Rodrigues' rotation formula

Reference: https://www.cnblogs.com/xpvincent/archive/2013/02/15/2912836.html

symbol table
SYMBOL MEANING
v vector original
v vector rotated
z unit vector of rotation axis
0 rotation angle
z,y unit vectors orthogonal
z',y unit vectors rotated
analysis

Here we can write v, v’ as:

v=azx+by+cz
v =ax' +by +ecz

Relationship between unit vectors z’, ¢/ and z, y:

x' = cos Oz + sin By
y = —sinfz + cos Oy

Represent vector rotated +' with unit vectors z, y, z:

v' = a(cos Oz + sin Oy) + b(— sin Oz + cos Oy) + cz
= cos O(az + by) + sinf(ay — bzx) + cz

Represent (ax + by), (ay — bx), (cz), with v, z respectively:

cz=(v-2)z
ar +by=v—cz=v— (v-2)z
ay—br=zx(ax+by) =zx (ax+by+cz) =zxv
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Replace (az + by), (ay — bx), (cz),
with [v — (v - 2)z], [z X v], (v - 2)z respectively:

v =cosBlv— (v-2)z] +sinf[z x v] + (v- 2)z
=v+sinf[z X v] + (1 — cosO)[—v + (v - 2)z]

Write cross product x as Antisymmetric Matrix[AT = —A]:

formula

Eventually, replace [z X v],[—v + (v - 2)z] with A, v:

v = [v] + sin O] Av] + (1 — cos §)[A*v]
= [I 4 sinfA + (1 — cos §) A*]v

That means if we know 0, z < 6, A, we can calculate vector rotated v/

rotation matrix

Here define rotation matrix R, we have v = Ruv:

R=1+sinfA + (1 — cos9)A>
Consider A2 and z:

1T

0 —Z3 Z9 0 —Z3
A2 = _ATA=—| ; 0 -z z 0
3 1 3
—2Z29 Z1 0 _ —2Z29 Z1
2, .2 :
Z5 + 23 —Z1%92 —Z1%3
=—| —z2z0 2 +2 —z2
—z123 —2223 2 + 25
2-1 ziz 2123

= | 2122 22 -1 —22z
2123 2923 z%—l

|

22
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Replace A% with 22T — I:

R=1+sin0A+ (1 — cosf)[zz" — 1]
= cosOI + sinfA + (1 — cos ) zz"

Euler formula

notice Az=zx2=0,2zl2=1,
and

-0 )

= (—1)*[I + (227) Z (?)(—1)’] k=1
k

— (0 Y () -l Rz
=0

So, with these

exp(fA) = zoo: i(é’A)"
=0

n!

= io: L(QA)% + i 1 ( )2k+1

— (2k)! — (2k + 1)!

> 1 >0 1
— 02]{: T I k A 92k+1 T

kz:; 2k)! (227 = 1)" + z:: (2k + 1)! (22

T = ( 1)k 2k - (= 1)k g2k+1

= 0 A I

2 +k§ 2h)! ik kz:; 2%+ 1)

= 227 4 cosO[I — 22" + sinhA
= cosOI + sinfA + (1 — cos 6)zz"

To sum up

R=1+sin0A+ (1 — cosf) A
=T +sinfA + (1 — cosh)[zz" — 1]
= cosOI + sinfA + (1 — cos 6)zz"
= exp(0A)
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quaterion

Think about the quaterion g:

g=s+u= [8] - |" =sl+(uri+ugj+usk)

Rules of quaterion computation are

k=i =7 =k = -1
ij=k,jk=1iki=j

Product of any ¢y, g2, notice here u;, uy are vectors, sy, s are scalars
and notice Ui1U = _(U{UQ) + u; X us:

q1q2 = (81 +u1)(82 +U2) = (8182 +U1U2) + s1u1 + Saus
= (s182 — uj ug) + [s1uz + Sau1] + u1 X up
B l 8189 —'u,fuz ]

[s1ug + saui] + w1 X ug

Then think about the quaterion of vector p = [0; v],
and normal quaterion g (|g|* = s> + |u|* = 1),
notice that —(u x v) x u = u x (u x v) = —[w(ulu) — u(ulv)]:

=[] ]
q qpgx =
u v —U
[ —uTw ] l s ]
| SU+u X v —Uu
o [ —suTv—i—suTv ]

_uuTU—i—s2v—i—su><v—sv><u—uxvxu

[ 0
CLo(s? +uul) 4 2su x v — (u X v) xu]
| 0 ]
N Lv(s? +uul) + 2su x v — v(ulu) + u(ulv)

[ 0
 Lo(s? — uTu + 2uuT) + 2su x v}

[ 0
~L(s* — uTu)I + 2su x +2uuT]v]

Compare with rotation matrix R:

R = cosfI +sinfA + (1 — cosf)zz"
= cos O + sinO(zx) + (1 — cos ) zz"
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Try to make

g’ =s* +ufu=1
(s> —ulu) = cos
2su =sinf z
2uu’ = (1 — cos 6)zz"

Set parameter )\, to make u = Az, notice 27 z = 1 then:

s =1-\
(1 —2X\%) = cosf

2+ 4/1—X\=sinf

202 =1 — cosfh

0

So when we select A = sin ¢, notice z is unit vector of rotation axis, must have:

0
§ = cos —
2

w=oin?):
COSQ
q: [u} - l(sing)z]

quaterion can implement rotation, z is unit vector of rotation axis, 6 is rotation angle:

#1101

- _(s:lsﬁg)z] m [—(Z?z%g)z]

L 2

[ 0
LI(s? = uTw)I + 2su +2uuT]v]
T 0
| [cos BT + sinfB(zx) + (1 — cosB)zzT |v

0
| [cosOI +sinBA + (1 — cos (9)zzT]v]

0

Euler formula of quaterion

Consider the Euler formula of quaterion,

) 0 2 0— 272
notice that = = —1:
z 0z4+0z+2x%x 2z
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