refract ray

here is comment in Triangulate.refractRay()

of project underwater-camera-calibration

# - 'rayDir' is the vector of the incoming ray
# - 'planeNormal' 1is the plane normal of the refracting interface
# - 'nl' 1is the refraction index of the medium the ray travels
>FROM<
# - 'n2' 1is the refractio index of the medium the ray travels >TO<
table of symbol
SMYBOL MEANING
v1 unit direction vector (FROM)
Vo unit direction vector (TO)
n unit normal vector of interface plane (FROM / TO )
ny refraction index (FROM)
o refraction index (TO)
01 angle (FROM)
0, angle (TO)
analysis

We should notice that n is opposed to the incoming ray direction vy :

'vlTn < O,UITvl = 'vQTvz =nTn=1

Now that we know all the parameters except vy,
we need derive the expression of v, with other variables v, n,ny, no
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reconstruct vector

and notice cross product matrixn x nx = nn? — I andn’n = 1:

T
—vin
v1|cosf; = L — T
|v1 | 1
n|
T 2 T 2
. —n- v nn
'“1'251“2915”1*‘")%\ =o1 — | = (= o

=|—nxmxuv)= oF (I — nn™)T (I — nn")v,
= ol (I —nn®)(I —nn" )y
= ol (I —nnT)v = vl [-n x n x v1]v
= vl — [v]'n]?
v =nnl vy + (I —nn")vy = n(nTv) —n x (nx vp)
[—n X (n X v1)]

= (—n)|v1|cosb; + vy | sin 6,

| —n x (n X v)

Use vTvy = 1:

Ty — [vTn]?
sinf; = %M = /1 - [Tn)?
(!

[—n X (n X v1)] sin 6,

— (—n)cosf
v = (=n)eosby + T

For the same reason, v} vy = 1,
and vy, v9, n in the same plane: n x vy, n X vy are linear related,

and vI'n < 0,vIn < 0:

[—n X (n X v1)] B [—n X (n X v2)]

| —n x (n X v) N | —n X (n X ve)]

We want to reconstruct v with n, vy, similarly:
here is decomposition of orthogonal basis,
because n”[n x n x v;] = nT nn? — Iv; = 0Tv; =0

[—n X (n X vg)] sin 6,

= (- 6
vy = (—n) cos 2+|—n><(n><v2)|

[—n x (n X v1)] sin 6,

=(— 0
(=n) cos 2_|—|—n><(n><1)1)|


af://n35
af://n44

Snell's Law

From previous formula, only things are missing to reconstruct vy is sin 6, cos 65

1 sin 91 = Ny sin 92

We want to express 61, 6, with parameters that we know vy, n,nq, ns,

cosf; = —vlTn
T UD)
vi v — [vin
sinf; = i G = 1—[1)1Tn]2
’U{’Ul
sin 0y = ﬂsin01 Mo [vI'n)?
N9 N9y
cosfy = \/1 — (ﬂ)z(l — [v{n]z)
Uz
Represent U with o) e
p Zrx (mxor)| 1,
[-n x (nxwv1)] v +ncos6
| —nx(nxuv) sin 6,
—n X (nxov in 6 in 6
[ ( ) sinfy; = v STn 2 +nSTn 2(:0391
| —n x (n X v) sin 6y sin 6,

ni T ni
= — ) —nn vi(—
'Ul( ) ) 1( )

= (I = nn")ur (1)

= —n x (n X vl)(n—;)

Eventually, represent vy with vy, n,nq,ns

[—n X (n X v1)]

vy = (—n) cos by + sin 0,

| —n X (n X v)]

- Y1 Gl a =) [+ 0 G = nlaw ()]
=n _<Z—;>[—n%11 - \/1 ~ G )|

Consider all the possible values of v1

If the family of vector v; are always on the same plane,
the unit normal vector of this plane is 7, always holds:

o =0
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We want to prove always exist A, B # 0 for any v; that holds 77'v; = 0, make sure
(A7 + Bn)Tv, =0

= A[nTn) [( —n" v \/1 n1 2(1 - [ofn)?)

_BW_( (1 — [oFn)?)

= Alr"n)(22) [~n"vi]

~[Alx"n) + B] \/1 ~ (221~ pfnP)
AlnTn] + B _ (%)[_”T”’l]
Al 1= G =)

So, constant A, B don't exist when v; keeps changing



triangulate

Consider replace symbol of refraction:

e replace v; with r to represent unit direction vector (FROM)
e replace vy with 7' to represent unit direction vector (TO)

Then the formula of ' becomes:

symbol table
SMYBOL MEANING
) unit direction vector of ray 1 in water
i unit direction vector of ray 2 in water
I intersection point of interface plane and ray 1
I intersection point of interface plane and ray 2
M, closest point of ray 1 to ray 2
M, closest point of ray 2 to ray 1
M mid point of M; and M,
k1 scalar factor from I3 to M;
ko scalar factor from I, to M

Our goal is to express M with what we know 7}, %, I, I
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analysis

Defination of M, Ms,
the closest point pair M; — M, must be perpendicular to ), r}:

Definition of ki, ks :

klr’l = M1 — Il
kg’l"l2 = M2 — I2

Replace M;, M, with unknow k;, ko
and what we know 7, v}, I, I,
To solve kq, ko firstly

11 = B+ kv, — oty ) =0

vy (I = B+ kv, — ot} ) =0

It is equivalent to

ik = [k = =1 1 - I

— [Py ]k + [ ke = ' (I — D)

In matrix form

( PTr] T m) M _ (—r'f 1, - 1]
LA CAN A LY BRI A

With Cramer's rule

)
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—r'1 [ — L] —[rr)]

-] o] | [l e — L)

L= =
rir] =[] 1—[r{r))?
—[riry] [y

T 1 ( y T ’ /T>

=7y | —————|(7i7ry — 7' )1 — I
2 [1_[7‘/{7'/2]2 1" 2 201 [ ]
ir] i [ — L]

B i I L O ) O U A it I )
] ) - Tny?
—[riry] [P3rh]

T 1 ( ) T ’ /T>
=7 |————— 77"y —rir |1 — 2
1 [1_[7“/%771,2]2 1" 2 201 [ ]

expression of M

Definition of M is

y=M+M 5L+l +k1T’1+k27"I2
22 2

L +1 1
= 1 —;_ 2 —+ 5 (Tllrlg + 7'/27'/{)

— e (T =)
rrr, —rlr I -1
e (e T )l

L+L 1 1 T T
—*lz2+5r—wiﬁ'@“5+%“>G“g‘%ﬂﬁbh‘h]
- 172 L
L+1, 1 1 7 T .7
= > 51 [r’T'r’]2 7'/1[7’I27"l1]7'/2 _rlz[rllré]rll [ — L]
- 172 L
T
L+ 1 [r'r)] T T
=Tt g U8 )i
2

Consider the cross product, and its cross product matrix form
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asbs — azby

axb=|asb; —aib;
a1b2 — azbl
[ 0 —la1by —asb1]  azb; — a1bs
(a x b)x = arbs — ashy 0 —[azbs — asbs]
| —[asby — a1b3]  azbs — azbs 0
I 0 a2b1 — a1b2 a3b1 — a1b3
= a1b2 — agbl 0 a3b2 — a2b3
_a1b3 — a3b1 a2b3 — a3b2 0
arby asby asbh arbi aiby aybs
= | a b2 a2b2 a3b2 - a2b1 a2b2 agbg
ax b3 as b3 a3b3 a3b1 a3b2 as bg
=bal — ab”
Similarly, we have
(r’lr'g — 7"27"'{) = —(r}] x1}) x

L+ 1 [’ir
_ath 1 [ 1T2} (ry x ) x [I; — Iy]
A

M




under-water model

The unit vector on the laser plane v,,
Uy = C1T + C2Mn
vy, =7l (w4 can) = ¢ 4+ co(nfn) =0
vhvm = (2 +¢2) + 2c1c(nfn) = 1

Then we can have that

c1 = —cy(n'n)

[1+ (n7'n)*]c — 2(n"n)c =1

Then we solve

expression of r, r'

Consider replace symbol of refraction:

e replace v; with r to represent unit direction vector (FROM)
e replace vy with 7 to represent unit direction vector (TO)

Here ry is the unit vector
after rotating v,, around rotaion axis 7 for angle 6:
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T — Rg’vm
= [cos OI + sin@(wx) + (1 — cos O)mr’ vy,

= [cos O + sin §(wx) + (1 — cos @)mn” | (w[ (7" n)

1
N e e )
(7' n) -1
+n
V1= (7T'n)? | [\/1 — (nT'n)? ]>
-1

+ sin (7 x n)| — (7rTn)2]

= cos 0(7r[

After refraction, the formula of Ty 1s:

ry = n[<Z—;>[—nTre] L G )

n
+rg(—
o ™ )
Here, the inner product, is a function of angle 6:

[-nTrg] = cos0y/1 — (n'n)?

Thus

, nq (WTn)Z N1 2 2 2
Tog =1 — (n_Q)[COSH /1 — (7rTn)2] N \/1 N (n_2) (1 T eos 9[1 B (ﬂTn) ])]

ny —1
sin@(m x n)(—
+sin6(m x n)( =) 1—(7rTn)2]
ny (7T'n)
cos O w(—
+ Sl 1—(7rTn)2]

find intersection I

set the interface plane

nf'I=nh

Here it must on the ray, all start from laser point P:

Iy = P+ kgry

Solve kg, Iy respectively
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nTP —kpcos0y/1 — (x"n)> =h

b — nTP—h
’ cosf/1 — (7T'n)?
mn - —
By = P+ 07 P = ] ol 2 ]| + P — Al ) )




