈I [rk]i∥z

(i)
k ∥2. Then using Jensen’s inequality with

∑
i∈I [rk]i = 1, [rk]i ≥ 0 and rk is Gk-measurable, and

the tower property of conditional expectation, we have the following inequality when λ ∈ (0, 1):

E[exp(λXk/2) | Gk] ≤
∑
i∈I

[rk]iE[exp(λ∥z(i)k ∥
2/2) | Gk] ≤ max

i∈I
E[exp(λ∥z(i)k ∥

2/2) | Gk] ≤ (1− λ)−1/2

since by introducing an independent standard Gaussian z ∼ N (0, 1), using Ez[exp(λz2/2)] = (1− λ)−1/2 for λ ∈ (0, 1):

E[exp(λ∥z(i)k ∥
2/2) | Gk] = E[Ez[exp(

√
λ∥z(i)k ∥z) | Gk]] = Ez[E[exp(

√
λz∥z(i)k ∥) | Gk, z]] ≤ Ez[exp(λz2/2)] = (1−λ)−1/2

Therefore, noting Xk is Gk+1-measurable, for any λ ∈ (0, 1), we have:

−Kλ

2
+ lnE

exp
λ

2

∑
k∈[K]

Xk

 = −λK
2

+
∑
k∈[K]

lnE
[
exp

(
λ

2
Xk

)
| Gk

]
≤ K

2
[−λ− ln(1− λ)] ≤ K

4

λ2

(1− λ)

By using the Chernoff bound, and introducing ψ∗(u) := supλ∈(0,1) uλ− λ2

(1−λ) , we have:

lnP

 ∑
k∈[K]

Xk ≥ K(1 + u/2)

 ≤ inf
λ>0
−K

4
(2 + u)λ+ lnE

exp
λ

2

∑
k∈[K]

Xk

 ≤ −K
4
ψ∗(u)

By the characterization of sub-gamma random variables, see also equation (2.5) in section 2.4 sub-gamma random variables,
on page 29 of Boucheron et al. [2013]. we have ψ∗(u) = (

√
1 + u− 1)2 with its inverse function ψ∗−1(v) = 2

√
v + v:

P

 ∑
k∈[K]

Xk ≥ K(1 + ψ∗−1(v)/2)

 = P

 ∑
k∈[K]

Xk ≥ K(1 +
√
v + v/2)

 ≤ exp

(
−K

4
v

)

By selecting v =
4 ln 8

δ

K and noting 1 +
√
v + v/2 ≤ 3

2 + v, with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

= 4E
∑
k∈[K]

Xk ≤ 4E ·K(1 +
√
v + v/2) ≤ 4E ·K

(
3

2
+ v

)
= 2E

(
3K + 8 ln

8

δ

)
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2.5: upper bound of
∑
k∈[K]

∑
i∈I [rk]i

∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
With the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we define such intermediate quantities, T = K · n · E,
vt := [rk]idk, zt := z

(i)
k,τ , and St :=

∑
t′∈[t]⟨vt′ , zt′⟩, Vt :=

∑
t′∈[t] ∥vt′∥2. Then, since zt is Ft+1-measurable and vt is

Ft-measurable, then St is Ft-measurable, Vt is Ft−1-measurable.

Then for Mt := exp
(
λSt − λ2

2 Vt

)
, which is Ft-measurable, we show it is a supermartingale by using Theorem 4.2.4 on page

189 of Durrett [2019] ans showing that the following inequality holds:

E[Mt+1 | Ft] =Mt · E
[
exp

(
λ⟨vt, zt⟩ −

λ2

2
∥vt∥2

)
| Ft

]
≤Mt

Therefore, we have E[MT ] ≤M0 = 1 by the tower property of conditional expectation, which implies:

E

exp
λ ∑

t∈[T ]

⟨vt, zt⟩

 ≤ E

exp
λ2

2

∑
t∈[T ]

∥vt∥2
 ≤ exp

(
λ2

2
KE

)

since we have the following fact using ∥dk∥ ≤ 1 and
∑
i∈[I][rk]

2
i ≤

∑
i∈I [rk]i = 1:∑

t∈[T ]

∥vt∥2 =
∑
k∈[K]

∑
i∈I

[rk]
2
i

∑
τ∈[E]

∥dk∥2 ≤ KE

By using the Chernoff bound, then for any u > 0, we have:

P

∑
t∈[T ]

⟨vt, zt⟩ ≥ u

 ≤ exp

(
inf
λ>0
−λu+

λ2

2
KE

)
≤ exp

(
− u2

2KE

)

By selecting u =
√
2KE ln 8

δ , with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈I

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
=
∑
t∈[T ]

⟨vt, zt⟩ ≤
√
2KE ln

8

δ

2.6: upper bound of
∑
k∈[K]

∑
i∈I [rk]i

∑
τ∈[E−1] τ

〈
e
(i)
k,τ , z

(i)
k,τ

〉
With the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we define such intermediate quantities, T = K · n · E,
vt := [rk]iτe

(i)
k,τ1τ∈[E−1], zt := z

(i)
k,τ , then by the same procedure of showing supermartingale, we also have

E

exp
λ ∑

t∈[T ]

⟨vt, zt⟩

 ≤ E

exp
λ2

2

∑
t∈[T ]

∥vt∥2
 ≤ exp

(
λ2

2

K

3
(E − 1)(E − 3/2)(E − 2)

)

since we have the following fact using ∥ek∥ ≤ 1,
∑
τ∈[E−1] τ

2 = 1
3 (E−1)(E−3/2)(E−2) and

∑
i∈[I][rk]

2
i ≤

∑
i∈I [rk]i =

1: ∑
t∈[T ]

∥vt∥2 =
∑
k∈[K]

∑
i∈I

[rk]
2
i

∑
τ∈[E−1]

τ2∥e(i)k,τ∥
2 ≤ K

3
(E − 1)(E − 3/2)(E − 2)

By the same procudure of taking Chernoff bound, with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈I

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉
=
∑
t∈[T ]

⟨vt, zt⟩ ≤
√

2K

3
(E − 1)(E − 3/2)(E − 2) ln

8

δ
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2.7: upper bound of
∑
k∈[K]

∑
i∈I [rk]i∥z

(i)
k,E−1∥With the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we define

such intermediate quantities, T = K · n · E, at := [rk]i1τ=E−1, zt := ∥z(i)k,τ∥, then by the same procedure of showing
supermartingale, we also have

E

exp
∑
t∈[T ]

atzt

 ≤ E

exp
λ2

2

∑
t∈[T ]

a2t

 ≤ exp

(
λ2

2
K

)

Since
∑
i∈I [rk]

2
i ≤

∑
i∈I [rk]i = 1, we have:∑

t∈[T ]

a2t =
∑
k∈[K]

∑
i∈I

[rk]
2
i

∑
τ∈[E]

12
τ=E−1 =

∑
k∈[K]

∑
i∈I

[rk]
2
i ≤ K

By the same procedure of taking Chernoff bound, with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈I

[rk]i∥z(i)k,E−1∥ =
∑
t∈[T ]

atzt ≤
√
2K ln

8

δ

Step 3. Establish Final Bounds
3.1: rearranging terms in final bounds

By selecting ϵ′ = ϵ− 4σζ

√
2 ln 12Kn

δ

Bζ
, and rearranging the terms with the established bounds in Step 2, we have:

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k]−

ϵK

2
+
D2

2η
+ 4ηL2K

(
1− 1

2E

)

+2σζ

√
2 ln 12Kn

δ

Bζ
·K +

16ησ2
g

BgE

(
3 +

8 ln 8
δ

K

)
·K

+2Dσg

√
2 ln 8

δ

BgKE
·K + 4ηLσg

√
2E

3BgK

(
1− 1

E

)(
1− 3

2E

)(
1− 2

E

)
ln

8

δ
·K

+4ηLσg ·
1

E

√
2 ln 8

δ

BgK
·K∑

k∈[K]

G(wk)1k ≤ ϵ
∑
k∈[K]

1k

with probability at least 1− δ with step sizes η, γ such that γ = η
E , and softmax hyperparameter α ≥ 2 lnn

ϵ′ .
3.2: selecting step sizes η, γ, tolerance ϵ and softmax hyperparameter α
By balancing the terms D2

2η , 4ηL
2K, we selecting step sizes as:

η =
D

L
√
8K

, γ =
D

LE
√
8K

By upper bounding 1− 1
2E ≤ 1,

√
(1− 1

E )(1−
3
2E )(1−

2
E ) ≤ 1− 9/4

E+2 , ans substituting the global step size η, we have:

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k]−

ϵK

2
+

DL√
K/8

·K + 2σζ

√
2 ln 12Kn

δ

Bζ
·K

+
Dσ2

g

LBE
√
K/32

(
3 +

8 ln 8
δ

K

)
·K + 2Dσg

√
2 ln 8

δ

BKE

(
1 +

E√
6K

(
1− 9/4

E + 2

)
+

1√
2KE

)
·K

Noting that for E = 1, we can show that the above bound still holds without E√
6K

(1 − 9/4
E+2 ) +

1√
2KE

in the last term since

terms with
∑
τ∈[E−1] are 0 when E = 1. For E ≥ 2, we note that E√

6K
(1− 9/4

E+2 ) +
1√
2KE

≤ E√
6K

is valid. Combining these
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two cases, and introducing the “effective” gradient variance σ̄2
g :=

σ2
g/Bg

L2E , we have:∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k]

+
K

2

−ϵ+ DL√
K/32

[
1 + 2σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
ln

8

δ

(
1 +

E√
6K

)]
+ 4σζ

√
2 ln 12Kn

δ

Bζ


By letting the sum of constant terms to be 0, noting ϵ′ = ϵ− 4σζ

√
2 ln 12Kn

δ

Bζ
, we obtain the following tolerance:

ϵ′ =
DL√
K/32

[
1 + 2σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
ln

8

δ

(
1 +

E√
6K

)]

ϵ =
DL√
K/32

[
1 + 2σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
ln

8

δ

(
1 +

E√
6K

)]
+ 4σζ

√
2 ln 12Kn

δ

Bζ

Then, we obtain the following inequality with probability at least 1− δ:∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k] +

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k

We show
∑
k∈[K] 1k ̸= 0, otherwise, from the above inequlaity, and using the definition of 1k ≡ 1Gk(wk,ξk)≤ ϵ

2
, we have

Gk(wk, ξk)− ϵ
2 > 0, [1− 1k] = 1,1k = 0 for all k ∈ [K], which leads to a contradiction as follows:

0 <
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k] + 0 ≤ ϵ · 0 = 0

Noting that 0 ≤ [Gk(wk, ξk)− ϵ
2 ][1− 1k], we have the following inequality with

∑
k∈[K] 1k ̸= 0:∑

k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k

By introducing a probability measure PK on the set of iterations [K] such that PK(k) = 1k/
∑
k∈[K] 1k,∀k ∈ [K], and using

the convexity of F,G (assumption 4.1 and lemma B.3) and defining wK := Ek∼PK
[wk] =

∑
k∈[K] wk1k/

∑
k∈[K] 1k, then:

F (wK)− F (w∗) ≤ Ek∼PK
[F (wk)− F (w∗)] ≤ ϵ

G(wK) ≤ Ek∼PK
[G(wk)] ≤ ϵ

when the softmax hyperparameter α ≥ 2 lnn
ϵ′ is large enough.
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D Proof for Result of Switching Strategy with Full Participation

Proof for Main theorem 4.6 of Algorithm 2. When the number of local updatesE = 1 of full participation case of Algorithm 3,
it becomes the simple version Algorithm 2. The Step 1 and Step 2 in the proof for Algorithm 2 are the same as the Step 1 and
Step 2 in the proof of Algorithm 3, except replacing δ

8 with δ
4 in steps 2.4-2.5 since the terms in 2.6-2.7 of

∑
τ=[E−1] are 0 in

the upper bound of
∑
k∈[K][F (wk)−F (w∗)]1k is 0 when E = 1, noting that in step 2.4 ∥z(i)k ∥ is 1

4 -subgaussian when E = 1

(tighter than 1-subgaussian in general proof) therefore 1
4× “original upper bound” is still a valid upper bound.

Step 3. Establish Final Bounds
3.1: rearranging terms in final bounds

By selecting ϵ′ = ϵ− 4σζ

√
2 ln 12Kn

δ

B , and rearranging the terms with the established bounds in Step 2 and letting E = 1:

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k]−

ϵK

2
+
D2

2η
+ 2ηL2K

+2σζ

√
2 ln 12Kn

δ

Bζ
·K +

2ησ2
g

Bg

(
3 +

8 ln 8
δ

K

)
·K + 2Dσg

√
2 ln 8

δ

BgK
·K∑

k∈[K]

G(wk)1k ≤ ϵ
∑
k∈[K]

1k

with probability at least 1− δ and softmax hyperparameter α ≥ 2 lnn
ϵ′ .

3.2: selecting step sizes η, γ, tolerance ϵ and softmax hyperparameter α
By balancing the terms D2

2η , 2ηL
2K, we selecting step sizes as: η = D

2L
√
K

. Substituting the global step size η, and introducing

the “effective” gradient variance σ̄2
g :=

σ2
g/Bg

L2×1 , we have:∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k]

+
K

2

−ϵ+ 2DL√
K

[
1 + σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
8 ln

8

δ

]
+ 4σζ

√
2 ln 12Kn

δ

Bζ


By letting the sum of constant terms to be 0, we obtain the following tolerance:

ϵ =
2DL√
K

[
1 + σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
8 ln

8

δ

]
+ 4σζ

√
2 ln 12Kn

δ

Bζ

ϵ′ = ϵ− 4σζ

√
2 ln 12Kn

δ

Bζ
=

2DL√
K

[
1 + σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
8 ln

8

δ

]
Then, we obtain the following inequality with probability at least 1− δ:∑

k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k] +

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k

We show
∑
k∈[K] 1k ̸= 0, otherwise, from the above inequlaity, and using the definition of 1k ≡ 1Gk(wk,ξk)≤ ϵ

2
, we have

Gk(wk, ξk)− ϵ
2 > 0, [1− 1k] = 1,1k = 0 for all k ∈ [K], which leads to a contradiction as follows:

0 <
∑
k∈[K]

[
Gk(wk, ξk)−

ϵ

2

]
[1− 1k] + 0 ≤ ϵ · 0 = 0

Noting that 0 ≤ [Gk(wk, ξk)− ϵ
2 ][1− 1k], we have the following inequality with

∑
k∈[K] 1k ̸= 0:∑

k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k
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By introducing a probability measure PK on the set of iterations [K] such that PK(k) = 1k/
∑
k∈[K] 1k,∀k ∈ [K], and using

the convexity of F,G (assumption 4.1 and lemma B.3) and defining wK := Ek∼PK
[wk] =

∑
k∈[K] wk1k/

∑
k∈[K] 1k, then:

F (wK)− F (w∗) ≤ Ek∼PK
[F (wk)− F (w∗)] ≤ ϵ

G(wK) ≤ Ek∼PK
[G(wk)] ≤ ϵ

when the softmax hyperparameter α ≥ 2 lnn
ϵ′ is large enough.
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E Proof for Result of Federated Learning with Partial Participation

Proof for Main theorem 4.10 of Algorithm 1. By applying lemma B.2 to the update rule wk+1 = wk − ηuk with step size
η > 0, we have

⟨uk,wk −w∗⟩ = 1

2η

(
∥wk −w∗∥2 − ∥wk+1 −w∗∥2

)
+
η

2
∥uk∥2

For brevity, we write 1k := 1Gk(wk,ξk)≤ ϵ
2

with Gk(wk, ξk) = m(g(wk, ξk), α). The local direction uk is given by the

following equation and local updates are given by w
(i)
k,τ+1 = w

(i)
k,τ − γ

[
∇fi(w(i)

k,τ , ζ
(i)
k,τ )1k +∇gi(w

(i)
k,τ , ζ

(i)
k,τ )[1− 1k]

]
:

u
(i)
k =

w
(i)
k,0 −w

(i)
k,E

γE
=

1

E

∑
τ∈[E]

∇fi(w(i)
k,τ , ζ

(i)
k,τ )1k +

1

E

∑
τ∈[E]

∇gi(w(i)
k,τ , ζ

(i)
k,τ )[1− 1k]

where ζ
(i)
k,τ is the sample at the τ -th local update step of the k-th epoch for the i-th client, and w

(i)
k,0 = wk is the initial

local parameters for the i-th client. The direction uk is given by the following equation with the brevity notations pk :=
softmax(αf(wk, ξk)) and qk := softmax(αg(wk, ξk)), and we introduce rk := pk1k + qk[1− 1k]:

uk =
∑
i∈Ik

([pk]i1k + [qk]i[1− 1k])u(i)
k =

∑
i∈Ik

[rk]iu
(i)
k

To help the analysis, we introduce the following notations:

ũ
(i)
k =

1

E

∑
τ∈[E]

∇fi(w(i)
k,τ )1k +

1

E

∑
τ∈[E]

∇gi(w(i)
k,τ )[1− 1k], ū

(i)
k = ∇fi(wk)1k +∇gi(wk)[1− 1k]

Step 1: Upperbound η
∑

k∈[K]

∥uk∥2 and Lowerbound
∑

k∈[K]

⟨uk,wk −w∗⟩

Then we can decompose the direction as u(i)
k = ũ

(i)
k + (u

(i)
k − ũ

(i)
k ) = ū

(i)
k − (ū

(i)
k − ũ

(i)
k )− (ũ

(i)
k − u

(i)
k ).

1.1: upperbound of η
∑
k∈[K] ∥uk∥2

Then by using 1
2∥x − y∥2 ≤ ∥x∥2 + ∥y∥2,E[X]2 ≤ E[X2] and the assumption of Lipschitz continuity assumption 4.2

(∥∇fi(w)∥ ≤ L, ∥∇gi(w)∥ ≤ L, therefore ∥ũ(i)
k ∥ ≤ L,

∥∥∥∑i∈Ik
[rk]iũ

(i)
k

∥∥∥ ≤ L using
∑
i∈Ik

[rk]i = 1 and all [rk]i ≥ 0):

η

2

∑
k∈[K]

∥uk∥2 =
η

2

∑
k∈[K]

∥∥∥∥∥∑
i∈Ik

[rk]iũ
(i)
k +

∑
i∈Ik

[rk]i(u
(i)
k − ũ

(i)
k )

∥∥∥∥∥
2

≤ ηL2K + η
∑
k∈[K]

∑
i∈Ik

[rk]i∥u(i)
k − ũ

(i)
k ∥

2

1.2: decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

We decompose the inner product by introducing the Bregman divergenceDfi [w
′||w] := fi(w

′)−fi(w)−⟨∇fi(w),w′−w⟩ ≥
0, Dgi [w

′||w] := gi(w
′) − gi(w) − ⟨∇gi(w),w′ − w⟩ ≥ 0 for convex functions fi and gi from assumption 4.1, therefore

⟨uk,wk −w∗⟩ = (fi(wk)− fi(w∗) +Dfi [w
∗||wk])1k + (gi(wk)− gi(w∗) +Dgi [w

∗||wk])[1− 1k]:∑
k∈[K]

⟨uk,wk −w∗⟩

=
∑
k∈[K]

∑
i∈Ik

[rk]i⟨ū(i)
k ,wk −w∗⟩ −

∑
k∈[K]

∑
i∈Ik

[rk]i⟨ū(i)
k − ũ

(i)
k ,wk −w∗⟩ −

∑
k∈[K]

∑
i∈Ik

[rk]i⟨ũ(i)
k − u

(i)
k ,wk −w∗⟩

=
∑
k∈[K]

∑
i∈Ik

[pk]i(fi(wk)− fi(w∗))1k +
∑
k∈[K]

∑
i∈Ik

[qk]i(gi(wk)− gi(w∗))[1− 1k]

−
∑
k∈[K]

∑
i∈Ik

[pk]i
1

E

∑
τ∈[E]

[
−Dfi [w

∗||wk] + ⟨∇fi(wk)−∇fi(w(i)
k,τ ),wk −w∗⟩

]
1k

−
∑
k∈[K]

∑
i∈Ik

[qk]i
1

E

∑
τ∈[E]

[
−Dgi [w

∗||wk] + ⟨∇gi(wk)−∇gi(w(i)
k,τ ),wk −w∗⟩

]
[1− 1k]

−
∑
k∈[K]

∑
i∈Ik

[rk]i⟨ũ(i)
k − u

(i)
k ,wk −w∗⟩
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1.3: lowerbound of 1st and 2nd terms in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

Regarding the first and second terms in the above equation for the inner product, using the definition of F (w; Ik) =
maxi∈Ik

fi(w; Ik) and G(w; Ik) = maxi∈Ik
gi(w; Ik), from the definition of w∗ such that G(w∗) ≤ 0 in Eq. (∗).

∑
i∈Ik

[pk]ifi(w
∗) ≤ F (w∗; Ik) ≤ F (w∗),

∑
i∈Ik

[qk]igi(w
∗) ≤ G(w∗; Ik) ≤ G(w∗) = −|G(w∗)| ≤ 0

Applying the deviation bound of softmax mean lemma B.6 with α ≥ 2 lnm
ϵ′ and substituting x← f(wk)Ik

, δ ← f(wk, ξk)Ik
−

f(wk)Ik
and x← g(wk)Ik

, δ ← g(wk, ξk)Ik
− g(wk)Ik

, then we have

∑
i∈Ik

[pk]ifi(wk) ≥ F (wk; Ik)− 2∥f(wk, ξk)Ik
− f(wk)Ik

∥∞ −
ϵ′

2

= F (wk)− [F (wk)− F (wk; Ik)]− 2∥f(wk, ξk)Ik
− f(wk)Ik

∥∞ −
ϵ′

2∑
i∈Ik

[qk]igi(wk)Ik
[1− 1k] ≥ [Gk(wk, ξk; Ik)− ∥g(wk, ξk)Ik

− g(wk)Ik
∥∞]1Gk(wk,ξk;Ik)>

ϵ
2

=
[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k] +

( ϵ
2
− ∥g(wk, ξk)Ik

− g(wk)Ik
∥∞
)
[1− 1k]

Combining the above, we have the following lower bound for the first and second terms in the equation for the inner product:

∑
k∈[K]

∑
i∈Ik

[pk]i(fi(wk)− fi(w∗))1k +
∑
k∈[K]

∑
i∈Ik

[qk]i(gi(wk)− gi(w∗))[1− 1k]

≥
∑
k∈[K]

[F (wk)− F (w∗)]1k +
∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k] + |G(w∗)|

∑
k∈[K]

[1− 1k] +
ϵK

2
− ϵ′ + ϵ

2

∑
k∈[K]

1k

−2
∑
k∈[K]

∥f(wk, ξk)− f(wk)∥∞1k −
∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞[1− 1k]

−
∑
k∈[K]

[F (wk)− F (wk; Ik)]1k

1.4: upperbound of 3rd and 4th terms in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

Regarding the third term and fourth term in the equation for the inner product, we noting the three-point Bregman divergence
identity lemma B.1 by substituting ψ ← fi, gi, x← wk, x′ ← w∗, x̂← w

(i)
k,τ , and using the fact that Dfi [·||·] ≥ 0, Dgi [·||·] ≥

0 from the definition of Bregman divergence for convex functions fi and gi from assumption 4.1.

−Dfi [w
∗||wk] + ⟨∇fi(wk)−∇fi(w(i)

k,τ ),w
(i)
k,τ −w∗⟩ = −Dfi [w

∗||w(i)
k,τ ]−Dfi [w

(i)
k,τ ||wk] ≤ 0

−Dgi [w
∗||wk] + ⟨∇gi(wk)−∇gi(w(i)

k,τ ),w
(i)
k,τ −w∗⟩ = −Dgi [w

∗||w(i)
k,τ ]−Dgi [w

(i)
k,τ ||wk] ≤ 0

Using (wk−w
(i)
k,τ )1k = γ

∑
τ ′∈[τ ]∇fi(w

(i)
k,τ ′ , ζ

(i)
k,τ ′)1k and (wk−w

(i)
k,τ )[1−1k] = γ

∑
τ ′∈[τ ]∇gi(w

(i)
k,τ ′ , ζ

(i)
k,τ ′)[1−1k] from

the update rule, and applying Abel’s summation formula
∑
τ∈[E]⟨aτ ,Bτ ⟩ = ⟨AE ,BE−1⟩ −

∑
τ∈[E−1]⟨Aτ+1, bτ ⟩ with a0 =

0⃗,Aτ :=
∑
τ ′∈[τ ] aτ ′ ,Bτ :=

∑
τ ′∈[τ ] bτ ′ and substituting aτ ← ∇fi(wk)−∇fi(w(i)

k,τ ), bτ ← ∇fi(w
(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ ),

then again applying Cauchy-Schwarz inequality and Lipschitz continuity assumption 4.2:
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1

E

∑
τ∈[E]

⟨∇fi(wk)−∇fi(w(i)
k,τ ),wk −w

(i)
k,τ ⟩1k

= 2γL2 1

E

∑
τ∈[E]

∑
τ ′∈[τ ]

〈
∇fi(wk)−∇fi(w(i)

k,τ )

2L
,
∇fi(w(i)

k,τ ′)

L

〉
1k

+4γL(σg/
√
Bg)

〈
1

E

∑
τ∈[E]

∇fi(wk)−∇fi(w(i)
k,τ )

2L
,
∑

τ∈[E−1]

∇fi(w(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

〉
1k

−4γL(σg/
√
Bg)

∑
τ∈[E−1]

τ

〈
1

τ

∑
τ ′∈[τ+1]

∇fi(wk)−∇fi(w(i)
k,τ ′)

2L
,
∇fi(w(i)

k,τ , ζ
(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

〉
1k

≤ 2γL2(E − 1)1k + 4γL(σg/
√
Bg)

∥∥∥∥∥∥
∑

τ∈[E−1]

∇fi(w(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

∥∥∥∥∥∥1k
+4γL(σg/

√
Bg)

∑
τ∈[E−1]

τ

〈
e
′(i)
k,τ ,
∇fi(w(i)

k,τ , ζ
(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

〉
1k

where the intermediate vector e′(i)k,τ := − 1
τ

∑
τ ′∈[τ+1]

∇fi(wk)−∇fi(w(i)

k,τ′ )

2L satisfies ∥e′(i)k,τ∥ ≤ 1 by the assumption of Lipschitz

continuity assumption 4.2 and hence ∥∇fi(wk) − ∇fi(w(i)
k,τ )∥ ≤ 2L. Similarly, by introducing the intermediate vector

e
′′(i)
k,τ := − 1

τ

∑
τ ′∈[τ+1]

∇gi(wk)−∇gi(w(i)

k,τ′ )

2L satisfies ∥e′′(i)k,τ ∥ ≤ 1 by the assumption of Lipschitz continuity assumption 4.2 and

hence ∥∇gi(wk)−∇gi(w(i)
k,τ )∥ ≤ 2L, then:

1

E

∑
τ∈[E]

⟨∇gi(wk)−∇gi(w(i)
k,τ ),wk −w

(i)
k,τ ⟩[1− 1k]

≤ 2γL2(E − 1)[1− 1k] + 4γL(σg/
√
Bg)

∥∥∥∥∥∥
∑

τ∈[E−1]

∇gi(w(i)
k,τ , ζ

(i)
k,τ )−∇gi(w

(i)
k,τ )

2σg/
√
Bg

∥∥∥∥∥∥ [1− 1k]
+4γL(σg/

√
Bg)

∑
τ∈[E−1]

τ

〈
e
′′(i)
k,τ ,
∇gi(w(i)

k,τ , ζ
(i)
k,τ )−∇gi(w

(i)
k,τ )

2σg/
√
Bg

〉
[1− 1k]

We introduce the following notations, e
(i)
k,τ := e

′(i)
k,τ1k + e

′′(i)
k,τ [1 − 1k] and z

(i)
k,τ :=

∇fi(w(i)
k,τ ,ζ

(i)
k,τ )−∇fi(w(i)

k,τ )

2σg/
√
Bg

1k +

∇gi(w(i)
k,τ ,ζ

(i)
k,τ )−∇gi(w(i)

k,τ )

2σg/
√
Bg

[1 − 1k]. Summing over τ ∈ [E] and i ∈ Ik and noting
∑
i∈Ik

[pk]i = 1 and
∑
i∈Ik

[qk]i = 1,

the upperbound of the 3rd and 4th terms in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩ is given by:

∑
k∈[K]

∑
i∈Ik

[pk]i
1

E

∑
τ∈[E]

[
−Dfi [w

∗||wk] + ⟨∇fi(wk)−∇fi(w(i)
k,τ ),wk −w∗⟩

]
1k

+
∑
k∈[K]

∑
i∈Ik

[qk]i
1

E

∑
τ∈[E]

[
−Dgi [w

∗||wk] + ⟨∇gi(wk)−∇gi(w(i)
k,τ ),wk −w∗⟩

]
[1− 1k]

≤ 2γL2(E − 1)K +
4γLσg√
Bg

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥+ 4γLσg√
Bg

∑
k∈[K]

∑
i∈Ik

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉
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1.5: rewriting the 5th term in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩

We introduce the the direction vector dk := w∗−wk

D which satisfies ∥dk∥ ≤ 1 by the assumption of finite diameter D of the
parameter space Θ assumption 4.3. From the definition of z(i)k,τ and ũ

(i)
k ,u

(i)
k , we have:

ũ
(i)
k − u

(i)
k = − 2σg√

Bg
· 1
E

∑
τ∈[E]

z
(i)
k,τ

Therefore, the 5th term in the decomposition of inner product
∑
k∈[K]⟨uk,wk −w∗⟩ can be rewritten as:

∑
k∈[K]

∑
i∈Ik

[rk]i⟨ũ(i)
k − u

(i)
k ,wk −w∗⟩ = 2Dσg√

Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉

1.6: rewriting ∥u(i)
k − ũ

(i)
k ∥2 in the upper bound of η

2

∑
k∈[K] ∥uk∥2 By using the above equation with z

(i)
k,τ and ũ

(i)
k ,u

(i)
k ,

the term in the upper bound of η2
∑
k∈[K] ∥uk∥2 can be rewritten as:

η
∑
k∈[K]

∑
i∈Ik

[rk]i∥u(i)
k − ũ

(i)
k ∥

2 =
4ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

Step 2: Upperbound
∑

k∈[K]

[F (wk)− F (w∗)]1k and
∑

k∈[K]

G(wk)1k

We introduce a filtration (Ft)t∈Z≥−1
to track the information up to time t := ind(k, i, τ) ≡ k · nE + i · E + τ and

Ft := σ((ζ
(i′)
k′,τ ′)i′∈Ik′ ,ind(k′,i′,τ ′)<t, (ξ

(i′)
k′ )i′∈Ik′ ,ind(k′,0,0)≤t, (Ik′)ind(k′,0,0)≤t) with F−1 = {∅,Ω}. These introduced nota-

tions satisfy the following:
1. the indicator 1k ≡ 1Gk(wk)≤ ϵ

2
is Ft-measurable; (from the definition of Gk(wk, ξk) = m(g(wk, ξk), α))

2. the softmax weights rk such that
∑
i∈Ik

[rk]i = 1 and [rk]i ≥ 0 and is Ft-measurable; (from the defintion of rk)

rk ≡ pk1k + qk[1− 1k] = softmax(αf(wk, ξk))1k + softmax(αg(wk, ξk))[1− 1k]

3. the direction vectors dk and e
(i)
k such that ∥dk∥ ≤ 1 (from the definition of dk and the assumption of finite diameter of the

parameter space Θ assumption 4.3) and ∥e(i)k ∥ ≤ 1 (from the definition of e(i)k and the assumption of Lipschitz continuity as-
sumption 4.2) and are Ft-measurable; (from the definition of dk and e

(i)
k )

dk ≡
w∗ −wk

D
, e

(i)
k ≡

1

τ

τ∑
τ ′=1

∇fi(w(i)
k,τ ′)−∇fi(wk)

2L
1k +

1

τ

τ∑
τ ′=1

∇gi(w(i)
k,τ ′)−∇gi(wk)

2L
[1− 1k]

4. the conditional 1-subgaussian random variable z
(i)
k,τ such that E[z(i)k,τ | Ft] = 0 and E[exp(∥z(i)k,τ∥2) | Ft] ≤ 2 and

therefore lnE[exp(λ⟨e, z(i)k,τ ⟩) | Ft] ≤ lnE[exp(λ∥z(i)k,τ∥) | Ft] ≤
λ2

2 ,∀e ∈ Sd−1,∀λ ∈ R, and is Ft+1-measurable. (from

the definition of z
(i)
k,τ , independence of all ζ(i)

k,τ and ξk ≡ (ξ
(i)
k )i∈Ik

and the assumption of sub-Gaussianity of stochastic
gradients assumption 4.4, and lemma B.7 for subgaussianity of random variables, lemma B.8 for subgaussianity of the average
of subgaussian random vectors)

z
(i)
k,τ ≡

∇fi(w(i)
k,τ , ζ

(i)
k,τ )−∇fi(w

(i)
k,τ )

2σg/
√
Bg

1k +
∇gi(w(i)

k,τ , ζ
(i)
k,τ )−∇gi(w

(i)
k,τ )

2σg/
√
Bg

[1− 1k]
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2.1: terms in the upperbound of
∑
k∈[K][F (wk)− F (w∗)]1k

By using the polarization identity lemma B.2 and the established lower bound of η
∑
k∈[K] ∥uk∥2 and the lowerbound of∑

k∈[K]⟨uk,wk−w∗⟩ in the previous step, dropping the nonnegative term ∥wK−w∗∥2

2η , noting the assumption of finite diameter
of the parameter space Θ assumption 4.3 then ∥w0 −w∗∥ ≤ D, we rearrange the terms and obtain the following upperbound
of
∑
k∈[K][F (wk)− F (w∗)]1k:∑

k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ′ + ϵ

2

∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k]− |G(w∗)|

∑
k∈[K]

[1− 1k]

− ϵK

2
+
D2

2η
+ ηL2K + 2γL2(E − 1)K

+ 2
∑
k∈[K]

∥f(wk, ξk)− f(wk)∥∞1k +
∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞[1− 1k]

+
4ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

+
4γLσg√
Bg

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
+

2Dσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
+

4γLσg√
Bg

∑
k∈[K]

∑
i∈Ik

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉
+

∑
k∈[K]

[F (wk)− F (wk; Ik)]1k

By choosing the local step size γ = η
E , and applying triangle inequality ∥x− y∥ ≤ ∥x∥+ ∥y∥, then:

4γLσg√
Bg

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥ ≤ 4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥+ 4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i∥z(i)k,E−1∥

Noting E[X]2 ≤ E[X2] and 2
√
xy ≤ x+ y for any x, y ≥ 0, then we have:

4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥ =
∑
k∈[K]

2

√
ηL2 ×

4ησ2
g

Bg
· 1

E2

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
≤

∑
k∈[K]

2

√√√√√ηL2 ×
4ησ2

g

Bg
· 1

E2

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
2

≤ ηL2K +
4ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈I

[rk]i

∥∥∥∥∥∥
∑

τ∈[E−1]

z
(i)
k,τ

∥∥∥∥∥∥
2

Hence, we can upperbound
∑
k∈[K][F (wk)− F (w∗)]1k as:∑

k∈[K]

[F (wk)− F (w∗)]1k

≤ ϵ′ + ϵ

2

∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k]− |G(w∗)|

∑
k∈[K]

[1− 1k]−
ϵK

2
+
D2

2η
+ 4ηL2K

(
1− 1

2E

)

+ 2
∑
k∈[K]

∥f(wk, ξk)− f(wk)∥∞1k +
∑
k∈[K]

∥g(wk, ξk)− g(wk)∥∞[1− 1k] +
8ησ2

g

Bg
· 1

E2

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

+
2Dσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
+

4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉
+

4ηLσg√
Bg
· 1
E

∑
k∈[K]

∑
i∈Ik

[rk]i∥z(i)k,E−1∥+
∑
k∈[K]

[F (wk)− F (wk; Ik)]1k

2.2: terms in the upperbound of
∑
k∈[K]G(wk)1k
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Noting Gk(wk, ξk; Ik)1k = Gk(wk, ξk; Ik)1Gk(wk,ξk;Ik)≤ ϵ
2
≤ ϵ

21k, applying lemma B.4 of softmax mean m(x, α) with
softmax hyperparameter α ≥ 2 lnm

ϵ′ then G(wk, ξk; Ik) − Gk(wk, ξk; Ik) = maxi∈Ik
[g(wk, ξk)]i −m(g(wk, ξk)Ik

, α) ≤
ϵ′

2 , using G(w; Ik) − G(wk, ξk; Ik) = maxi∈Ik
[g(wk)]i − maxi∈Ik

[g(wk, ξk)]i ≤ maxi∈Ik
[g(wk) − g(wk, ξk)]i ≤

∥g(wk, ξk)Ik
− g(wk)Ik

∥∞:∑
k∈[K]

G(wk)1k =
∑
k∈[K]

[
Gk(wk, ξk; Ik) + [G(wk, ξk; Ik)−Gk(wk, ξk; Ik)]

+[G(wk; Ik)−G(wk, ξk; Ik)] + [G(wk)−G(wk; Ik)]
]
1k

≤ ϵ+ ϵ′

2

∑
k∈[K]

1k +
∑
k∈[K]

∥g(wk, ξk)Ik
− g(wk)Ik

∥∞1k +
∑
k∈[K]

[G(wk)−G(wk; Ik)]1k

2.3: upperbounds of
∑
k∈[K] ∥f(wk, ξk)Ik

− f(wk)Ik
∥∞1k and

∑
k∈[K] ∥g(wk, ξk)Ik

− g(wk)Ik
∥∞1k, [1− 1k]

By applying the established lemmas B.7 and B.8 for subgaussianity of random variables and subgaussianity of the average
of subgaussian random vectors with assumption 4.4, and lemma B.10 of maximal inequality of subgaussian random variables
with zk ←

f(wk,ξk)Ik
−f(wk)Ik

2σζ/
√
Bζ

,
gk(wk,ξk)Ik

−gk(wk)Ik

2σζ/
√
Bζ

, 1k ← 1k, [1 − 1k] and δ ← δ
8 , the following upperbounds hold with

probability at least 1− 3× δ
12 = 1− δ

4 :

∑
k∈[K]

∥f(wk, ξk)Ik
− f(wk)Ik

∥∞1k ≤ 2σζ

√
2 ln 24Km

δ

Bζ

∑
k∈[K]

1k

∑
k∈[K]

∥g(wk, ξk)Ik
− g(wk)Ik

∥∞1k ≤ 2σζ

√
2 ln 24Km

δ

Bζ

∑
k∈[K]

1k

∑
k∈[K]

∥g(wk, ξk)Ik
− g(wk)Ik

∥∞[1− 1k] ≤ 2σζ

√
2 ln 24Km

δ

Bζ

∑
k∈[K]

[1− 1k]

2.4: upper bound of
∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∑τ∈[E] z
(i)
k,τ

∥∥∥2
For brevity, with the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we define such a filtration (Gk)k∈Z≥−1

by

G−1 = {∅,Ω} and Gk = FnE⌈ t
nE ⌉, and z

(i)
k := 1

2
√
E

∑
τ∈[E] z

(i)
k,τ . Then from the definition and properties of z(i)k,τ listed at the

beginning of the Step 2, we have:

E[z(i)k | Gk] = 0⃗, ln[E[exp(λ∥z(i)k ∥) | Gk]] ≤
λ2

2
,∀λ ∈ R,

and z
(i)
k is Gk+1-measurable. Moreover, rk is Gk-measurable from definitions of rk and Gk. We rewrite the summation as:

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

= 4E
∑
k∈[K]

∑
i∈Ik

[rk]i∥z(i)k ∥
2 = 4E

∑
k∈[K]

Xk

where Xk :=
∑
i∈Ik

[rk]i∥z(i)k ∥2. Then using Jensen’s inequality with
∑
i∈Ik

[rk]i = 1, [rk]i ≥ 0 and rk is Gk-measurable,
and the tower property of conditional expectation, we have the following inequality when λ ∈ (0, 1):

E[exp(λXk/2) | Gk] ≤
∑
i∈Ik

[rk]iE[exp(λ∥z(i)k ∥
2/2) | Gk] ≤ max

i∈Ik

E[exp(λ∥z(i)k ∥
2/2) | Gk] ≤ (1− λ)−1/2

since by introducing an independent standard Gaussian z ∼ N (0, 1), using Ez[exp(λz2/2)] = (1− λ)−1/2 for λ ∈ (0, 1):

E[exp(λ∥z(i)k ∥
2/2) | Gk] = E[Ez[exp(

√
λ∥z(i)k ∥z) | Gk]] = Ez[E[exp(

√
λz∥z(i)k ∥) | Gk, z]] ≤ Ez[exp(λz2/2)] = (1−λ)−1/2

Therefore, noting Xk is Gk+1-measurable, for any λ ∈ (0, 1), we have:

−Kλ

2
+ lnE

exp
λ

2

∑
k∈[K]

Xk

 = −λK
2

+
∑
k∈[K]

lnE
[
exp

(
λ

2
Xk

)
| Gk

]
≤ K

2
[−λ− ln(1− λ)] ≤ K

4

λ2

(1− λ)
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By using the Chernoff bound, and introducing ψ∗(u) := supλ∈(0,1) uλ− λ2

(1−λ) , we have:

lnP

 ∑
k∈[K]

Xk ≥ K(1 + u/2)

 ≤ inf
λ>0
−K

4
(2 + u)λ+ lnE

exp
λ

2

∑
k∈[K]

Xk

 ≤ −K
4
ψ∗(u)

By the characterization of sub-gamma random variables, see also equation (2.5) in section 2.4 sub-gamma random variables,
on page 29 of Boucheron et al. [2013]. we have ψ∗(u) = (

√
1 + u− 1)2 with its inverse function ψ∗−1(v) = 2

√
v + v:

P

 ∑
k∈[K]

Xk ≥ K(1 + ψ∗−1(v)/2)

 = P

 ∑
k∈[K]

Xk ≥ K(1 +
√
v + v/2)

 ≤ exp

(
−K

4
v

)

By selecting v =
4 ln 8

δ

K and noting 1 +
√
v + v/2 ≤ 3

2 + v, with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈Ik

[rk]i

∥∥∥∥∥∥
∑
τ∈[E]

z
(i)
k,τ

∥∥∥∥∥∥
2

= 4E
∑
k∈[K]

Xk ≤ 4E ·K(1 +
√
v + v/2) ≤ 4E ·K

(
3

2
+ v

)
= 2E

(
3K + 8 ln

8

δ

)

2.5: upper bound of
∑
k∈[K]

∑
i∈Ik

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
With the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we define such intermediate quantities, T = K · n · E,
vt := [rk]idk, zt := z

(i)
k,τ , and St :=

∑
t′∈[t]⟨vt′ , zt′⟩, Vt :=

∑
t′∈[t] ∥vt′∥2. Then, since zt is Ft+1-measurable and vt is

Ft-measurable, then St is Ft-measurable, Vt is Ft−1-measurable.

Then for Mt := exp
(
λSt − λ2

2 Vt

)
, which is Ft-measurable, we show it is a supermartingale by using Theorem 4.2.4 on page

189 of Durrett [2019] and showing that the following inequality holds:

E[Mt+1 | Ft] =Mt · E
[
exp

(
λ⟨vt, zt⟩ −

λ2

2
∥vt∥2

)
| Ft

]
≤Mt

Therefore, we have E[MT ] ≤M0 = 1 by the tower property of conditional expectation, which implies:

E

exp
λ ∑

t∈[T ]

⟨vt, zt⟩

 ≤ E

exp
λ2

2

∑
t∈[T ]

∥vt∥2
 ≤ exp

(
λ2

2
KE

)

since we have the following fact using ∥dk∥ ≤ 1 and
∑
i∈[Ik]

[rk]
2
i ≤

∑
i∈Ik

[rk]i = 1:∑
t∈[T ]

∥vt∥2 =
∑
k∈[K]

∑
i∈Ik

[rk]
2
i

∑
τ∈[E]

∥dk∥2 ≤ KE

By using the Chernoff bound, then for any u > 0, we have:

P

∑
t∈[T ]

⟨vt, zt⟩ ≥ u

 ≤ exp

(
inf
λ>0
−λu+

λ2

2
KE

)
≤ exp

(
− u2

2KE

)

By selecting u =
√
2KE ln 8

δ , with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈Ik

[rk]i
∑
τ∈[E]

〈
dk, z

(i)
k,τ

〉
=
∑
t∈[T ]

⟨vt, zt⟩ ≤
√

2KE ln
8

δ

41



2.6: upper bound of
∑
k∈[K]

∑
i∈Ik

[rk]i
∑
τ∈[E−1] τ

〈
e
(i)
k,τ , z

(i)
k,τ

〉
With the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we define such intermediate quantities, T = K · n · E,
vt := [rk]iτe

(i)
k,τ1τ∈[E−1], zt := z

(i)
k,τ , then by the same procedure of showing supermartingale, we also have

E

exp
λ ∑

t∈[T ]

⟨vt, zt⟩

 ≤ E

exp
λ2

2

∑
t∈[T ]

∥vt∥2
 ≤ exp

(
λ2

2

K

3
(E − 1)(E − 3/2)(E − 2)

)

since we have the following fact using ∥ek∥ ≤ 1,
∑
τ∈[E−1] τ

2 = 1
3 (E−1)(E−3/2)(E−2) and

∑
i∈[Ik]

[rk]
2
i ≤

∑
i∈Ik

[rk]i =
1: ∑

t∈[T ]

∥vt∥2 =
∑
k∈[K]

∑
i∈Ik

[rk]
2
i

∑
τ∈[E−1]

τ2∥e(i)k,τ∥
2 ≤ K

3
(E − 1)(E − 3/2)(E − 2)

By the same procedure of taking Chernoff bound, with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈Ik

[rk]i
∑

τ∈[E−1]

τ
〈
e
(i)
k,τ , z

(i)
k,τ

〉
=
∑
t∈[T ]

⟨vt, zt⟩ ≤
√

2K

3
(E − 1)(E − 3/2)(E − 2) ln

8

δ

2.7: upper bound of
∑
k∈[K]

∑
i∈Ik

[rk]i∥z(i)k,E−1∥ With the correspondence t := ind(k, i, τ) ≡ k · nE + i · E + τ , we

define such intermediate quantities, T = K · n · E, at := [rk]i1τ=E−1, zt := ∥z(i)k,τ∥, then by the same procedure of showing
supermartingale, we also have

E

exp
∑
t∈[T ]

atzt

 ≤ E

exp
λ2

2

∑
t∈[T ]

a2t

 ≤ exp

(
λ2

2
K

)

Since
∑
i∈Ik

[rk]
2
i ≤

∑
i∈Ik

[rk]i = 1, we have:∑
t∈[T ]

a2t =
∑
k∈[K]

∑
i∈I

[rk]
2
i

∑
τ∈[E]

12
τ=E−1 =

∑
k∈[K]

∑
i∈I

[rk]
2
i ≤ K

By the same procedure of taking Chernoff bound, with probability at least 1− δ
8 , we have:

∑
k∈[K]

∑
i∈I

[rk]i∥z(i)k,E−1∥ =
∑
t∈[T ]

atzt ≤
√
2K ln

8

δ

2.8: upper bounds of
∑
k∈[K][F (wk)− F (wk; Ik)]1k and

∑
k∈[K][G(wk)−G(wk; Ik)]1k

With the abuse of notation, we redefine a filtration (Gk)k∈Z≥0
by G0 = {∅,Ω} and Gk = σ(Gk−1, Ik−1,Bk−1), where a

sequence of subsets (Ik)k∈Z≥0

i.i.d.∼ Unif(Cm(I)) with Cm(I) = {A ⊆ I | |A| = m} for some 0 < m ≤ n and I ≡
{1, · · · , n}, are independently and identically sampled from Cm(I), and are independent of the collection of random sample
batches Bk ≡

(
(ξ

(i)
k )i∈Ik

, (ζ
(i)
k,τ )i∈Ik,τ∈[E]

)
at any time k. Since wkis Gk-measurable, Ik, ξk are Gk+1-measurable, we

show that F (wk) − F (wk; Ik), G(wk) − G(wk; Ik),1k ≡ 1Gk(wk,ξk;Ik)≤ ϵ
2

are Gk+1-measurable, and satisfy the following
exponential tail bounds with C := σ/([− ln(1−m/n)]n) for any t ≥ 0 by using lemma B.13 under assumption 4.9.

P(F (wk)− F (wk; Ik) ≥ t | Gk) ≤ exp

(
− t

C

)
, P(G(wk)−G(wk; Ik) ≥ t | Gk) ≤ exp

(
− t

C

)
Keeping Gk,1k unchanged, and substituting Yk ← F (wk)−F (wk; Ik), G(wk)−G(wk; Ik) and δ ← δ

8 , C ← σ/([− ln(1−
m/n)]n) in the remark for lemma B.14, we have:∑

k∈[K]

[F (wk)− F (wk; Ik)]1k ≤
2σ

[− ln(1− m
n )]n

ln
32

δ

∑
k∈[K]

1k +
2σ

[− ln(1− m
n )]n

ln
32

δ
·K
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∑
k∈[K]

[G(wk)−G(wk; Ik)]1k ≤
2σ

[− ln(1− m
n )]n

ln
32

δ

∑
k∈[K]

1k +
2σ

[− ln(1− m
n )]n

ln
1

2κ

∑
k∈[K]

1k

where κ := |S|
K ∈ [0, 1] is the constraint-satisfied ratio and with such a convention of ln 1

|S| ·
∑
k∈[K] 1k = 0 when κ = 0.

Step 3. Establish Final Bounds

3.1: rearranging terms in final bounds

By selecting ϵ′ = ϵ− 4σζ

√
2 ln 24Km

δ

Bζ
− 4σ

[− ln(1−m
n )]n

ln 32
δ , and rearranging the terms with the established bounds in Step 2:

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k]− |G(w∗)|

∑
k∈[K]

[1− 1k]

−ϵK
2

+
D2

2η
+ 4ηL2K

(
1− 1

2E

)

+2σζ

√
2 ln 24Km

δ

Bζ
·K +

16ησ2
g

BgE

(
3 +

8 ln 8
δ

K

)
·K

+2Dσg

√
2 ln 8

δ

BgKE
·K + 4ηLσg

√
2E

3BgK

(
1− 1

E

)(
1− 3

2E

)(
1− 2

E

)
ln

8

δ
·K

+4ηLσg ·
1

E

√
2 ln 8

δ

BgK
·K +

2σ[
− ln

(
1− m

n

)]
n
ln

32

δ
·K

∑
k∈[K]

G(wk)1k ≤

(
ϵ+

2σ[
− ln

(
1− m

n

)]
n
ln

1

2κ

) ∑
k∈[K]

1k

with probability at least 1− δ with step sizes η, γ such that γ = η
E , and softmax hyperparameter α ≥ 2 lnm

ϵ′ .

3.2: selecting step sizes η, γ, tolerance ϵ and softmax hyperparameter α

By balancing the terms D2

2η , 4ηL
2K, we selecting step sizes as:

η =
D

L
√
8K

, γ =
D

LE
√
8K

By upper bounding 1− 1
2E ≤ 1,

√
(1− 1

E )(1−
3
2E )(1−

2
E ) ≤ 1− 9/4

E+2 , ans substituting the global step size η, we have:

∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k]− |G(w∗)|

∑
k∈[K]

[1− 1k]

−ϵK
2

+
DL√
K/8

·K + 2σζ

√
2 ln 24Km

δ

Bζ
·K

+
Dσ2

g

LBE
√
K/32

(
3 +

8 ln 8
δ

K

)
·K + 2Dσg

√
2 ln 8

δ

BKE

(
1 +

E√
6K

(
1− 9/4

E + 2

)
+

1√
2KE

)
·K

+
2σ[

− ln
(
1− m

n

)]
n
ln

32

δ
·K

Noting that for E = 1, we can show that the above bound still holds without E√
6K

(1 − 9/4
E+2 ) +

1√
2KE

in the last term since

terms with
∑
τ∈[E−1] are 0 when E = 1. For E ≥ 2, we note that E√

6K
(1− 9/4

E+2 ) +
1√
2KE

≤ E√
6K

is valid. Combining these
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two cases, and introducing the “effective” gradient variance σ̄2
g :=

σ2
g/Bg

L2E , we have:∑
k∈[K]

[F (wk)− F (w∗)]1k ≤ ϵ
∑
k∈[K]

1k −
∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k]− |G(w∗)|

∑
k∈[K]

[1− 1k]

+
K

2

[
− ϵ+ DL√

K/32

[
1 + 2σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
ln

8

δ

(
1 +

E√
6K

)]
+ 4σζ

√
2 ln 24Km

δ

Bζ

+
4σ[

− ln
(
1− m

n

)]
n
ln

32

δ

]
By letting the sum of constant terms to be 0, noting ϵ′ = ϵ − 4σζ

√
2 ln 24Km

δ

Bζ
− 4σ

[− ln(1−m
n )]n

ln 32
δ , we obtain the following

tolerance:

ϵ′ =
DL√
K/32

[
1 + 2σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
ln

8

δ

(
1 +

E√
6K

)]

ϵ =
DL√
K/32

[
1 + 2σ̄2

g

(
3 +

8 ln 8
δ

K

)
+ σ̄g

√
ln

8

δ

(
1 +

E√
6K

)]
+ 4σζ

√
2 ln 24Km

δ

Bζ
+

4σ[
− ln

(
1− m

n

)]
n
ln

32

δ

Then, we obtain the following inequality with probability at least 1− δ:∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k] + |G(w∗)|

∑
k∈[K]

[1− 1k] +
∑
k∈[K]

[F (wk)− F (w∗
k)]1k ≤ ϵ

∑
k∈[K]

1k

We show
∑
k∈[K] 1k ̸= 0, otherwise, from the above inequlaity, and using the definition of 1k ≡ 1Gk(wk,ξk;Ik)≤ ϵ

2
, we have

Gk(wk, ξk; Ik)− ϵ
2 > 0, [1− 1k] = 1,1k = 0 for all k ∈ [K], which leads to a contradiction as follows:

0 <
∑
k∈[K]

[
Gk(wk, ξk; Ik)−

ϵ

2

]
[1− 1k] + |G(w∗)|

∑
k∈[K]

[1− 1k] + 0 ≤ ϵ · 0 = 0

Noting that 0 ≤ [Gk(wk, ξk; Ik)− ϵ
2 ][1− 1k], we have the following inequality with

∑
k∈[K] 1k ̸= 0:∑

k∈[K]

[F (wk)− F (w∗
k)]1k ≤ |G(w∗)|

∑
k∈[K]

[1− 1k] +
∑
k∈[K]

[F (wk)− F (w∗
k)]1k ≤ ϵ

∑
k∈[K]

1k

By introducing a probability measure PK on the set of iterations [K] such that PK(k) = 1k/
∑
k∈[K] 1k,∀k ∈ [K], and using

the convexity of F,G (assumption 4.1 and lemma B.3) and defining wK := Ek∼PK
[wk] =

∑
k∈[K] wk1k/

∑
k∈[K] 1k, then:

F (wK)− F (w∗) ≤ Ek∼PK
[F (wk)− F (w∗)] ≤ ϵ

G(wK) ≤ Ek∼PK
[G(wk)] ≤ ϵ+

2σ

[− ln(1− m
n )]n

ln
1

2κ

when the softmax hyperparameter α ≥ 2 lnm
ϵ′ is large enough.

3.3: analyzing the constraint-satisfied ratio κ
Since |S| =

∑
k∈[K] 1k > 0 has been shown, we have the constraint-satisfied ratio κ = |S|

K ∈ (0, 1] and therefore κ ≥ 1
K in the

analysis of the worst case. By rearranging the terms, and noting that
∑
k∈[K] 1k = κ ·K and

∑
k∈[K][1− 1k] = (1− κ) ·K:

|G(w∗)|(1− κ) ≤ (F (w∗)− F (wK) + ϵ)κ

Therefore, we can establish the upper bound of 1
κ when −G(w∗) = |G(w∗)| > 0:

1

κ
≤ 1 +

F (w∗)− F (wK) + ϵ

|G(w∗)|

Suppose that Slater’s condition holds, i.e., there exists w∗ ∈ Θ and some ν > 0 such that G(w∗) ≤ −ν < 0, then:

ln
1

2κ
≤ lnmin

(
K

2
,
1

2
+
F (w∗)− F (wK) + ϵ

2|G(w∗)|

)
≤ lnmin

(
K

2
,
1

2
+
DL+ ϵ

2ν

)
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F Experimental Details

F.1 Neyman Pearson Classification

We consider the constrained minimax optimization problem fomulated in (†), where the objective is to minimize the empirical
loss on the majority class while ensuring the minority class loss remains below a prescribed tolerance. For each client i, the
local objective and constraint are defined as

fi(w) :=
1

mi,0

∑
x∈D(0)

i

ϕ(w; (x, 0)), gi(w) :=
1

mi,1

∑
x∈D(1)

i

ϕ(w; (x, 1)),

where D(0)
i and D(1)

i denote the local datasets for class-0 and class-1, respectively, and mi,0 and mi,1 are their corresponding
cardinalities. The function ϕ represents the binary logistic loss:

ϕ(w; (x, y)) = −yw⊤x+ log
(
1 + ew

⊤x
)
, y ∈ {0, 1}.

This formulation captures the NP paradigm: f(w) drives performance on the majority class, while the constraint g(w) ≤ ϵ
ensures that the minority class loss does not exceed the predefined tolerance.
We evaluate our approach using the Breast Cancer dataset [Wolberg et al., 1993], which contains 569 samples with 30 features.
We allocate 80% of the data for training and reserve the remaining 20% for testing. The training data is distributed in an
independent and identically distributed (IID) manner across n = 20 clients, ensuring each client receives an equal number of
samples and an identical class distribution.
Algorithm performance is measured by tracking the majority-class objective loss f(w), the minority-class constraint loss
g(w), and the number of rounds where the feasibility condition g(w) ≤ ϵ is violated. As illustrated in Figure 1, our algorithm
successfully achieves convergence of the objective while satisfying the constraint.

Table 1: Detailed setting of NP classification experiment

Hyperparameter Value Hyperparameter Value

Number of runs 5 Global rounds (K) 1000
Step size (η, Softmax SGM) 0.5 Softmax temperature (α) 6400
Local epochs (E) 5 Batch size 32
Total number of clients (n) 20 Participation rate (m/n) 0.5
Step size (η, Baseline) 0.1 Penalty parameter (ρ) 2.5
Dual parameter (λ0) 2.5 Dual step size (ηd) 0.01
Tolerance (ϵ) 0.1 Switching criteria ϵ/1.1

Detailed hyperparameters are provided in Table 1. Global step sizes were selected from the set {0.1, 0.2, 0.3, 0.5, 1.0, 1.5}.
With regards to the softmax parameter α, the For centralized training, all training data is aggregated locally and trained for K
rounds, which is equivalent to the federated setting with a single local epoch (E = 1) and full client participation.
In Algorithm 1, the switching criterion is introduced as Gk(wk, ξk; Ik) ≤ ϵ/2. The ϵ/2 threshold was primarily selected
for analytical convenience to strictly bound the estimation error along with the tolerance term. In practice, however, using
a denominator of 2 was found to be overly conservative, hindering overall performance. Because any denominator greater
than 1 preserves the theoretical scaling of the estimation error bounded by ϵ, we relaxed the threshold to ϵ/1.1.This empirical
adjustment prevents overly pessimistic switching while ensuring robust constraint satisfaction.

F.2 Additional NP Classification Result

As shown in Figure 4 (top row), the algorithm demonstrates strong robustness to the number of local epochs E. This stability
arises because the method effectively controls the scale of the update vector by averaging over the local steps. Moreover, higher
client participation rates consistently accelerate convergence, while lower participation rates hinder strict constraint satisfaction.
Because the softmax operation on a randomly sampled subset effectively evaluates an expectation, diluting the true worst-case
value. This dilution biases the switching mechanism heavily toward objective minimization, which corroborates the behavior
observed with smaller α values in Figure 2.
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Figure 4: Federated learning settings. Impact of the number of local epochs E (top row) and the client participation ratio
m/n (bottom row).

F.3 Fair Classification

Table 2: Detailed setting of fair classification experiment on Adult dataset

Hyperparameter Value Hyperparameter Value

Number of runs 5 Global rounds (K) 500
Local epochs (E) 2 Step size (η) 0.001
Tolerance (ϵ) 0.05 Neural network dimension (d) 6,529
Total number of clients (n) 10 Participation rate 0.5
Batch size per client 128 Softmax parameter (α) 1.0
Penalty paramter (ρ) 10 Dual parameter (λ0) 10
Dual step size (ηd) 0.01

Fair classification task is formulated by the local objective of binary cross entropy loss and constraint of demographic parity:

fi(w) :=
1

mi

∑
(x,y)∈Di

[y log(π(x;w)) + (1− y) log(1− π(x;w))]
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gi(w) :=

∣∣∣∣∣∣ 1

mi,p

∑
x∈Di,p

π(x;w)− 1

mi,u

∑
x∈Di,u

π(x;w)

∣∣∣∣∣∣ ,
where the subscript p and u represent protected and unprotected groups respectively. Since the demographic parity is defined
as the absolute difference between the average logits of protected and unprotected groups, the aggregation at the server is
treated with extra care. At the server, the average logits were aggregated instead of the final constraint value to recalculated the
weighted average of logits for the global constraint calculation:

g(w) :=

∣∣∣∣∣∣ 1

mS,p

∑
x∈DS,p

π(x;w)− 1

mS,u

∑
x∈DS,u

π(x;w)

∣∣∣∣∣∣ ,
where the subscript S denote all sampled clients. Here, we explore the setting of stochastic data sampling and deep neural net-
work, making the problem highly non-convex, stochastic, and non-smooth. The experiments were conducted on Adult dataset
[Kohavi and Becker, 1996]. For the penalty-based methods, the penalty parameter was chosen from ρ ∈ [0.1, 1.0, 10.0, 100.0]
and only the best results are presented. The detailed hyperparameters are found in Table 2.
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G Related Work

Federated Learning.
Since the introduction of decentralized learning by McMahan et al. [2017], Federated Learning (FL) has emerged as a corner-
stone of privacy-preserving AI. Its impact spans high-stakes sectors, from healthcare diagnostics [Rieke et al., 2020, Peng et al.,
2024] and financial modeling [Wen et al., 2023, Chatterjee et al., 2023] to battery management systems [Wang et al., 2024,
Zhu et al., 2024]. While most FL research targets unconstrained objectives, real-world deployments must often satisfy fairness
requirements, safety protocols, or resource budgets [Du et al., 2021, Huang et al., 2024, Yang et al., 2022]. This drives the
development of constrained FL frameworks that integrate these requirements directly into the training loop to ensure reliable
and compliant learning.

There have been many variants of FedAvg [McMahan et al., 2017] to tackle different aspects of FL, such as data heterogene-
ity [Karimireddy et al., 2020, Seo et al., 2024, Morafah et al., 2024], system heterogeneity [Gong et al., 2022, Li et al., 2020a,
Wu et al., 2024], and fairness [Li et al., 2021a, Badar et al., 2024]. Beyond FedAvg, ADMM-based FL algorithms have been
explored to tackle heterogeneity in FL [Acar et al., 2021, Gong et al., 2022, Zhou and Li, 2023]. Despite this extensive body of
research, the literature is heavily skewed toward unconstrained scenarios. This leaves a significant gap in our understanding of
how to effectively integrate rigorous functional constraints into the federated training process.

A common way to handle this setting is to cast the problem as a saddle-point formulation and apply primal-dual optimization
methods [Nemirovski, 2004, Chambolle and Pock, 2011, Bertsekas, 2014, Hamedani and Aybat, 2021, Zhang and Lan, 2022,
Hounie et al., 2023, Boob and Khalafi, 2024]. Although these techniques are well-supported by theory, they often depend
heavily on careful tuning of the dual variables and, in many cases, assume access to a known upper bound on the optimal dual
multiplier. In addition, such methods frequently require projecting both the primal and dual iterates onto bounded domains,
which are rarely known a priori in practical applications and can complicate their implementation.

An alternative primal-only line of work is the switching (sub-)gradient method (SGM), originally introduced by Polyak [1967],
which has since been explored in a variety of optimization settings. Subsequent studies, such as Titov et al. [2018], Stonyakin
et al. [2019], Alkousa [2020], have combined SGM with mirror descent to improve its flexibility and performance. Later, Lan
and Zhou [2020a,b] extended SGM to stochastic settings and established iteration complexity guarantees under both convex
and strongly convex assumptions. More recently, the theoretical analysis has been pushed further to cover weakly convex
objectives, as shown in works like Huang and Lin [2023], Liu and Xu [2025], Ma et al. [2020], Jia and Grimmer [2025]. In
the federated learning literature, Islamov et al. [2025a], Upadhyay et al. [2026] developed an important variant of SGM that
accounts for communication compression.

Handling statistical heterogeneity across local clients is a foundational challenge in distributed optimization. From a statis-
tical perspective, this non-IID landscape closely resembles learning from complex mixture distributions. While prior works
have extensively studied the theoretical dynamics and non-asymptotic guarantees of iterative weighting algorithms (such as
Expectation-Maximization) in mixed linear regression [Luo and Hashemi, 2024, 2025, 2026], our framework shifts the focus.
Rather than aiming for maximum likelihood estimation, we utilize smoothing techniques [Beck and Teboulle, 2012] such as dy-
namic softmax weighting [Wang et al., 2023] to enforce worst-case distributionally robust optimization under strict operational
constraints.

Minimax Optimization.
The mathematical foundations of minimax optimization were established by the seminal work of Von Neumann [1928], which
proved the existence of saddle-point equilibria in zero-sum games. Early first-order approaches, such as the primal-dual meth-
ods of Arrow and Hurwicz, laid the groundwork for Gradient Descent-Ascent (GDA). However, GDA often fails to converge
even in simple bilinear settings, a challenge that was later addressed by Korpelevich [1976] through the introduction of the
Extragradient Method, which remains the gold standard for smooth saddle-point problems.

In the era of large-scale machine learning, research has shifted toward stochastic regimes. Nemirovski et al. [2009] and Juditsky
et al. [2011] established the optimal O(ϵ−2) stochastic oracle complexity for convex-concave problems, which characterizes
the fundamental limits of first-order stochastic optimization. Recently, this framework has been adapted to decentralized en-
vironments through Agnostic Federated Learning [Mohri et al., 2019], which employs a minimax objective to ensure model
robustness across heterogeneous clients. Similarly, Li et al. [2020b] proposed the q-FFL framework to achieve fair resource
allocation using weighted optimization objectives.

Our formulation is closely related to Group Distributionally Robust Optimization (Group-DRO), where the objective is to
minimize the loss under the worst-case distribution among a set of pre-defined groups. While traditional DRO solvers often
rely on dual reformulations that can be sensitive to noise in federated settings, our switching mechanism provides a robust,
primal-only alternative that maintains stability even under heavy client heterogeneity and partial participation.
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To contextualize our work within the broader optimization literature, we observe that our problem formulation is fundamentally
a specialized instance of Group Distributionally Robust Optimization (Group-DRO), similar to the frameworks discussed by
Sagawa et al. [2020], where the uncertainty set is defined over the convex hull of discrete client distributions. Our objective
is further aligned with the Agnostic Federated Learning (AFL) paradigm introduced by Mohri et al. [2019], which seeks to
minimize the loss of the worst-performing client distribution to ensure global model robustness. However, while AFL and
traditional DRO solvers often rely on primal-dual updates [Li et al., 2021b, Huang et al., 2025] that can become unstable under
the “dual drift” inherent in partial participation, our approach adopts the logic-based Switching Gradient mechanism established
by Lan and Zhou [2020a,b].
The current state-of-the-art for handling expectation-constrained stochastic problems is the Switching Gradient mechanism
developed by Lan and Zhou [2020a,b]. This approach avoids the inherent instability of dual-variable drift by alternating
updates between the objective and the constraint based on a feasibility trigger. Our work represents the latest advancement
in this lineage; by integrating a softmax-weighted smoothing technique, we extend the switching framework to the partial
participation regime. Notably, we improve the high-probability complexity from the O(log2 1

δ ) found in existing literature to a
sharper O(log 1

δ ) guarantee, providing the most robust theoretical bound for constrained federated minimax problems to date.
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