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PROBLEM 3

3. Verify the equilibria and their stability for the basic model 6.1, 6.2, and 6.3 as discussed in
the text

v _ aY —d,V (6.1)
dr
dX
— =c—d, X — BXV 6.2
o . (6.2
dY
— =XV —-d,Y 6.3
dT ﬁ Y ( )

(Problems 3 on Page 132, PDF Page 159)

solution
Select the characteristic scaling: 7. = -, Ve = d ,

definet =7/1,0=V/V,,z = X/Xc,y =Y/Y,, the model 6 1 6. 2, 6.3 becomes

dt  |d,d,d, d, )"’

Now define ¢ = (‘;—:) Lo = (j—i) , Ry = [%dﬁy]’ equations are equivalent to
8clv
— =ay—v
at — Y
dx
— =1—2— Ryzv
dt 0
dy
— = Rpzv — «
i 0 )

Let % = ‘Cil—‘f = dy = 0 to find the critical points

v =y
Ryve=1—1x
Rovx = ay
Thus, so with v = ay, x = 1 — ay, moreover because of Ry > 0,a > 0

1 - L
Roay(l —ay) =ay < y[Ry(l —ay) —1]=0<y=0or fo
«

For y =0, the critical point (v* z*,y*) = (0,1,0)

1—-L
(v, 2%, y") = (1—%0,}%0, aRO)onlywhenR0>1

For y =

1



Consider the Jacobian of %(v, z,y) = (P,Q, R)

_1 0 a
P e e
J = M =|-Rox —1—Rpv 0
(Ua z, y) Rol' Ro’U —
At the critical point (v*,z*,y*) = (0,1,0)
-1 0 = A+ 0 —2 ] N
J=|-Ry =1 0], M-J=| R X+1 0 [=[N+(E=+a)d+—(1-Ry)| (A+1)
Ry 0 -« ~Ry 0 Mta c ¢

eigenvalues A3 = —1, \{ + Xy = —(%—l—oz) < 0, A\ Ay = 2(1— Ry), critical point is stable < A Ay > 0
(1) 0 < Ry <1, A\ A2 >0, the critical point (v*, 2%, y*) = (0, 1,0) is stable
(2) 1 < Ry, M A2 <0, the critical point (v*,z*,y*) = (0,1, 0) is unstable

1

177
At the critical point (v*,z*,y*) = (1 — &, =, —2) only when Ry > 1

Ry’ Ry’ «
-1 0 g A+1 0 —2 1 N
J=|-1 —-Ry 0 |, [M-J=|1 A+ Ry 0 :)\()\—l—(—+a)) (A+Ro)+—(Ro—1)
1 R—1 —a -1 —Ry+1 A+a c c

We can prove A3 < 0,Re(A2) < Re(\;) < 0, the critical point is stable when it exists (Ry > 1)
method: Routh-Hurwitz stability criterion
write the Routh table for A* 4+ (Ry + L 4+ a)A? + (2 + &) RoA + 2(Ry — 1)

AN (2 + )Ry
2 1 [e) _
A (RO + - -+ Oé) . (R(] 1)
AL | O @) 2Rot (CHa)REHE
Ro+1+a

Number of eigenvalues that have positive real part=Number of sign changes in the first column=0

As Ry = [% dfgy} increases from low to high, the equilibrium of (V*, X*, Y*) changes as follows:

e For0<Ro= |£] <1

stable critical point (v*, z*,y*) = (0,1,0) & equilibria (V*, X*, Y*) = (0, X,,0) = (0, 7-,0)

e For 1 < Ry = [%djfly]

1—-L
stable critical point (v*,z*,y*) = (1 — & LO Rq

1

_ 1
~ equilibria (V*7X*7Y*) = ((1 - i)‘/w RLOX(M %K) = (ﬁ - %7 %7 é - d%gv)




PROBLEM 4

4. Use a numerical differential equation solver (e.g., MATLAB) to obtain a numerical solution
to 6.1- 6.3 with the values of the parameters given in the table. For initial conditions take
X(0) =10%,Y(0) = 0, and V(0) = 1 (Problems 4 on Page 132, PDF Page 159)

parameter a d, c 1 d, d, 15} 1
dimensions T~! T! cells-ml™'T~! T T-! (cells/ml)” T-!
value range 100 5 10° 0.1 05 2.1077
solution
; «10° healthy X (7) vs. infected Y'(7) 7 € [0,40] days
— % — solution (X (), Y (7))
initial value
L * Kk 4
6 azf* .
i b
* \*\
_ 51 % - J
2 -
Eat > J
3.0 N |
% \*\
N AN
2F \*\ B
*\
*\
1+ e 1
*
*
0 1 2 3 4 5 6 7 8 9
X: healthy cells (cells/ml) %105
(A) Trajectory of (X (7),Y (7)) for 40 days
12 210° : ‘
——— X healthy cells Il
——— Y infected cells | ‘\‘
i
10 - | | 1
N
N
_ 2ot || f
el E} N
= 2 \
3 E [ |
N2 % 6L ‘ \ |
8 2 |
3 i |
g g | N~ —
E 2 F | 4
|
Py — 4
0 ‘ ‘ ‘ 2 ‘ ‘ ‘
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7 (days) 7 (days)

(B) Left: X (7) and Y (7); Right: V(1)
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Results: experimental & theoretical results for equilibria

here Ry = [5 L ] =8 > 1, so the stable equilibria (V*, X*, V™) = (5% — %ﬂ”, d;‘iy, = = d;‘;“
vy Yy

Ay dydy
We can see the experimental & theoretical results for equilibria are very close

)

numerical (V*, X%, Y*)=(3.503e+06, 1.25e¢+405, 1.75e+05)
theoretical (V*,X*,Y*)=(3.5¢+06, 1.25e¢+4+05, 1.75e+05)

Codes listed below

clear; clc; close all

% parameters

a = 100; ¢ = 1leb; beta = 2e—T,

dv =5; dx=0.1; dy = 0.5;

% characteristic scaling

tau.c =1 / dx; V.e=a *x ¢ / (dv x d.y);
Xec=c¢/dx; Yec=c¢ / dx;

% intial value && end time

V0=1; X0=le6; Y0=0;

vO =V0 / Ve; x0 =X0 / Xc; y0 =Y0 / Y_c;
tau_end = 40; t_end = tau_-end / tau_c;

% parameters in equation

epsilon = d.x / d.v;

alpha = d.y / d_x;

RO = (beta / dx) x (a x ¢ / (dov % d.y));

% solve differential equation

dvdt = @Q(v, x, y) (alpha x y — v) / epsilon;

dxdt = Q(v, x, y) 1 — x — RO * x % v;

dydt = @Q(v, x, y) RO x x x v — alpha * y;

func = @Q(t, sol) [dvdt(sol(1,:), sol(2,:), sol(3,:));
dxdt(sol(1,:), sol(2,:), sol(3,:));
dydt(sol(1,:), sol(2,:), sol(3,:))];

tspan = (0:0.01:t_end) ’;

[t, solution] = ode23(func, tspan, [v0 x0 y0]);

% rescaling back

[v, x, y] = deal(solution (:, 1), solution(:, 2), solution(:, 3));
[tau, V, X, Y] = deal(t x tauc, v x Ve, x * Xc, v x Y_¢);

% plot X vs. Y

plot (X, Y, 'r——x");

xlabel (’$X$: healthy cells (cells/ml)’, Interpreter’, latex’);
ylabel (’$Y$: infected cells (cells/ml)’, Interpreter’, latex’);
title ([ "healthy $X(\tau)$ vs. infected $Y(\tau)\quad \tau\in [0,
num?2str (tau_end) ,’|$ days’'], Interpreter’, 'latex’);

hold on; plot (X0, YO, 'bo’, MarkerSize 15, LineWidth,2); grid on;
leg = legend(’solution $(X(\tau), Y(\tau))$’, ’initial value’);

set (leg , 'Interpreter ', latex’);

% plot subfigures for tau ~ V, X, Y

figure (); subplot(1,2,1)

plot (tau, X, 'b—", tau, Y, 'r’); grid on

xlabel ("$\tau$ (days)’, Interpreter’ ’latex’); xlim ([0, tau_end]);
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ylabel (’cell concentration (cells/ml)’, ’Interpreter’, latex’);
legl = legend (’$X$: healthy cells’,’$Y$: infected cells’);
set (legl , "Interpreter’ ) ’latex’);
subplot (1,2,2); plot(tau, V, 'm’); grid on
xlabel ("$\tau$ (days)’, Interpreter’,’latex’); xlim ([0, tau_end]);
ylabel (’virion concentration (virions/ml)’, Interpreter’,’latex’);
leg2 = legend ( '$V$: virions’');
set (leg2, "Interpreter’, latex ’);
% display the equilibria: numerical vs. theoretical
fprintf( numerical (Vi X, Yx)=(%.4g, %.4g, %.4g)\n’,
V(end) ,X(end) ,Y(end));
Veq= (a*xc) / (dv x d.y) — d-x / beta;
X.eq = d_ d.y / (beta x a);
Y.eq = ¢ y — dx % d.v / (beta % a);
(’

vV ook
/ d_
fprintf( the

heoretical (Vs ,Xx,Yx)=(%.4g, %.4g, %.4g)\n’,V_eq,X eq,Y_eq);




PROBLEM 6

6. In an SIR epidemic with Ry > 1, where Rz is small for all time, use 6.13 to show, approximately,
d
S zoe Foz

o (6.13)

== (1= 5 57

Note that this is the logistic equation. Sketch a graph of the rate of removal dz/dr vs. 7. For
example, in the plague, the removal rate closely approximates the death rate.

(Problem 6 on Page 139, PDF Page 166)

solution

Here after scaling x = 1‘3, y=x, 2

the model starts from initial point (z,v, z) = (9,1 — m0,0), assume the number of individuals
t)|t=

that are susceptible to the illness S(

I

(t |t:0 dZ _R
O N
0ETN dr e
Expand e~ %% to get the approximation, where R,z is small for all time
1 1

Thus, substitute e #0* ~ 1 — Ryz + 1R222 in the equation

dz 1 z

—=~1l—z—|1—-R —R2? Ry—1 ——R22 Ry—1 l—-

ir : { 0¥t 3 OZ} (Fo = 1)z =5z = (Fo = D)z (1 = gy

Try to solve the separable equation

Z d—2——
In <—1 20— 1)/ Hg ) - / ( 2o 1)/ Mg = / (Ro — 1)dr = (Ro — 1)(7 — 70)

~ 2(Ro—1)/R} —2<RO_Z1>/Rg) <1 - 2(RO—Z1)/R3>

Thus
2(Ry — 1) 1

Z(T) = R(Q) 1 4 e~ (Ro—=1)(r—70)

The only useful information from above equation is that z vs. 7 is like logistic curve:
(i) it has bound M < 1, for all z, holds z < M

(ii) g—j > 0, and has peak value at 7 = Teqr When 1 — 2 is small enough

But notice that:

(i) We can not estimate the limit of z with Ry only, it is sensitive to x

lim z(7) # —2(R0 —1)

T—00 R%

(ii) We can not estimate the max value 4 with Ry only, it is sensitive to xg

‘T:Tpeak
(R —1)?
’T Tpeak 7é 2R2

(iii) If 1 — z¢ is not very small, there is no peak for %, for example Ry = 1.1, g = 0.9
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FIGURE 2. the diagram of p, g—f
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clear; clc; close all

% solve z(tau) with ode23()

RO = 1.3; x0 = 0.9999; % prameters: RO, x 0

func = @Q(tau, z) 1 — z — x.0 % exp(—R.0 % z);

z0 = 0; dtau = 0.001;

tspan = (0:dtau:200) ’;

[tau, z] = ode23(func, tspan, z0);

subplot (1, 2, 1); plot(tau,z, b—"); grid on;

xlabel ("$\tau$’, Interpreter’, ’latex’,’FontSize’, 16);
ylabel (7$2z8 7, Interpreter’, ’latex’,’FontSize’, 16);
title ([ 'Sz (\tau) \quad R_0=3%" ,num2str(R.0), ,\ $x 0=5" ...
num2str(x_0)], Interpreter’ ’latex ', FontSize , 16);

% calec dz / dtau, display peak of dz / dtau

dzdtau = func(tau, z);

subplot (1, 2, 2); plot(tau, dzdtau); grid on;

xlabel (’$\tau$’, Interpreter ’, latex’,’FontSize’, 16);
ylabel (’$\frac{dz}{d\tau}$’, Interpreter’, ’latex’, FontSize’, 16);
title (7$dz / d\tau$’ ,...

"Interpreter’,’latex’, FontSize’, 16);

[dzdtau_peak , ind]| = max(dzdtau); % find peak of dz / dtau
tau_peak = tau(ind);

text (tau_peak , dzdtau_peak,

sprintf('peak= %6.4g’, dzdtau_peak), FontSize | 16);




PROBLEM 2

2. (Malaria) In this exercise develop and analyze a simplified version of the malaria model under
the condition that r is much less than p (Problem 2 on Page 143, PDF Page 172)

dh My
— =ab| — 1—h)—rh 14
= () m =)= (6.14)
d
an_ ach(l —m) — um (6.15)
dt
a) Beginning with 6.14-6.15, nondimensionalize these equations by rescaling time by taking
7 = pt. Obtain
g—ﬁ:/\m(l—h) —ch
fr=nh(l—m)—m
where
r ab M ac
E = ) - — ), ’]7 = —
Iz p Hr Ju

b) Assuming ¢ is very small, neglect the eh term in the host equation and draw the phase
portrait. Include the equilibria, nullclines, direction field, and a local stability analysis for
the equilibria

c¢) For the simplified dimensionless model in part (b), with the values given in Table 1, specif-
ically, a=0.5, r=0.01, and p=0.5, use a numerical method to draw time series plots of h
and m for various initial conditions

TABLE 1. Sample malaria parameter values

Parameter Name Sample Value
My /Hry population ratio 2
a biring rate 0.2 — 0.5 per day
b effective bites infecting humans 0.5
c effective bites infecting mosquitos 0.5
T recovery rate 0.01 — 0.05 per day
W monality rate 0.05 — 0.5 per day
solution
a) Take the time scaling 7 = t/(i)
ph = qb <g—;> m(l —h) —rh
pE2 = ach(l —m) — pm
That is " .
= wm = h) =g
T =h(l—m)—m
Then define
r \ ab Mr ac
€=, =—7 Nn=—
Ju p Hr Iz

In the end, we derive
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b) Assuming ¢ is very small, neglect the eh term

g—f; = Am(1 — h)
r=nh(l—m)—m
Set % =0, ‘Z—T = 0 to get h nullclines and m nullclines respectively

h nullclines
O= m(l—h)&m=0, h=1
m nullclines
O:nh(l—m)—m(:)h:1 (—14—#)
i 1—m
Combine h nullclines and m nullclines, and notice m > 0,h > 0

the critical points
1
h*,m*)=1(0,0), (1,1———
(hm") = (0.0), (L1 )

sketch the phase portrait

10— 2 " t=m
) +1
ﬂltical p0u717t \
(0, 0) 1 h

critical point

F1GURE 3. The phase portrait

(0, 0) is unstable, the only stable equilibria
1 ac

(h*7m*) = (171_ m) = (17CLC+,U,>

c¢) Here are the time series plots of h and m for various initial conditions (hg, mg)

— H
1 MO m(t) = 3
” — 1 oal — (ho,mg) =( 0.0, 0.3)||
0.8 ’ } 7(h0,m0) :( 007 06)
/,/ 0.7 (ho,mg) :( 0.0, 09) 5
T ] sl ——(ho,mo) =( 0.3, 0.0)||
= 1 \‘ 7(h07m0) :( 0.6, 00)
<= 05| ] . osn (ho, mp) =( 0.9, 0.0)
/ ~(hoymg) =( 0.0, 0.3) Sl
4 — (ho,mo) =( 0.0, 0.6)] \ B
0.3 / (hg,m()) :( 00, 09) q
02l/ — (ho,mp) =(0.3, 0.0)|/
1 (ho,mo) =( 0.9, 0.0)]]
0 0 _": 1‘0 1‘5 2‘0 2‘5 3‘0 3‘5 40 0 0 ‘5 1‘0 1‘5 2‘0 2‘5 3‘0 3‘5 40
t (days) t (days)
(A) hvs. t (B) mvs. t

FIGURE 4. The time series plots of h and m vs. t
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cle; clear; close all

% prameters

MTHT = 2;

a = 0.5; b= 0.5; c= 0.5;

r = 0.01; mu= 0.5;

% coefficients of equations

eps = r / mu;
lambda = (axb / mu) % MTHT;
eta = a % ¢ / mu;
t_.c =1 / mu; % time chateristic scale
% solution initial value (h.0, m.O0)
t_end = 40;
tau_end = t_end / t_c;
Sol_init = [0, 0.3;
0, 0.6;
0, 0.9;
0.3, 0;
0.6, 0;
0.9, 0]’;

% equations
dhdtau = @(h, m) lambda * m.x (1—h);

dmdtau = @Q(h, m) eta % h.x (1-m) — m;

func = @Q(tau, sol) [dhdtau(sol(1,:), sol(2,:));
dmdtau(sol (1,:), sol(2,:))];

tspan = (0:0.01:tau_end) ’;

ax_h = figure(); axm = figure();

list_legend = []; handle.h = [];

for sol_init = Sol_init
[h.0, mO0] = deal(sol_init (1), sol_init (2));
[tau, solution]| = ode23(func, tspan, [h.0, mO0]);
[t, h, m] = deal(tau x t_c, solution(:, 1), solution(:, 2));
figure (ax_h); handle = plot(t, h); hold on;
figure (ax.m); handle = plot(t, m); hold on;
list _legend=[list_legend ;sprintf('$(h 0, m0)=%...
(%A4.1f, %4.1f)" ,h.0,m0)];

end

figure (ax_h);

leg=legend (list_legend , "Location’, Southeast ') ;

set (leg , "Interpreter’,’latex’,’FontSize ', 24);

grid on; xlabel(’$t$ (days)’, Interpreter’,’latex’, FontSize | 24);
ylabel (’$h$’, Interpreter’,’latex’, FontSize’, 24);

title ("Sh(t)=\frac{H}{H.T}$’, Interpreter’,’latex’, FontSize’, 24);
figure (axm) ;

leg=legend (list_legend); set(leg, Interpreter’ "latex’, FontSize’ ,24);
grid on; xlabel(’$t$ (days)’, Interpreter’,’latex’,’FontSize ', 24);
ylabel (’$m$’, "Interpreter’, ’latex ', FontSize’, 24);

title ("$m(t)=\frac{M}{M.T}$’ ) 'Interpreter’,’latex’, FontSize’, 24);




