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2. Parameter Estimation for Multivariate Gaussian
Distributions

Question 2.1

Show that the density function of (10) with parameters 6 of (11)

N-1
o o . Tz, -1/2 _l B Tp-1 .
16:710)= I Griime exp {5 0n 12 R - )}
9 — [71'0, Ko, RO, ey TTK—1, MK -1y RK—l]

forms an exponential family with natural sufficient statistics given in (12), (13), and (14).
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If and only if we can write PDF in such a form below, T are the natural sufficient
statistics of the exponential family

1,3 10) = exp (i17(0) - T~ %(0)) - h(&, )

Where y = [yo,- -, YNn-1], & = |20, - Tn-1] and z,, € {0,---, K — 1} for
n=0--,N—1

Firstly, we rewrite the PDF of (11) in such a form, where §(z — k) represents such an
indicator function I,


af://n8
af://n9

1 V-1
-exp { -5 8(zn — k) tr (y, Ry, 'yn)
0
N

yn(s(mn - k)] - %MZR?M [Z 5(3311 - k)] }]

n=0

i
o

0

(i 7)™

i
[\&)
3
N
|
IF—‘ Tlvz
(==}

-€Xp { D) ( - Z yny ))
N-1
Ry Z Ynd(zn — k)] L e By i [Z o(z ] }]
n=0

MN

Let h(Z,y) = (2m) 2
to be

JERM*N g 10, - K—1} for n=0, - -,N—1 and exp <77T (0) T — ¢(9))

exp (777 (6) - T - w(m)
=11
k=0
1 N-1
-exp { - Etr (R,;l Z Yn¥p 6(2n — k))

N-1
Z Yno(zn, — k) ] ,u,IR];luk [Z Sz — k)] }]

n=0

_ Ny 1 _ - N, _
| Ri| 1/2) 'exp{ - Etr (RkltZ,k) + /‘;Rkltl,k — ?Nnglﬂk}

_ Z 3(zn—k)
(rim %)

+up R
K-1

=11
k=0

=exp (

1 1 _ _ -
=exp < [108; (mx) — Elog |Ri| — El/«kTRklﬂk] Ny + [pg Byt + n;ktZk)
P

/N

=

1 1 1
[log (k) — Elog |Ry| — EMZR,Qluk] Ny + [uZR,jl]tl,k + tr (—ERgltzk))

x>
Il
—_

=

1

Where 6 = [mo, po, Ro, -+, Tk 1, b1, Rx 1] and 4(6) = 0, and
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r;; represents the element in the i-th row and j-th column of the inverse matrix R!
{527,C is the corresponding rearranged form of ¢5 j,

. 1 1 _ _
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T = [Nk, t1g,tog fork=0,---, K — 1]



So, we prove that we can write PDF in such a form

f@@16)=exp (77 (6)- T~ (6)) - h(&,5)

Furthermore, the corresponding natural sufficient statistics are
T = [Nk,th,Eg,k fork=0,---,K — 1]



Question 2.2

Show that the ML estimate of 8 given (Y, X) is formed by the expressions in (15), (16),
and (17). (Hint: This is not easy. You will probably need some matrix trace identities from

a good text book.)
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solution

Let's write down the logarithm likelihood function, and only consider the @ part, ignore
h(Z, y)

log f(y, % | 0) = log [exp (ﬁT((?) T - ¢(9)) -h(Z, 73)] =17 (0) - T — 4(6) + const

With the derivation in Problem 2.1, we have
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Then consider the critical point 6 = 6 of the logarithm likelihood function under the
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Since we assume R,;l to be full rank, we conclude that from the second equation
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In the end, we conclude that ML estimate of € given (Y, X) is formed by the expressions

below
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3. Parameter Estimation for Gaussian Mixture Distributions

Question 3.1

Use the Matlab program mk data.m to create 500 samples from a Gaussian mixture with
M=2K=3,7m=[04,04,0.2]

:u’0:[272]T
pr=[-2,-2]"
pa = [5.5,2]"
and
1 0.1
Ry =
0.1 1
[ 1 -0.1
R =
Tl 1 }
(1 0.2
Ry =
0.2 0.5
solution

The generated data is displayed below:

Scatter Plot of Multimodal Data
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We generate data data.txt and labels 1abel.txt by running the following python script
mk_data.py
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The python script mk_data.py is







Question 3.2

Print out a scatter plot of the samples generated in step 1. Circle and label each of the
three clusters in the mixture distribution.

solution

The circled and labeled three clusters in the mixture distribution are displayed below, see
soln 3 2.png:

Scatter Plot of Multimodal Data

+ center of cluster 0 .
4- o= centerofclusterl /*
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first component

We circle and label each of the three clusters in the mixture distribution by running the
following python script soln_3_2.py, thus generate image soln 3 2.png
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The python script soln_3_2.py is




Question 3.3

Derive an explicit expression for P {Xn =k|Y =y, é} used in in the E-step

solution

We can write the conditional PDF with Bayesian formula
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Question 3.4

Implement the EM algorithm for computing the ML estimate of 6. Use the initial value for
fof m<« [1/3,1/3,1/3]

1 0
Ry = fork=0,1,2
0 1
and select 1, po, and p3 as the first three sample vectors produced in step 1 above.

solution

We implement the EM algorithm with Gaussian mixture Model in class

GaussianMixture of GMM.py

import numpy as np

from numpy import empty, eye, log, exp, square, pi, inf, squeeze,
amax, mean

from scipy.linalg import cholesky, solve triangular, LinAlgError

import warnings

class GaussianMixture (object) :
def init (self,
n _clusters=1,
tol=None,
max iter=1000,
weights init=None,
means_init=None,
precisions_init=None,
random state=None,
ignore converged=False) :
# random number generator instance controls the random seed
# used for the method chosen to initialize the parameters.
self.n clusters = n clusters
self.tol init = tol
self.max iter = max iter
self.weights init = weights init
self.means init = means init
self.precisions init = precisions init
self.random state = random state
self.ingore converged=ignore converged
self.converged = False

self.iteration mdl = []

def initialize params(self, X):

n samples, n features = X.shape


af://n73

self.tol = le-6 * ((1 + n features + n features*
(n_features+l)/2) / 100) \
* log(n_samples * n features) if self.tol init is None
else self.tol init
assert ((self.weights init is None) \
or (self.weights init.shape == (self.n clusters,)))
assert ((self.means init is None) \
or (self.means init.shape == (self.n clusters,
n features)))
assert ((self.precisions init is None) \
or (self.precisions init.shape == (self.n clusters,
n features, n features)))
if self.random state is None:
random state = np.random.mtrand. rand
if isinstance(self.random state, int):
random state = np.random.RandomState (random state)
if isinstance(self.random state, np.random.RandomState) :
random state = self.random state
resp = random state.rand(n samples, self.n clusters) # N*K
resp /= resp.sum(axis=1, keepdims=True)
weights, means, covariances =
self. estimate gaussian params (X, resp)
self.weights = weights if self.weights init is None else
self.weights init
self.means = means if self.means init is None else
self.means init
self.precisions cholesky =
self. compute precision cholesky (covariances) \
if self.precisions init is None else \
np.array ([cholesky (prec_init, lower=True)
for prec_init in self.precisions init])
self.covariances = covariances if self.precisions init is

None else None

def get parameters(self):
return (
self.weights,
self.means,
self.covariances,

self.precisions cholesky,

def set parameters(self, params):
(
self.weights,
self.means,
self.covariances,

self.precisions cholesky,



) = params

# Attributes computation

self.precisions = empty(self.precisions cholesky.shape)
for k, prec chol in enumerate(self.precisions cholesky) :

self.precisions[k] = prec chol @ prec chol.T

def n parameters(self):
"""Return the number of free parameters in the model."""
_, n_features = self.means.shape

cov_params = self.n clusters * n features * (n features + 1)

mean params = n_features * self.n clusters

return int (cov_params + mean params + self.n clusters - 1)

def compute log det cholesky(self, matrix chol, n features):
n clusters, , = matrix chol.shape
return np.sum(log(matrix chol.reshape (n clusters, -1)[:,

n_ features + 1]), 1)

def estimate log gaussian prob(self, X, means, precisions chol):
n samples, n features = X.shape
n clusters, = means.shape
# log(det (precision chol)) is half of log(det (precision))
log det = self. compute log det cholesky(precisions chol,
n features)
log prob = empty((n_samples, n clusters))
for k, (mu, prec_chol) in enumerate (zip (means,
precisions chol)) :
y = (X-mu) @ prec chol
log prob[:, k] = np.sum(square(y), axis=1)

return -0.5 * (n_features * log(2 * pi) + log prob) + log det

def estimate log prob(self, X):
"""Estimate the log-probabilities, log P(X | Z)"""
return self. estimate log gaussian prob (X, self.means,

self.precisions_cholesky)

def logsumexp (self, a, axis=None) :
a max = amax(a, axis=axis, keepdims=True)
tmp = exp(a - a max)
# suppress warnings about log of zero
with np.errstate (divide='ignore'):
s = np.sum(tmp, axis=axis)
out = log(s)

a max = squeeze(a max, axis=axis)












Question 3.5

Run 20 iterations of the EM algorithm, and print out the values of the estimated
parameters. Do the indices k of the estimated and true parameters correspond?

solution

The estimated clusters are shown below, see soln 3 4.png:

Estimated clusters after runing 20 iterations

== center of cluster 0
center of cluster 1

center of cluster 2

second component

first component

The values of the estimated parameters are printed as follows by running soln_3_4.py

script. Obviously, the indices k of the estimated and true parameters don't correspond

pli estimated:

[0.21477052 0.38189303 0.40333645]

mu estimated:

[[ 5.22579585

[ 2.01958642

R estimated:

[[[ 1.53730153

[ 0.22464551

[[ 0.95367803
[-0.23517409

[[ 0.96988047
[ 0.23086724

1.90021554]
[-1.84617794 -2.0906876 ]
1.95505247]]

.22464551]
.38172451]]

.23517409]
.93092094]]

.23086724]
.05438756]11]
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We run 20 iterations of the EM algorithm, and print out the values of the estimated
parameters by running the following python script soln_3_4.py, thus generate image
soln_ 3 4.png. The python script soln_3_4.py is

import sys
from os.path import join, abspath, dirname
sys.path.insert (0, dirname (dirname( file )))
import numpy as np
from numpy import ones, eye, array
import matplotlib.pyplot as plt
from src.GMM import GaussianMixture
from src.utils import plot data label, circle cluster,
plot cluster center
if name == "' main ':
path data = join(dirname (dirname (abspath( file ))),
'data/data.txt")
data = np.loadtxt (path data, dtype='float', delimiter=None)
n_samples, n features = data.shape
n clusters, n iterations = 3, 20
weights init = ones(n clusters) / n clusters
means_init = datal[:n clusters, :]
precisions_init = array([eye(n_ features) for i in
range (n_clusters)])
gm = GaussianMixture (n clusters=n clusters,
max iter=n iterations,
weights init=weights init,
means init=means init,
precisions init=precisions_init,
ignore converged=True)
gm.fit (data)
label pred = gm.predict (data)
weights, means, covariances, _ = gm. get parameters ()
print ("pi:\n{}\n".format (weights))
print ("mu:\n{}\n".format (means) )
print ("R:\n{}\n".format (covariances))
plot data label (data, label pred)
list (map(circle cluster, covariances, means, range(n_clusters)))
list (map (plot cluster center, range(n clusters), means))
plt.title ("Estimated clusters after runing {}
iterations".format (n iterations))
path save = join(dirname (abspath( file 1)), 'soln 3 4.png')
plt.savefig(path save,
bbox inches='tight',
pad inches=0)

plt.show ()



Question 3.6
Find the best correspondence of the true and estimated parameters, and print them out in

a tabular form comparing their values.

solution

We find the best correspondence of the true and estimated parameters with function
get_correspondece () insoln_3_6.py, then print them out in a tabular form comparing

their values.
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We run 20 iterations of the EM algorithm to get the values of the estimated parameters,
and find the best correspondence of the true and estimated parameters, and print them
out in a tabular form comparing their values by running the following python script
soln_3_6.py. The python script soln_3_6.py is

import sys

from os.path import join, abspath, dirname
sys.path.insert (0, dirname (dirname( file )))
import numpy as np

from numpy import ones, eye, array

import matplotlib.pyplot as plt

from src.GMM import GaussianMixture

def get correspondece (means esitimated, means true) :
n clusters = len(means_true)
means_e, means_t = means_esitimated, means true
def get correspondence (ind estimated, ind true):
if len(ind true) <= 1:
return ind estimated, ind true
record min = [np.inf, 0, 0]
for ind e, mean e in list(zip(ind estimated,
means_e[ind estimated])) :
distances = np.square (means t[ind true] -
mean e) .sum(axis=1)
ind = np.argmin (distances)
d min, ind t = distances[ind], ind true[ind]
if d min < record min[0]:
record min = [d min, ind e, ind t]
ind estimated new, ind true new = ind estimated.copy(),
ind true.copy ()
ind estimated new.remove (record min[1])
ind true new.remove (record min[2])
ind e correspond, ind t correspond = get correspondence (
ind estimated new,
ind true new)
ind e correspond.append(record min[1])
ind t correspond.append(record min[2])
return ind e correspond, ind t correspond
ind estimated, ind true =
_get correspondence (list (range (n_clusters)), list(range(n clusters)))
ind combine = list(zip(ind estimated, ind true))
ind combine.sort (key=lambda item: item[1])
indices estimated, = zip(*ind combine)

return list (indices estimated)

if name == ' main ':
path data = join(dirname (dirname (abspath( file ))),
'data/data.txt')

data = np.loadtxt (path data, dtype='float', delimiter=None)






4. Order Identification for Gaussian Mixture Distributions

Question 4.1

Use the data generated in problem 1 of the previous Section 3.
solution

In the code of soln_4_2.py, we read data from data.txt, and the corresponding part in
soln_4_2.py is

import sys

from os.path import join, abspath, dirname
sys.path.insert (0, dirname (dirname( file )))

import numpy as np

from numpy import ones, eye, array

import matplotlib.pyplot as plt

from src.GMM import GaussianMixture, OrderIndentification
from src.utils import plot data label, circle cluster, \

plot cluster center merged, plot cluster center

if name == ' main ':
path data = join(dirname (dirname (abspath( file ))),
'data/data.txt")

data = np.loadtxt (path data, dtype='float', delimiter=None)
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Question 4.2

Implement the MDL order estimation method as described above using and initial value
of K = 9. Use the initial value for 6 of 7 <— [1/9,---,1/9]

1 0
Ry, = fork=20,---,9
0 1

and select p1, po, - - -, fg as the first nine sample vectors produced in step 1 above. For
each value of K, run 20 iterations of the EM algorithm

solution

We implement MDL order estimation method with Gaussian Mixture Model in class

OrderIndentification of GMM.py

import numpy as np

from numpy import empty, eye, log, exp, square, pi, inf, squeeze,
amax, mean

from scipy.linalg import cholesky, solve triangular, LinAlgError

import warnings

class OrderIndentification (object) :
def init (self,

weights,

means,

covariances,

precisions cholesky) :
self.weights = weights
self.means = means
self.covariances = covariances

self.precisions cholesky = precisions cholesky

def compute merged params(self, 1, m):
weight = self.weights[l] + self.weights[m]
mean = (self.weights[l]*self.means[1] \
+ self.weights[m] *self.means[m]) / weight
dl = (self.means[l] - mean) [np.newaxis, :]
dm = (self.means[m] - mean) [np.newaxis, :]
covariance = self.weights[l] * (self.covariances[l] + dl1.T d
di)\
+ self.weights[m] * (self.covariances[m] + dm.T @ dm)
covariance /= weight

return weight, mean, covariance

def compute distance cluster(self, 1, m):
, _, covariance = self. compute merged params(l, m)

# log(det (cov _chol)) is half of log(det(covariance)), note L
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n features, @ = covariance.shape
cov_chol = cholesky(covariance, lower=True)
log det cov chol = log(cov chol.flat[:: n features +
1]) .sum()
log det precision chol 1 \
= log(self.precisions cholesky[l].flat[:: n features +
1]) .sum()
log det precision chol m \
= log(self.precisions cholesky[m].flat[:: n features +
1]) .sum()
return self.weights[l] * (log det cov chol +
log det precision chol 1)\
+ self.weights[m] * (log det cov chol +

log det precision chol m)

def merge (self):
d min = inf
n clusters = self.weights.shape[0]
if n clusters <= 1:
return
for 1 in range(n clusters-1):
for m in range(l+1l, n clusters):
d = self. compute distance cluster(l, m)
if (d < d min):
d min = d
ind cluster = [1, m]
self.l, self.m = ind cluster

self.weight merged, self.mean merged, self.covariance merged

= self. compute merged params(self.l, self.m)
n features, @ = self.covariance merged.shape
cov_chol = cholesky(self.covariance merged, lower=True)
self.precision chol merged \
= solve triangular(cov_chol, eye(n features),
lower=True) .T
self.weights = np.delete(self.weights, m, axis=0)
self.means = np.delete(self.means, m, axis=0)
self.covariances = np.delete(self.covariances, m, axis=0)
self.precisions cholesky =
np.delete (self.precisions cholesky, m, axis=0)
self.weights[l] = self.weight merged
self.means[1l] = self.mean merged
self.covariances[l] = self.covariance merged

self.precisions cholesky[l] = self.precision chol merged

def get params merged(self) :
return (
self.weight merged,
self.mean merged,

self.covariance merged,



self.precision chol merged,

def get index cluster merged(self) :

return (self.l, self.m)

def get parameters(self):
return (
self.weights,
self.means,
self.covariances,

self.precisions cholesky,

We test the MDL order estimation method in soln_4_2.py, for each value of
K =9,8,---,1,run 20 iterations of the EM algorithm. The python script soln_4_2.py is

import sys

from os.path import join, abspath, dirname

sys.path.insert (0, dirname (dirname( file )))

import numpy as np

from numpy import ones, eye, array

import matplotlib.pyplot as plt

from src.GMM import GaussianMixture, OrderIndentification

from src.utils import plot data label, circle cluster, \
plot cluster center merged, plot cluster center, \

plot iteration mdl, plot list mdl

if name == ' main ':
path data = join(dirname (dirname (abspath( file ))),
'data/data.txt')
data = np.loadtxt (path data, dtype='float', delimiter=None)
dict gm, list mdl, iteration mdl = {}, [], []
n samples, n features = data.shape
n clusters init, n iterations = 9, 20
weights init = ones(n clusters init) / n clusters init
means_init = data[:n clusters init, :]
precisions init = array([eye(n features) for i in
range (n_clusters init)])
for k in range(n_clusters init, 0, -1):
dict gm[k] = GaussianMixture (n clusters=k,
max iter=n iterations,
weights init=weights init,
means init=means init,
precisions_init=precisions_init,
ignore converged=True)
dict gm[k].fit (data)
iteration mdl += dict gm[k]. get iteration mdl ()
# assert (dict gm[k].converged)

list mdl.append((k, dict gm[k].mdl (data)))



orde

order = OrderIndentification (*dict gm[k]. get parameters())
order.merge ()
weights init, means init, , precisions init =
r. get parameters()
# predict and plot merged clusters
label pred = dict gm[k].predict (data)
plot data label (data, label pred)
plt.title ("Estimated {} clusters after runing {}

iterations".format (k, n_iterations))

orde

_, Mmeans, covariances, _ = dict gm[k]. get parameters/()
list (map (circle cluster, covariances, means, range(k)))
if k >= 2:
1, m = order. get index cluster merged()
mean 1, mean m = means[l], means[m]
_, mean merged, covariance merged,
r. get params merged()

circle cluster (covariance merged, mean merged, k,

linestyles='dashed"')

plot cluster center merged(l, m, k, mean 1, mean m,

mean merged)

{}".

img name = 'soln 4 4 cluster' + str(k) + '.png'
path save = join(dirname (abspath( file )), img name)
plt.savefig(path save, bbox inches='tight',
pad_inches=0)
plt.show ()
plot iteration mdl (iteration mdl)
path save = join(dirname (abspath( file 1)), 'soln 4 4.png')
plt.savefig(path save, bbox inches='tight',
pad_inches=0)
plt.show ()
plot list mdl (list mdl)
path save = join(dirname (abspath( file 1)), 'soln 4 5.png')
plt.savefig(path save, bbox inches='tight',
pad_inches=0)
plt.show ()
n clusters, mdl = min(list mdl, key=lambda item: item[1])
label pred = dict gm[n clusters].predict (data)
plot data label (data, label pred)
plt.title ("Estimated clusters with order indentification K=
format (n_clusters))
_, Mmeans, covariances, _ = dict gm[n clusters]. get parameters/ ()
list (map(circle cluster, covariances, means, range(n clusters)))
list (map (plot cluster center, range(n clusters), means))
path save = join(dirname (abspath( file 1)), 'soln 4 6.png')
plt.savefig(path save, bbox inches='tight',
pad _inches=0)

plt.show ()



Question 4.3

Implement a Matlab subroutine that computes the MDL criteria for specified values of
K,0,andy

solution

We implemented MDL in the method md1 () of class GaussianMixture in GMM.py

The corresponding codes in class GaussianMixture are

def mdl (self, X):
return -self.score(X) + 0.5 * self. n parameters() *

log (X.shape[0] * X.shape[l])

def n parameters (self):
"""Return the number of free parameters in the model."""
_, n_features = self.means.shape

cov_params = self.n clusters * n features * (n features + 1)

mean params = n_features * self.n clusters

return int (cov_params + mean params + self.n clusters - 1)

def compute log det cholesky(self, matrix chol, n_ features):
n clusters, , = matrix chol.shape
return np.sum(log(matrix chol.reshape (n clusters, -1)[:,

n features + 1]), 1)

def estimate log gaussian prob(self, X, means, precisions chol):
n samples, n features = X.shape
n clusters, = means.shape
# log(det (precision chol)) is half of log(det (precision))
log det = self. compute log det cholesky(precisions chol,
n_ features)
log prob = empty((n_samples, n clusters))
for k, (mu, prec chol) in enumerate (zip (means,
precisions chol)) :
y = (X-mu) @ prec_chol
log prob[:, k] = np.sum(square(y), axis=l)

return -0.5 * (n features * log(2 * pi) + log prob) + log det

def estimate log prob(self, X):
"""Estimate the log-probabilities, log P(X | Z)"""
return self. estimate log gaussian prob (X, self.means,

self.precisions cholesky)
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Question 4.4

Plot the value of MDL given in (35) as a function of the total number of EM iterations.

N-1 K-1
1
MDL(K,0) = — ) _log (Z Py,fo, (Yn | Gk)m) + 5 Llog (NM)
n=0 =0

For each EM iteration, you should plot the value of the MDL criteria after the iteration is
complete. In addition, if the EM iteration is followed by a cluster merging, then you
should also plot the value of the MDL criteria after the clusters are merged, and the
parameters are updated according to (36), (37), and (38).

T(m) = T+ Tm

— 7A'rlﬂl"’7A'rmllm
/‘L(l,m) - 7A"l+7ATm
N ra ~ ~ T N 2 ~ N T
R _ Wz(Rz+(ul—u(z,m))(M—u(l,m)) )+ﬂm(Rm+(um—u(z,m))(um—uu,m)) )
(Lm) = T+ Tm

Noticed that for cluster merging iterations, there will be two ordinate points plotted.
Mark the locations on the plot that correspond to the merging of clusters

solution

We plot the value of MDL given in (35) as a function of the total number of EM iterations,
and also plot the value of the MDL criteria after the clusters are merged by running the
python script soln_4_2.py

MDL criteria vs. EM iterations

A MDL minimum: 1904.41
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For cluster merging iterations, there are two ordinate points plotted. We mark the

locations on the plot that correspond to the merging of clusters

Estimated 1 clusters after runing 20 iterations

second component

) first component | ) )
Estimated 3 clusters after runing 20 iterations
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Estimated 5 clusters after runing 20 iterations
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Estimated 2 clusters after runing 20 iterations
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Estimated 4 clusters after runing 20 iterations
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Estimated 6 clusters after runing 20 iterations
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second component

second component

Estimated 7 clusters after runing 20 iterations
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Estimated 9 clusters after runing 20 iterations
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Estimated 8 clusters after runing 20 iterations
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Question 4.5

Plot the MDL value versus K. For each value of K ranging from K =1 to 9, plot the
minimum value of the MDL obtained for that number of clusters. Label the value of K
corresponding to the minimum observed value of MDL

solution

We plot the minimum value of the MDL obtained for that number of clusters, and label
the value of K corresponding to the minimum observed value of MDL with python script
soln_4_2.py

MDL criteria vs. number of clusters K
2150 -

A K 3, MDL minimum: 1904.41

2100 -

2050 -

MDL

2000 -

1950 -

1900 -

1 2 3 4 5 5] 7 8 9
number of clusters K

We obtain the minimum observed value of MDL 1904.41 when the number of clusters
K=3
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Question 4.6

Does the estimated value of K correspond to the true value of K = 3?
solution
Yes, the estimated value of Kis exactly the true value K = 3

The final predicted results with the minimal MDL value are shown below

Estimated clusters with order indentification K=3

+ center of cluster 0
q + center of cluster 1
+ center of cluster 2

second component
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