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PROBLEM 5

5. A radially symmetric solution to Laplace’s equation Au = 0 in R? is a solution of the form

w=u(r), r=/x3+ 13+ 22

where u depends only on the distance from the origin. Find all radially symmetric solutions in R?
(Section 6.3, Problems 5)

solution
The relationship between Cartesian coordinate system & Spherical coordinate system

x = rsinfcosy
y =rsinfsinp
z =rcosf

Laplace operator A in Cartesian coordinate system

o? o? 0?
e i S
ox?  Oy?> 022

step 1 to express A with derivative operators regarding r, 6, ¢

9 = [sinfcos¢p sinfsing cosb] - [ a% 27
2 =[rcosfcosp rcosfsing —rsind] - [Z a% 27
0 _ _rindsi - 109 0T
3, = [—rsinfsing rsinfcosp 0] - [57 5 5]
) . . . o)
o sinflcosp sinfsiny cosf o
1 _ . : %
o, | = cos Qcos @ cosfsingy —sinf %
m% — Sl @ COSs @ 0 2

define A, moreover, we can verify that AT - A =1 = A"1 = AT

sinfcosp sinfsing cosf % a%
A= [cosfcosp cosfsing —sinf | =[A; Ay A3], 0= |5 |=4"| 15 = A"9,
msingeosp 0 4 s
use simple signs to indicate 0 = [a% a% %]T, and 0, = [% %% mlme%]T

A = D2 ALD, (AT0,0)) = 3 AL [0, (A7) ) + 8, (97 () A, notice 5 = AT

k=1 k=1

notice that, for the 2rd term

3" A70, (9 ()) A = tr (A7, (97()) 4) = tr (9, (97()) A4T) = 12 (3, ()

— jfi_%;hjii_+.__l___:?i ()
or?2 12002 r2sin? 6 0¢?
1



for the 1st term, write in other form, A = [a;z] = [Al, Ay, As] = By By Bs|"

ZATa (A7) 0,(-) = ZATa (A7)
3

3
- Z Z ki (arr) Z Z airOpi(azr) Z Z a;k0pi(ask)

Lk=1 i=1 k=1 i=1 k=1 i=1

(")

3
> A0, (A7)
k=1

3

3 3 3
= 5 E a;ikO0pi (1) § E a;ik0pi(azk) E E a;k0pi(ask)
Li=1 k=1 =1 k=1 =1 k=1
3

3 3
= |>_0u(BN)Bi Y 0u(B3)B: Y 8u(Bi)B;
Li=1 =1

i=1

= [0, (B} ) [B1 Bz B3]

Y [By By Bs] 9, (BY)[B: By Bs)] = F cosf 0]

r rsinf

nd B B; = 1= 5(B:)"Bo = 35(B3) By = 0

0 (B
notice £ (By) = 2 (By) = &(B;) = %(B3) 0 a

0 1 0 1 0 1 1 2
a“ (B{) [Bl B2 B3] a (BI)TBl + __(Bl) Bz + —(Bl)TB3 =0+ ; + ; = ;

r o0 rsin 6 Oy
0, (BY) (B By B = (B By + (B Byt — %w?vgg o4 B0 ol
Ou (By) [B1 By Bs] = g(Bg)TBl + %%(33)T32 + Tsjneaﬂ(Bs)TBg =0+0+0=0
to sum up
T 2 2 2
VRN ) KN A G (L S
1

- 8_24_22 + g S 92 +;8_2 ()
—\orz  ror r2sin 6 00 n 00 r2 sin? § D2

step 2 for function u = u(r)

Substitute v = diu it becomes

(a) v =0, then u(r) = [wvdr =C
(b) v # 0, here Cy # 0

d
In|v| = / Y /——dr——21n|r!+C” r = vr? —Cl<:>dU—C’1—

u—/du-/C’l—:——+C’2

To sum up (a)(b), all the radically symmetric solution in R3

ur)= 40 LG eR



PROBLEM 12

12. Verify the formula 3.6 for the gradient in polar coordinates. Derive the formula for the
divergence in polar coordinates

0 10

grad = —e, + ——

- 3.6
or" o6 (3:6)
where e, and ey are the unit polar vectors
(Section 6.3, Problems 12)
solution
notice that
r =rcosf
y =rsinf

the relationship between (e, eg)” and (e, e,)"

T
() .
B [ a(r) } e,\ [cosf sind] (e,\ 0 singl [
e, = W )= 1  \e)= [cos®  sind) o,
ex) _ [-rsinf rcosf] (ex) _[—sinf  cosf] <ex>
€y r €y €y

oz, T oz,
e\ [ é(rzﬂ /] é('rl)j)| e\ ([ cosf sinf e,
N } e,/ \—sinf cosf) \e,

€y |:6(:C,y) T /| o(x,y) )
a(0) a(0)
similarly
el 8(:1: ) T K [a(xﬂl)_ r 9
%) = Y ) = | L0 ] o
20 a(r,0)] \3y o] | \5;
00 ) oy |: 8(é) By
thus -
L0 Az,y) Az,y)
mamor\ _ (%] 1% 7
|\ [eew] jeew | \g
S0 | oA OR

define A as below, we can verify A=! = AT

T
o(x, o(x,
A= [ (g(rl)/):| /I (é(’rz)/)| [ cosf sinf
N\ To@w]” /0@y, | \—sinf cosh
a(0) /I a(0) |
)
9 v or 9
Finally, gradient can be expressed as

aNT o T 9 T 9 T
— [ o €z _ -1{ & —1 (e _ [ 3 (e _ [ 5 e,
v=(8) @)=l ()] @)= () @)= (5) @)

0 10
= ——€.+ —=-€
T

or 00
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Now let think about the divergence, the vector field F' can be written in 2 different orthogonal
coordinate systems
F=Fle=[F""e

T Fr €,
=) o=(2) #-(r) «-(2)
1

Ft = AF
Then define the notation 9,0, Ag, B; (k,i =1,2) as

o) 0 :
3 = 0 0

0= () a=(n) A=l =[5 Bl = (G )
Yy

r 06

Where

Since e, = Ae, and AAT =

Consider the definition of the divergence of F in Cartesian coordinate system
V- F=0"F
Then consider to replace 0, F' with 9,,, F'*

AT AT Fr
0=A"9, = (A;TaZ) F=A"Fr= (AépF“>

Thus, we can write in such form (just like what we did to derive the Laplacian in previous problem)

2
> AL (A7)

k=1

Fr 4y " ALo, ([F"7) A

k=1

2
V- F=0"F=> A{0,(A{F") =

k=1

For the 2nd term
2

0 10

> L0, (1F7) A = tr (A0, (1) A) = tr 9, ((F4]7) AAT) =t (3, ((F7)) = 7o 0 e

or r o

k=1
For the 1st term

2 M2 2 2 2 2 2 2 2
S 70, (1) | = (373 autan) 303 o ] _ lzzamaﬂxalk) S ()
k=1 Lk=1 i=1 k=1 =1 i=1 k=1 i=1 k=1
M3 2
= 1Y 0u(B)B; > 0u(B))Bi| = [0, (B]) [B:1 Bs] 9, (BY)[B1 Bs]] = {—
Li=1 =1
notice & (B;) = & (B,) = d BfB;=1= 2(B5)"By =0
0 10 1 1
0y (BY) [B1 By = 5 —(B)"B, + —%(Bl)TBQ =0 +o=-
10
9, (B3 ) [B1 Bo] = a@ (B2)" By + —%(BQ)TBE =0+0=0
In the end ) )
VF= > A0, (AD) | F*+ Y AT0, ([F")") Ax
k=1 k=1
_ E 0} F* 1t (9, ([F¥7))
1 r a r 12 0
= et et

0

1
r

|

|



PROBLEM 6

6. Organisms of density u(z,t) are distributed in a patch of length [. They diffuse with diffusion
constant D, and their growth rate is ru. At the ends of the patch a zero density is maintained,
and the initial distribution is u(z,0) = f(z). Because there is competition between growth in
the interior of the patch and escape from the boundaries, it is interesting to know whether the
population increases or collapses. Show that the condition on the patch size, | < w+/D/r, ensures
death of the population

(Section 6.4, Problems 6)

solution
The equations of u(x,t) are
ou D82u
a T e
u(0,t) = u(l,t) =0
u(z,0) = f(z)

Write the solution as the weighted sum of fundamental solutions X,,(x)7),(t)

u(z,t) = Z cn Xn ()T, (1)

It leads to
dTy, P Xn
S A |
DT, D X, "
For T,,(t)
aT,
—r = (DA =T, = T,y = ~(DAn=m)t
For X, ()
d*X,
dx?
Xn(0)=X,(0)=0

n?m? nm
X, =sin(v/ M),V A\l =nm,neZt =\, = R X,, = sin (Tx> ., neZ"

u(x,t) can be written as

= ch sin (?m) e_(Dnlér _T)t
n=1
With the initial condition
nw
=5 (1) -
) ; cosin (=2 f(x)

Thus, for the ¢,

f ) sin (
Cph = 0f - (mr§ / f( sm )df

u(z,t) = nil [7 /0 £(6) sin ”TQ) df} sin ("T”x> o (D)

- /0 Gl €. 1) F(€)de




Where G(xz,&,t) = 23 | exp(—( "jffz
Notice that

)t) sin( 7€) sin(“Fx)
u(z, t)] =
sbz- "“]/|f )|

n=1

/G:cft d&' /Ifot 7€)l de

Whenl<7r\/§:>1—5+f2>0,andnoticen2—123(n—1), nezt

7’L27T2 2 2 T’l2 7.{.2 2 7“12

T
D— - —Dl2 (n? —1)+Dl—2(1— DW2) > 3D (n—1)+D12( D7r2)
[% Z e (D%L—T)t < % [Z e3D’lT22(n1)t] e*D%Q(lf Drf2)t
n=1 1
B
1—e "z
We know that 1 2
lim — =1, lime Dz (1—,§irz)t_0
t=o0 1 6_3D 7;2 t t—o0

2~ ~(png2 s 2 1 E
lim [726 <D 12 )t] =-lim — lime" DTQO*D;?)"/:O

t—00 1— 6—3D7{2 t t—oo

In the end
Jim Ju(, )] = hm[ Ze ]/\f \df—O/\f )|dé =0

It shows that the condition on the patch size, [ < W\/é , ensures death of the population



PROBLEM 7

7. Consider Laplace’s equation on the unit circle with given boundary condition:
r(ru,), +ugpp =0, 0<r<1,0<6<27
u(1,0) = f(6), 0<6<2nr
(Section 6.4, Problems 7)

a) Assuming u = R(r)Y (#), along with the implicit periodic boundary conditions u(r,0) =
u(r, 2m), ug(r,0) = ug(r,2m), use separation of variables to find an infinite series represen-
tation of the solution

b) Show that the solution can be written in integral for as

- 1 21 (1 — 7“2) f(¢)
u(r,0) = %/0 1 +7%—2rcos(f — ¢)d¢

This representation is Poisson’s integral formula

solution
Write the solution as sum of fundamental solutions

u(r,0) =Y Ru(r)Y,(0)

It leads to ,
g0t G

R, Y, "
For Y,,(0)

d?y,

— Ny, =

dy, dy,
Y, (0) = Y2n), %’9:0 = W‘H”

The characteristic equation 72 + \, = 0
(i) r1 =re = Ao =0, then Yy(0) = Yo (27) = Yo(0) = Ao, Ap €R
(ii) r1 1o = A\ #0

dy, ay,

Y,.(0) = Y27), W!gzo = d—;]‘gz% =Y, = ¢, cos(v/ \0) + d, sin(+/ \,.0)

Ve 2m=n-2r= X\, =n?Y, = 4, + Ae™™ nezt
Where A, = % — i%”, Ar =2+ i%” are a conjugate pair, 4, € C
For R, (r)
d  dR, d’R,, dR,
r%(r dr dr? r dr
The indicial equation of Euler-Cauchy equation is m? —n? = 0
(i) my = mg = n =0, then m; o =0, Ry = ¢} + ¢, In(r), assume u are bounded = Ry = 1
(i) my # mg = n # 0, then my 2 = £n, Ry = cjr" + cyr~™, assume u are bounded = R,, = r"
Thus, the expression of u(r,0), Ag e R, A, e C,n € Z™

W A —n’R, =0

U(T, 9) = Z Rn(T)an) = Ay + Z [Anemg + A;eiing] r’
n=1



When r = 1, with the boundary condition
u(1,0) = Ay + i [Ane™ + Afe "] = f(0)
n=1
For A, notice fo27r emtdgp = f;ﬂ e~ Mdgp =0
0% F(6)do = /0 7 Aodo = 25 Ay
For A, notice fo% e ="%dp = 0 when n’ # n, and fo% e~ dp = ()
/ 7 ()emeds = / T Ao =2m - A,
0 0

To sum up

1 o 1 o —in *
A= [ £, A= 5o [ g0 a0, 4,

For u(r,8), where r < 1

1

2m
5w [ H@)eeds

2 i 00
u(r,0) = % /0 f(@) |1+ Z(e_i”¢ei”9 + em‘be_me)r"] d¢o
L n=1
_ i 27 . > Tei(e—(b) n 7,6—73(9—¢) nld
o | T@ |1+ M "+ | do
L n=1
1 [ [ ret(0—o) re—i(0—o)
5 | 1O e Te_i(e_@] o
1 [ 2r cos(f — ¢) — 2r?
S 2m g f19) _1+1+7‘2—2rcos(6—q5)] d¢
1 (1—7%) f(9)

T or

/'271'
0

1472 —2rcos(f — ¢)

d¢

In the end, Poisson’s integral formula is proved



