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Question
Solution
If ¢ is NOT injective, cannot find 1 to define a metric dp on P

If ¢ is injective, can find 1 to define a metric dp on P



Question

There existsamap ¢ : P — S,forVp € Pandz € S

¢:p—x=d(p)

We also define the inner product - : S x S — R, which satisfies

o Vz, 2’ € S,xz-2' =2'-x
e Ve S,x-z>0andz-z=0<x=0€ S
o Vz,z',2" € S,Va,b e R, (az +bz') - 2" = a(z - 2") + b(z' - ")

Thus, we can define the kernel function K : P x P — R, for Vp,p’ € P

K(p,p') := ¢(p) - 6(p")

S is a Hilbert space with a metricd : § x S — R>( defined based on our inner product,
forVz,z' € S

d(z,z') := \/(w —z') - (z—a')

which must satisfy

o Va,z’' € S,d(z,z') = d(z', z)
e Vz,2’' € S,d(z,z') > 0andd(z,2') =0 < z =2’
o Vo, 2’2" € S,d(z,2') + d(z',2") > d(z,z")

The 1st/2nd properties of a metric d can be proved with the 1st/2nd properties of our
inner product. The 3rd property (distance inequality) above can be proved using the 3rd
property of our inner product and Cauchy-Schwarz inequlity

(z =2 (z—a)((z' —2")- (' = 2")) = ((z - 2') - (2’ — 2"))"

Question: Does this mericd : S X S — R->g on S induce a metricdp : P x P — R
on P?

More specifically, can we define a metricdp : P X P — R~ on P based on a function
Y : ¢[P] X ¢[P] — Rxp, where ¢p|P| C S?

dp(p,p') :=¥(o(p), ¢(p")) Vp,p' € P
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Solution

If we can find a metricdp : P X P — R on P based on a function

¥ : ¢[P] x ¢[P] — Rx¢, where ¢[P] C S

dp(p,p') == ¢(6(p), 9(p")) Vp,p' € P

Let's list the requirements fordp : P X P — R

o VPapl S P7 dP(papl) = dp(pl,p)
e Vp,p' € P,dp(p,p') > 0anddp(p,p') =0 p=7p'

° Vpapl’p” < P7 dP(papl) + dP(p,7p”) > dP(p7p”)
Thus, for ¢ : ¢[P] x ¢[P] — R, it must satisfy

o Vz,z' € ¢[P] C S,¢(z,z') = (2, z)
e Vz,2' € ¢[P] C S,¢(z,z') > 0and ¢(z,z2') =0z =2’
» Vz,z',2" € ¢[P] C S, ¢(z,z') + P(a',2") > ¥(z, z")

If ¢ is NOT injective, cannot find 9 to define a metric dp on P

When ¢ : P — S'is NOT a one-to-one function

Jp,p' € P,p#p', st ¢(p) =¢®)

Denote zg := ¢(p) = ¢(p’) € ¢[P] C S, with the 2nd property of the metric dp and ¥

dp(p,p') = ¥(o(p), #(p")) = Y(x0,20) =0 = p =17

This leads to a contradiction, thus we cannot find ¢ : ¢|P| x ¢|P] — R+ to define a
metric dp on P

dp(p,p') :=¥(o(p), ¢(p")) Vp,p' € P
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If ¢ is injective, can find v to define a metric dp on P

When ¢ : P — §S'is a one-to-one function

Vp,p' € P, st.¢(p)=o¢(p)=p=p

We can define ¢ : ¢[P] X ¢[P] — R>( based on our inner product - : S x S — R, which
satisfies

e Vz, 2’ € S,z-2' =2'-x
e Vxe S,z-x>0andz-z=0&2x=0c S
e Vz,z',2" € §,Va,b e R, (ax +bx') - 2" =a(x-z")+ b(z' - z")

Y : ¢[P] x ¢[P] — R is defined as below

e, @) = /(e —a)- (e —a), Va2’ €[P|CS

With the 1st/3rd properties of our inner product and notice the kernel function
K :Px P — Ry, forVp,p' € P,K(p,p') := ¢(p) - ¢(p’), we can rewrite
dp:PXP—)RZOaS

dp(p,p') =1(8(p), d(p)) = \/(¢(p) — ¢(p')) - (¢(p) — ¢(p"))

— /K (pp) + K(#o#) — 2K (p, )

Let's verify the three properties fordp : P x P — R

° vp,pl € P7 dP(papl) = dP(plap)
o Vp,p' € P,dp(p,p’) > 0anddp(p,p’) =0 p=1p'
® \V/p7p,’p” € Pa dP(p7p,) + dP(pl7p”) Z dP(p7p”)

For 1st property, it is equivalent to ¢(p) - ¢(p') = ¢(p’) - ¢(p), thus it can be proved with
the 1st property of our inner product

For 2nd property, since ¢(p), ¢(p') € ¢[P] C S = ¢(p) — ¢(p') € S, thus it can be
proved with the 2nd property of our inner product

The 3rd property (distance inequality) above can be proved using the 3rd property of our
inner product and Cauchy-Schwarz inequlity

[(p(p) — d(P")) - (6(p) — (P"))][(S(D") — S(D")) - (B(") — d(p"))]
> [(¢(p) — ¢(P)) - (6(p") — B(@"))]?
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