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review of Newton method
Vf(ze1) = V(zr) + H (2k) (Th11 — 1)
f(z) is local minimal at z = =z}, ; when

1. H (x) is positive definite
2. Vf(zp1) =0

Thus

0=V f(zx)+ H (xx) (€h11 — 1) = Ty = a — H ' (21) VS (21)
assumption of Quasi-Newton
H~! is complicated to compute, we find other form G to replace it
define 6 = xp11 — xp, and yx = g1 — gx = Vf(@rr1) — Vf(zr)
It still holds

Vf(ze1) = V(zr) + H (2k) (Thr1 — %)

A.thus, replace H ! () with Gy to derive the constraint

0r ~ Gri1Yk

B. modify the Newton method, here Gy, is corresponding to the H~! (z;_; ), then replace
H! (:Ek) with )\kH_l (:L’k_l) ~ MG

Tr+1 = T — A Grgr

moreover, the )\ is given by
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. d
Ap = argmin f(xr — MGrgr), st.Ap > 0= d_)i = (Grgr)" grs1 = gL Grgrsi1 =0
k

recall that:

1. we only care about the direction of x changes d, that is —Gygx
2. we have to make sure Gy, is always positive definite
3. we have to make sure Gy satisfies 6 ~ G 1Yk

type 1: DFP method
Use Gy,1 toestimate H! (z)

1. Gy, is positive definite
2. satisty ép = Gri1yk

Derive the formula of G

a.setup Gry1 = Gi, +uul — vl

6k = Gtk = Gryp + u(u’ yi) + v(v" yi)
now we could set
or = u(ulyp)
~Grgr = —v(v yr)
Thus we have u = k165, v = ks Gryg, solve for kq, ks by comparing coefficients
1= k?(f?Zyk)
1 = k3(yi Gryr)

In the end
25 ST _ 1.2 T T 1 T 1 T (T
Gri1 =G + k15k6k — k2kakyk Gk =G + 5T 5k5k — o kakyk Gk
1 Yk Y. Gk
notice B. 6y = —A\;Grgk, g1 Grgrr1 = 0, so that if we want to ensure G = Gy positive

definite, have to make sure
6Ty = —Akgt GE(ge+1 — 9k) = +Aegr Grgr > 0
It can be proved if Gy = I is positive definite, then G}, is positive definite,
For any X, first part
1 1

XT5.6TX =
5% Yk g 7 Yi

(0 X)* >0

For any X, the second part

1

XT |Gy -
v Gryr

Grynyi GT | X =

[(XTGrX) (yE Gryr) — (X" Grn)?] =

[(XT M X) (T Aryy) — (X7 Avy)?]

yF Gk yF Gryr
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here the diagonal matrix Ay, = diag(A, - - -, Aknv ) shape (N, N), because G}, positive
definite, we have all Ax,, > 0

Z Z >\kn)‘kn an n’ yknykn )

kak o ey

N N N
n=1 n:l

kak 1
To sum up, G+ is positive definite when G, is positive definite

type2: BFGS method
That is better than DFP
step 1. Use By to estimate H (zx)

1. By, is positive definite
2. satisfy yr = B110%

step 2. Use Gy11 = B, toget H™! (xz)

k+1
Derive the formula of G4
For step 1. similarly from yx = By+16%

set Byi1 = By + L

Bii1 = By + klykyk k%Bkékd;fB;—f = By + ykyf — BkékdkTB:,f

1

notice B. 5k = —)\kagk, ngkng = 0,sowe have gr = _A_lkBkdka 5£Bk5k+l = 0,
similarly when B, = I is positive definite, we can prove By, is positive definite too, thus
Gy = B, is positive definite

For step 2. with the Sherman—Morrison formula

—1 _ o
At ﬂ Y Aty A7
t t+ vl A 1y

Apply it for two times, notice BT = B

T T T\ !
_ -1 Yk Yy By 616, By,
Gr1 =By, = (Bk + yf&c - 5£Bk5k

1st time

-1 -1
(B L ) N (B N ykl/f) B},6,0% By, <B LYY
k k T -1 k T
Yy, 5k Y. 8 5%“ B.6 — 5T B, (Bk + ykyk ) B,.6}, Yy, Ok

2nd time

>0
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B! YrY B ! B! YrY B ! B80T By,
- k k . k k k
= (Bk1 - | + Bk1 —

1 1 k
yh o, + vyl By lyk Yl 6k + vl By ' ui ) T 1 BluylB, (
o7 Bis — 01 By ( B! - 2t ) By,

(g BlwuwiB N (o BlwwB \ BogB (o, BluwB
=\By ~ e K ko -
YT 6 +yT By 'k Yro +yf Bylyy ) _otwuis Yi Ok + Y By vk
vl Sk+yl By

B ( o BluylB! ) . B,'Bidi6, BiB,'  B.'Bi8i6l Br B, 'uwyl B,

5fyky£6k St yiyE o Yl ok +yl Bl uk
yh ok+yl By vl Sk+yl By
B.'ysyl B,'  Bidrd] By B B.'uwyl B,' Bi6i6 B, Blywyl B!

yl o, +yl By lyk

vIow +yl By _wls F T yTo o Billye _Swld yT o, +yl By
vl S tyl By, YESk+yE Bk Yg
g Blwy B 50 (i ok +yi Bi'we)  S0{uyi Byl Bylukyl ko)
yE o + vl Bk T yryt or T yeyt 5k ST yryl o

B yk (yE kol yr) yE B,

(yEor + v By ue) (X yry?t on)

( . Bluy B ) 0] (Eok + i Blye) 8 (5we) 7B Bylwe (uf ) F
k yl o, +yl By lyk
Bk ykka !

( 6% +y Bk yk)

(o7 u)” (o7 uk)® (T ur)®

then
gy MLOIS) | LGB 6By’ ]
= B
1 Bk ykéz 5ky B ! 5 (yk Bk yk) 5T n 5k5T
g 67 yn 6Ty, (5£yk)2 6Ty,
R YO} 5kyk B! YrOr O OF
=B (I~ = o I-=—"% 1+
% Yk Yk 0} Yk 5 Ui
(7 OrYL g7 ¥ r or0%
Ty ) F 6Ty, 6Ty,
T
(7 OryL (7. YL O 0T
Ty ) * & 6Tk
Eventually
T 7\ T T
kY oLy 5k5
Grn = (I— —= | G| I - == =
5k Yk 5k Yk 5k Yk

That is the iterative formula for G},

1.if Gy = I is positive definite, then Gy, is positive definite

Bk ykka !



2. satisfy d, = Gry1Ys
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