MA 47200-001 Homework 11-Due Dec. 09, 2020 Zhankun Luo

PROBLEM 9

9. (6.5.1 on Pages 422-423, PDF page 489)
A toxic chemical diffuses into a semi-infinite domain = > 0 from its boundary x = 0, where the
concentration is maintained at g(t). The model is

Uy = Dug,, x>0,t>0
u(z,0) =0, x>0
u(0,t) =g(t), t>0
Determine the concentration v = u(x,t) and write the solution in the form of
fo (x,t — 7)g(7)d7, identifying the kernel K

solution
Do the Laplace transform for ¢
Llu(z,t)] = Uz, s), E[aug, D1 Z sU(z, 5) — e )|pmo = sU(z, 5)
Pu(x,t),  0°U(z,s)
£l = SR8 ful, )lemo] = Ul 9)lam0 = G5
It leads to 52Uz 5)
z,s) s
81‘2 - DU(.T,S)
U(z,s)|z=0 = G(s)
That is

Ux,s) = cl(s)e\/%z + cy(s)e” VD"

Since u(x,t) < M are bounded, U(z,s) < %L still holds when z — oo, thus ¢;(s) =0

U(z,s)|z=0 = c2(s) = G(s) = U(x,s) = G(S)e_\/%x

Look up the table

a2
4_t> ,where a =

L7 exp(—ay/s)] = 2753/2 p( \/%
We have that 2
K(z,t)=L"e \/_x] = 2\/7T_Dt3/2 eXP <ﬁ)

In the end

u(z,t) = LG (s)e” %m] = L7G(s)] 571[67\/%;:] =g(t) x K(x,t) = /0 K(z,t —7)g(T)dr



PROBLEM 11

11. (6.5.1 on Pages 422-423)
Solve uy = c*uz, on t > 0,z > 0, subject to u(x,0) = wuy(x,0) = 0 and boundary condition

u(0> t) = g(lf)

solution
Do the Laplace transform for ¢

2

Llu(z,t)] = Uz, 5), c[%] = $2U(z, 8) — su(@, t)|mo — a“g’;’ D) = s2U(z, 5)
O*u(x,t 0?U(x, s
2248 0) = TODD) (e, Dlame] = U, 5)hmo = G)
It leads to Uz, 5) )
r,s) _ s”
o2 @l ™)
U(z,s)|z=0 = G(s)

That is

Uz, s) = c1(s)ec® + cy(s)e <"
Since u(x,t) < M are bounded, U(z,s) < 2L still holds when z — oo, thus ¢;(s) =0
U(x,8)|amo = c2(s) = G(s) = Ulz,s) = G(s)e” <"
Here look up the table

L e ™) =§(t —a), wherea= s
c

Thus

u(et) = £7G(s)] + £ = g(t) x ot = 2) = .

Qe oln

s gt —=2) ift>
0



PROBLEM 10

10. (6.5.2 on Page 432, PDF Page 501)
Use Fourier transforms to find the solution to the initial value problem for the advection-diffusion

equation
Up — CUy — Uype =0, xz€R, t>0

u(z,0) = f(z), ze€R

solution
Do Fourier transform to x
0 oUu
Flufa, 0] = Ue.1), 712400y - 2UED
2
F[aué:;, t>] = —igU(¢, 1), F[%] = —EU(&,1), Flu(®,t)]io) = U, 1)|imo = F(€)

It leads to

aU(S’t) = —ic€U(&,1) — EU(E 1)
That is

U(E,t) = A(€)e U+ where A(€) # 0

By comparing the condition
U(€ t)lmo = A(6) = F(§) = U(&,1) = F(§)e™ 0+ = [F(g)e™*] -

Look up the table
FUF(Ee ™) = f(x) *6(x —ct) = f(z — ct)

1 1
Ft \/Egﬁﬂa — e where — =t& — =a
a 4a 4t

2 1 962
e I S =
7 [e } 47Tt€
In the end
- 2 1 o2 1 & (z—y)?
e —1 77'C£t -1 7t§ — —_ — e 4t — —_— —_ - 4t
u(z,t) = F [F(§)e |« F [e ] flz—ct) * \/47#6 1/47# /_OO fly — ct)e dy




PROBLEM 11

11. (6.5.2 on Page 432, PDF Page 501)
Solve the Cauchy problem for the nonhomogeneous heat equation:

U = Uye + F(x,t), z€Rt>0; u(zr,0)=0,zeR

solution
Do Fourier transform to x

- Hau;, ), _ou é?ﬂ, FIF(x,0)] = F(£.1)
FEUED) - 06, 1), Flute o] = U(E Do = 0
It leads to ol (€. ¢
éﬁ )~ —eu(en+ e
That is

U(E,t) = A§)e " + /OF (€,7)e ¢ "7dr,  where A(€) # 0

By comparing the condition

Um0 = A(§) = 0= U(&,1) = /0 F(e,7)e € dr

Look up the table

2 2 1 1

.7:_1[6_52“_7)] Y B 6_4@1737)
Am(t — 1)
In the end
u(z,t) / F! |« F e € 0)dr

1 2?2
- | F —— _eTauag
/ (x,7) * 47r(t—7')6 T

/ / 1 4azt y)?d d
Am(t — 7')6 var



Bonus

(Age of the Earth) In this problem we use Lord Kelvin’s argument, given in the mid 1860s, to
estimate the age of the earth using a measurement of the geothermal gradient. The geothermal
gradient is the derivative of temperature 7,(0,t) measured at the surface of the earth. Since
the earth is cooling,the temperature gradient is also decreasing with time. Lord Kelvin’s idea of
estimating the age of the earth t* is to treat the earth as flat with x > 0 measuring the depth
from the surface z = 0; assume that the temperature on the surface of the earth was always 0°C';
and solve the heat conduction problem for the temperature of the earth

PDE Cpl,— KT,, =0 forx>0,t>0
BC T(0,t)=0 fort >0
IC T(x,0) =Ty forx >0

After finding the solution, we can find the time ¢* at which 7,.(0, )|~ equals the current geother-
mal gradient value of 0.037°C'/m

(a) Solve the initial-boundary value problem.

(b) Assume that K/Cp =~ 1.2 x 107m?/s and the initial temperature of the earth was Tj
2000°C'(molten rock). Estimate the age of the earth t* by solving T, (z,t)|s—0 =t =
0.037°C'/m. Give your answer in millions of years.

Q

solution
Do the Laplace transform for variable ¢
oT
L[T(z,t)] =Ul(x,s), E[E] = sU(z,s) — T(z,t)|t=0 = sU(z,s) — Ty,

T,  0*U(x,s)
axz] = or2 L[T(x7t)|$:0] = U([E, S)|CC:0 =0

L]

Define D = c£p> and it leads to

0*U(x,s) s T
T = EU(Q?,S) — 5, U(SE,S)|I:0 =0

We can write U(x, s) = Uy, + U, where the particular solution U, = %, the homogeneous solution
Uy, is given by
Uy = cl(s)e\/%x + CQ(S)e_ﬁx

Since T'(z,t) < M are bounded, U = Uy, + U, < % still holds when z — oo, thus ¢;(s) =0

T S
Ulx,s) =U,+ U, = ?O + 62(3)6_\/;&

Compare with the condition

T T,
U(x,s)|z=0 = ?O +ca(s) 1 =0= ca(s) = —?0

Thus, we have

U(x,s) =1 ! e_\/gx]

s s
Then look up table of Laplace transform

—a'\/s / z )
E’l[e—] =1—erf (L) d = erf(z) = i/ e d2
S 2/t 0



Thus .
2 2vDt 2
T(z,t) = LU (x,s :Terf<L>:T-—/ e 7 dY
( ) [ ( )] 0 2\/315 0 ﬁ 0

For the gradient of x at x =0, = t*
1 | _ 7 2 1T
ov/Dt Y r 2yDe Vbt

= 0.037°C/m

2 _(L)z
Tx(l‘, t)|x:07t:t* = TO . ﬁe 2v/Dt .

In the end, the age of earth ¢* is
. T3 20002

" = ~ ~ 7.750423x 10" (s) = 245764 ~ 25H(mili
00572 D "~ 00372 x 10 % 106 7.750423x10*%(s) 576430 (year) =~ 25(milion year)




JOURNAL.

Compare and contrast the Laplace transform and the Fourier transform. In particular, discuss
when to use which method.

solution

When we apply the Fourier transform, we have to make sure ffooo |f(t)|dt < M, or other special
scenarios like sin(t), cos(?)

When we applied Laplace Transform, we have to make sure |f(t)] < Me®

We can use Fourier transform when the range of t is (—oo, +00). We can use Laplace transform
when the range of t is (07, 00)



