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Question 3.2.3



2.1 MAP Estimation with Gaussian Priors

Question 2.1.1

Show that for the distribution of (2)
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the normalizing constant has the form 2(g, p, o) = 2(g, p, 1) where N is the number of
lattice points (i.e. pixels).

solution

Let o = 1in (2), then we get the probability distribution
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Compare them, we have
z(g,p,0)
O'—N = z(g,p, 1)
N

Thus, we prove z(g, p, o) = 2(g,p, 1)o
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Question 2.1.2

Use the result of equation (5) to derive the ML estimate of o” shown in (12).
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solution

Write down the log likelihood function

N Z{Z’ jyec 9i,§1%i — zi|” 1
_ Py _ ’ = _
log (p(z)) = ——-log (o”) > — —log(2(g,p,1))
Then, Let the derivative to be zero
Olog (p(z)) e N D gigyecgiilei — il 1] .
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So, we prove that (12)
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Question 2.1.3

Compute the noncausal prediction error for the image img04.tif (should be img04g.tif )

€ = Tj— E 9i—jTj

je

and display it as an image by adding an offset of 127 to each pixel. Clip any value
which is less than 0 or greater than 255 after adding the offset of 127.

solution

The causal prediction error + 127 is displayed below:

By running the following program soln_2_1_3 with

./soln 2 1 3 imgO4g.tif
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The corresponding function in map.c is

void compute predict error( struct TIFF img *img, \

int32 t
intle t

struct TIFF img *img error ) {
**img in, **img out;

W, H;

/* allocate memory */

W =

get TIFF( img error, H, W,

img in
img out

/* copy

img-

>width; H = img->height;
'g' )i
= (int32 t **)get img(W, H, sizeof (int32 t));
= (int32 t **)get img (W, H, sizeof (int32 t));

to array */

for (intl6 t i = 0; i < H; i++ ) |

for

}

(intl6 t j = 0; j < W; j++ ) {

img in[i][j] = img->mono[i] [j];

/* compute the error for each pixel of input image */

for (intlée t j = 0; j < W; j++) { img out[0][]j] =0;
for (intle t j = 0; j < W; Jj++) { img out[H-1]1[3j] =0;
for (intlée t i = 0; i < H; i++) { img out[i] [0] =0;
for (intl6é t 1 = 0; 1 < H; i++) { img out[i] [W-1] =0;
for (intl6e t 1 = 1; 1 < H-1; i++ ) {
for (intl6e t j = 1; Jj < W-1; j++ ) {
img out[i][j] = 12*img in[i][3] \
- 2*img in[i] [j-1] - 2*img in[i] [j+1];
}
}
for (intlée t i = 1; i < H-1; i++ ) {
for (intlé6 t j = 1; j < W-1; Jj++ ) {
img_out[i] [§] -= 2*img_in[i-1][3] \
+ img in[i-1]1([j-1] + img in[i-1][j+1];
}
}
for (intlé t i = 1; i < H-1; i++ ) {
for (intl6 t j = 1; J < W-1; Jj++ ) {

img out[i][j] -= 2*img in[i+1][j] \
+ img in[i+1][Jj-1] + img in[i+1][j+1];
img_out[i][§] /= 12;
img out[i] [j] += 127;
img out[i] [J] = (img out[i][j] < 0)? \

> 255)? 255: img out[i] [j]);






Question 2.1.4

Compute &)1, the ML estimate of the scale parameter o for values of p in the range
0.1 < p < 2. Do not include cliques that fall across boundaries of the image.

Plot 651, (not &g/_, 1) versus p for p ranging from 0.1 to 2.
solution

By running the following program soln_2_1 4 with, to export the computed prediction
errors to soln_2 1 4.csv

./soln 2 1 4 imgO4g.tif

Then visualize the results of prediction errors with python script vis_2_1 _4.py
om. versus p for p €[0.2, 2.0] p=2.0 6 =16.9529
16 - —@— ML estimate am
14 -
12 -

10 -

EIF;:T L
co

p=0.2 om. =0.172

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
p
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The corresponding function in map.c is

double estimate sigma x ( struct TIFF img *img, double p ) {
int32 t **imgl, **img2, N;
intl6 t W, H;
double sigma x = 0;
/* allocate memory */
W = img->width; H = img->height; N = W * H;
imgl = (int32 t **)get img (W, H, sizeof (int32 t));
img2 = (int32 t **)get img (W, H, sizeof (int32 t));
/* copy to double array */

for (intl6 t i = 0; i < H; i++ ) |

for (intl6_t j 0; J < W; j++ ) {

imgl[i] [J] = img->mono[i][j];

img2[i] [J] = img->mono([i][j];

}
/* computer the ML estimate for sigma x */
for (intl6e t 1 = 1; i < H-1; i++ ) {
for (intlé t j = 1; J < W; j++ ) {
sigma x+= pow (fabs (imgl[i] [J]-imgl[i][Jj-1]), p)/ (6*N);

}
for (intl6e t 1 = 1; 1 < H-1; i++ ) {
for (intlé t j = 1; j < W-1; Jj++ ) {
sigma x+= (2*pow (fabs (imgl[i] [j]-img2[i-1][J]), p)\
+ pow (fabs (imgl[i] [j]-img2[i-1][j-1]), p) \
+ pow (fabs (imgl[i] [j]-img2[i-1] [j+1]), p))/ (12*N);

}
for (intl6 t j = 1; j < W-1; Jj++ ) {
sigma x+= (2*pow (fabs (imgl[H-2][j]-img2[H-1]1[j]), p) \

+ pow (fabs (imgl [H-2] [J]-img2 [H-1] [J-1]), p) \
+ pow (fabs (imgl [H-2] [j]-img2 [H-1] [j+1]), p))/(12*N);

}

/* free up the allocateed memory */

free img( (void**)imgl );

free img( (void**)img2 );

return pow(sigma x, 1/p);



The visualization code vis_2_1_4.py is

import matplotlib.pyplot as plt
import csv
from os.path import join, abspath, dirname

from math import floor, ceil

if name == " main ":
list pow, list sigma = [], []
path csv = join(dirname (dirname (abspath( file ))),

"bin/soln 2 1 4.csv")
with open(path csv, newline=''") as file csv:
reader = csv.DictReader (file csv, delimiter=',")
for row in reader:
list pow.append (float (row["pow"]))
list sigma.append(float (row["sigma"]))
plt.plot (list pow, list sigma, 'bo-',\
label=r'ML estimate $\hat{\sigma} {ML}S$', 1lw=0.7)
plt.xlabel (r'Sps')
plt.ylabel (r'S${\hat{\sigma}} {ML}$', multialignment='center')
plt.title(r"S$\hat{\sigma} {ML}$ versus $p$ for S$p\ins$"\
+ £"[{min(list pow)}, {max(list pow) }]")
plt.margins (0, O0)
plt.xlim([min(list pow), max(list pow) ])
ylim min,ylim max=floor (min (list sigma)),ceil (max(list sigma))
plt.ylim([ylim min, ylim max])
plt.text (0.2*min(list pow)+0.8*max (list pow), max(list sigma), \
r'Sp=S$'+f'{max (list pow) }'+r' $\hat{\sigma} {ML}=S5'\
+ str(round (max(list sigma), 4)),\
ha='left', wva='bottom', color='r")
plt.text (0.9*min(list pow)+0.l*max (list pow), min(list sigma), \
r'S$p=$'+f'{min (list pow) }'+r' S\hat{\sigma} {ML}=$'\
+ str(round(min(list sigma), 4)),\
ha='left', wva='bottom', color='r")
plt.grid(True)
plt.legend()
path save
=join (dirname (dirname (abspath( file ))),"bin/soln 2 1 4.png")
plt.savefig(path save,
bbox inches='tight',
pad inches=0)
plt.show ()



2.2. MAP Estimation with Gaussian Priors

Question 2.2.1

Show that the cost function of (15) is strictly convex
solution

Find the Hessian derivative of ¢(x) with respect to x;

0 1 1
6 (; — ~9 I+ —2B
L; wj o‘W o

Since both I, B are positive definite, so the Hessian of ¢(x) is also positive definite

So, the (15) is strictly convex
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Question 2.2.2

Derive equations (17) and (18) for the joint MAP estimation of x and a%,v

c(z) = ! Z (yi — .’B@-)2 + % Z gij(zi — xj)2

o 2
2o-W ieS z {i,j}eC

solution

write down the negative likelihood function — log (p(z | y)) = c(z) — const with
respect to x

let the derivative with respect to a%,v, ZtobeO,

dlog (p(z | y)) 1 2 \2
— 2 A2 g a— ————— i — &;) + =0
ao_%v |0W Oy HT=T 2(6'%[/)2 ZGZS (yz z) 26'%[/
dlog (p(z | y)) _ Oc(z)
o O ‘U%,V:&%V,m:i_ O ‘U%V:&%V,m:i
(3 1
1 . 1 .
)+ Y e
Ty 9z jcoi
N (yi — &) 1 X
- U} Zgi,jwi
Zies (yz - CUz) T jcdi
The second equation is too complex for &;,7 = 1, - - -, N, to give the close form solution

From the first equation, we solve the &%,V as follows (17), and derive the equation (18)

. 1 .
U%V: WZ(%—%)z

€S

We assume the second equation the derivative of new c(z) with respect to x; at

z; = Z;,1=1,---, N (note c¢(x) only depends on x, NOT depends on J%V)
Oc N (yi — 113@) 1
= + = D GiiTi
O SiesWi—m:)? 9% i

We can easily verify that such ¢(z) of (19) satisfy the equations for derivatives above

c(z) = %log (Z (yi — m2)2> + 212 Z 9i(z; — a:j)2

ics Tz (izrec
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and whenz = &, 2= |,_; = 0 and the new c(z) reaches the minimal ¢(z)|,_;z, then we

prove (18)

5 . J N !
Z = argmin { 710g (Z (yi — xz)2> + 952 Z 9ii(®i — wj)2}

icS Tz fifrec

So, we prove (17), (18) above



Question 2.2.3

Does the application of update (20) followed by (21) reduce the cost function of (19)?
Why?

c(x) = %log (Z (yi — afi)z) + % D gij(wi — )’

€S z {i,jteC

1 .
&y < NZ(yi_xi)z

Ishy

. : 1 . 1 L.
x<—argml}n{2A2 Z(yi—xi)2+2—2 Z gi,j(wi-’ﬂj)z}

Ow ics Oz {i,5}€C

solution

Let's consider the ¢(x) values for k-th iteration and (k + 1)-th iteration

Denote the value of £, 52, at k, (k + 1)-th iterations by #(*), (*+1) and &%,V(k), &%V(kﬂ)

We introduce the Auxiliary function A(z, 0%,), f(z, 0%, )as follows:

Aty = Y [ ¥ Vs Wim2)® ( & Lo (1~ =) )1

2
Ow

Z%log (Z (yi — wz‘)z) + 21 Z gij(zi — ;)

2
icS Tz (ijrec
1 N 2 2
+2 5 Z(yz xz) _?log Z(yz xz) +710g (UW)
Ow ics €S
N N
2 Dog(N
5 T 5 log (V)
1 2 1 2
= 3.2 > (yi— i) t o7 > i@ — )
oW ies o (ijyec

+ {%log (o%y) — Ny Elog (N)]

2 2
Notice thatt — 1 —log (¢) > 0,7t > 0, and onlywhent =1,t — 1 —log () = 0

So, A(z, U%V) > 0, only when a%V = % D ies (Wi — xi)2, we have A(z, 0‘%}[/)=0
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step 1: fix 0‘%,V = &%V(kﬂ) , find z for the minimal value of f(z,o%,)

2(k+1) — 2 (b))

argmin f(x, o3y
x

. 1 2 1 2
argm;n{mZ(w—wi) toy D il ) }

~2
Ow €S Tz {i,j}eC

2
Notice that &%,V(kﬂ) = % > ics (yz - Cffz(k)) , s0 we have A(i"(k)a &%/[/(kﬂ)):o
£@®,63, ) = @) + A@®, 53, ") = (&)
Thus

F@E, 535 < 1@W, 68, ") = (@)

step 2: fix z = £* | find o2, for the minimal value of f(z,o%;)

&%,V(kﬂ) = arg min f(z, &%/(k)) = arg min A(z, &%V(k))
7> (w—al)

= AT Yi — &,
N €S

2
And notice that A(2*¥), 62,) > 0, only when 0%, = &%V(kﬂ) =+ Y (yl — :cgk)) ,

we have A(#*), &%,I,(kﬂ)):O

c(@W) = (2", o%y) — A@EY, o)
(

Thus, we have

In the end, combine step (1), (2), we proved that

So, we have

C(QAZ(kH—l)) < f(i(k+1),a'%,[/(k+1)) < C(Zi'(k)) < f(a?(k),&%v(k)) < C(i(k_l))

We prove that the application of update (20), (21) reduce the cost function ¢(z) of (19)



Question 2.2.4

Let (z, &%,V) denote the exact solution to the optimization of equation (16). Is &%V the ML
estimate of a%,V ? Is it the MAP estimate? Justify your answer

(:%,&%,V) = argmax {pX|Y (33 |y, 0 %v)}

z,05,
= argmax {logp (y | z, o) + logp(z) }
z,0%
solution

Let's consider ML estimate

the MAP estimate &%,V should be, since  and J%,V are independent

52, = arg max {pU%v (O’%;V) }

Tw

So, we conclude: &%,V is NOT ML estimate

Let's consider MAP estimate

the MAP estimate &%,V should be, since x and O'%V are independent

Gy = argmax {pagv|x,y (o | 2, y)}
Tw

— argmax {logp (y | z,oiy) + logp(z) + log p(aiy) — log (p(z,v))}
Tw

= argmax {logp (y | z, o) + logp(z) +logp(oyy) }
hi

We have to add one more one more term log (p(o%v)) during the MAP estimation,
compared with (16)

So, we conclude: 63, is NOT MAP estimate
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2.3. MAP Estimation with Gaussian Priors

Question 2.3.1
Show that the costs resulting from ICD updates forms a monotone decreasing sequence
that is bounded below.
1 2, 1 2
c(z) = 52 (i — )’ + 57 > gij(zi— )
Ow ‘ies Tz {i,5}eC

Treat 0%4/ as a constant in (15) cost function ¢(xz), then update z; < x
where the updated value x; in the k-th iteration is denoted by x

()

1

azgk) = max {O,arg min ¢ ({wgk) | < i}, {wgk_l) i< J})}

(k)

1

as follows,

( 4 2 2 N\ )
k k—1
> gi,j(zci — a:; )) + > gi,j(CCi — azg ))
2 Jjeoi jedi
) (i — ) j<i i<j
= max ¢ 0,argmin < >
z; 20'%{/ 20’%
\ \ ) )
( 3\
2 k k—1
yit 2| Y gigr) + Y gy
| jeoi jEbI
j<t 1<J
= max < 0, - >
(o2
1+ 02:
\ J
solution

(

7

Let's denote the cost function with the latest x

k)

values in the k-th iteration by ¢

(k)

7

P =c({2 i< b e 2V i< }) = e ({2 i< 2 i< )

Our goal is to prove following statements:

(i) cg ) is a monotone decreasing sequence for any fixed k-th iteration

k) <---<c§k)

Y Sy << <o) <

DN

(ii) {cl(-k)}f\il is smaller than {cl(.k_ P
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Cgk) < Cg\kr:—l)

()

(iii) For any k, 4 , the value of ¢, is bounded below, with low bound L

c(k) > L

1 iy

Let's start to prove (i), (ii), (iii)

(F)

(i)(ii) consider c" and ¢\

i

o} (k) (k—1)
yit o | 2 9ty + X 9ig;
case 1: Jeobi Jeoi
71<t 1<]

2
o

1+ &
o}

:vgk) = arg nii_nc ({x;k) | § < i}, i, {xﬁk_l) i< J})

So, we have

o = ({2l | j<ital {2V i< ) < ({2l |5 <ibai ol i< j})

(k—1)

i

Let the right hand side z; = =

cgk) <c ({a:gk) | j < i}, mgk_l), {J:g.k_l) |1 < ]}) = Cz('li)1

(k)

Similarly, if 2 = 1 for ¢; ', we proved that under cases 1

Cgk) < cgl\?—n
2 k k—1
yi+ 4[> gi,jib’; '+ gi,wa- )
case 2: “ | jeoi jeoi
i<t : 1<j <0
1+ %
a:l(k) =0

Then we verify that ¢ ({xgk) | j < i}, zi, {:ng.k_l) |3 < j}) is strictly increasing for



de ({ajgk) | j <i}, g, {azg.k_l) |3 < j})

d:ci
( )
o3 (k—1
yit 2| T gl + Y gigalY
| jeodi j€bi
0'33 + O'%V g<zz z<jZ
= T< T — g > >0
\ J
So, we have
xl(.k) =0< a:z(.k_l)

¥ =c(fal? i< it eV i< qt) <e (ol i< ib =V i< ) =)
(k)

Similarly, if : = 1 for ¢, ™, we proved that under cases 2

(k—1)

Cgk) < cy

Combine case (1)(2), we prove (i)(ii), thus we prove that the costs resulting from ICD
updates forms a monotone decreasing sequence

B < o® <o < << )

Cgk) < cgl\;—l)

{cz(.k) N | is smaller than {c b N

And notice that 02,02 > 0,g;; > 0
(k) _ &) | . . (k-1) | . _ .
¢ :c({xj | j < i} {z; ]'L<]})
k k k k1)) 2
N P P ELy)

j<t z<]

20%,V 2‘7%

So, cl(.k) is bounded below, with low bound L = 0, we prove (iii)



Question 2.3.2

Show that any local minimum of the cost function of (15) is also a global minimum.

1 2 1 2
c(z) = 52 (i —xi) + 57 > gijlxi — ;)
W ieS z {i,j}eC

solution
Treat o3, as a constant in (15) cost function ¢(z)

Find the Hessian matrix of ¢(x) respect to

0? 1 1
T i
xT; :Ej a'W 0

Where I and B are both positive definite, so the Hessian must be also positive definite
So, c¢(x) is convex with respect to z for any Vz

Thus, we prove that any local minimum of the cost function of (15) is also a global
minimum for
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Question 2.3.3

use the monochrome image img04.tif as  and produce a noisy image y by adding i.i.d.
Gaussian noise with mean zero and O'%V = 162. Approximate y by truncating the pixels to
the range [0, - - - 255]. Print out the image Y.

solution

By running the following program soln_2_3_3 with, to export the noisy image to
soln_2 3 3.tif

./soln 2 3 3 imgO4g.tif
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The corresponding function in map.c is




Question 2.3.4

Compute the MAP estimate of X using 20 iterations of ICD optimization. Use 02 = 62

the ML estimate of the scale parameter computed for p = 2, and J%V — 162. Print out the
resulting MAP estimate.

solution

By running the following program soln_2_3 4 with, to export the resulting MAP estimate
image to soln_2_3 4.tif and the cost function to soln_2_3 4.csv

./soln 2 3 4 soln 2 3 3.tif
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The corresponding function in map.c is







Question 2.3.5

Plot the cost function of (14) as a function of the iteration number for the experiment of
step 4.

solution

Then visualize the results of cost functions in soln_2_3 4.csv with python script

vis_2_3 4.py
cost function c(x) of ICD optimization
320000 -
! —8— cost c(x)
300000 4 jteration = 0
c(x) = 308257
280000 -
260000 -
X
L]
240000 -
220000 - —
Iteration = 20
c(x) = 195226
200000 -
]_B[:IDD{:I T 1 1 1 1 1 1 1 1 1 i
0 2 4 6 8 10 12 14 16 18 20

iteraton of ICD optimization

The corresponding function in map.c is

double compute cost (double **img y, double **img x, \
intl6 t W, intlé6 t H,\
double sigma w, double sigma x) {
double **img t;
double cost = 0.0;
/* allocate memory */
img t = (double **)get img(W, H, sizeof (double)):;
/* copy to double array */
for (intl6 t 1 = 0; 1 < H; 1i++ ) |
for (intlé t j = 0; j < W; J++ ) {
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The visualization code vis_2_3 4.py is

import matplotlib.pyplot as plt

from matplotlib.ticker import MaxNLocator
import csv

from os.path import join, abspath, dirname
from math import floor, ceil, loglQ

def plot cost (path csv, path img):

list iter, list cost = [], []

path csv _full = join(dirname (dirname (abspath( file ))),
path csv)

with open(path csv _full, newline='') as file csv:

reader = csv.DictReader (file csv, delimiter=',")
for row in reader:
list iter.append (int (row["iteration"]))
list cost.append (float (row["cost"]))
plt.style.use('ggplot')
ax = plt.figure() .gca()
ax.xaxis.set major locator (MaxNLocator (integer=True))
plt.plot(list iter, list cost, 'bo-', \
label=r'cost $c(x)$', 1lw=0.7)
plt.xlabel ('"iteraton of ICD optimization')
plt.ylabel (r'Sc(x)$', multialignment="'center')
plt.title(r"cost function S$Sc(x)$ of ICD optimization")
plt.margins (0, 0)
plt.xlim([min(list iter), max(list iter)])
delta = 10 ** (floor (logl0 (max(list cost)))-1)
ylim min, ylim max = delta* (floor (min(list cost)/delta)-1), \
delta* (ceil (max (list cost)/delta)+1)
plt.ylim([ylim min, ylim max])
plt.text (0.2*1list iter[0]+0.8*1list iter[-1], \
list cost[-1]+delta,\
'iteration = ' + f'{max(list iter)}\n' + r'Sc(x)=$' \
+ str(round(list cost[-1])), \
ha='left', va='bottom', color='r"')
plt.text (0.95*1ist iter[0]+0.05*1ist iter([-1], \
list cost[0]-2*delta, \
'iteration = ' + f£f'{list iter[0]}\n' + r'Sc(x)=$"' \
+ str(round(list cost[0])), \
ha='left', va='bottom', color='r"')
plt.grid(True)
plt.legend ()






Question 2.3.6

Repeat step 4 for 02 = 5 - 62, and 02 = (1/5) - 62
solution

By running the following program soln_2_3_6 with, to export the resulting MAP estimate
image to soln_2_3 6a.tif, soln_2_3 6b.tif, and the cost function to soln_2_3_6a.csv,
soln_2_3_6b.csv for foro2 =5-62,and o2 = (1/5) - 62 respectively

./soln 2 3 6 soln 2 3 3.tif

The left image is the resulting MAP estimate image for 02 = 5 - 62, and the right image is
the one for o2 = (1/5) - 62
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Then visualize the results of cost functions in soln_2 3 6a.csv, soln_2_3 6b.csv with
python script vis_2_3_6.py

The left image is the cost functions for ai =5 &i, and the right image is the one for
2 ~2
Oz = (1/5) "0y
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2.4. MAP Restoration from Blurred/Noisy Image with Gaussian
Prior

Question 2.4.1

Use the monochrome image img04.tif as X and produce a blurred and noisy image Y. To
do this, first apply the blurring filter of (22) with circular boundary conditions; then add
noise with a variance of a%,V = 42, Approximate Y by truncating the pixels to the range
[0, - - -, 255]. Print out the image Y

solution

By running the following program soln_2_4 1 with, to export the blurred and noisy image
tosoln_2 4 1.tif

./soln 2 4 1 imgO4g.tif
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The corresponding function in map.c is

void add blur noise( struct TIFF img *img, \

struct TIFF img *img noisy, double sigma w )
int32 t **img out, **img in, **img t;
intl6 t W, H;
/* allocate memory */
W = img->width; H = img->height;
get TIFF( img noisy, H, W, 'g' );

img out = (int32 t **)get img (W, H, sizeof (int32 t));
img in = (int32 t **)get img (W, H, sizeof (int32 t));
img t = (int32 t **)get img (W, H, sizeof (int32 t));

/* copy to array */
for (intlé6 t i = 0; i < H; i++ ) {

for (intlé t j = 0; j < W; j++ ) {

img out[i][j] img->mono[i] [J];

img in[i][j] img->mono[1i] [J];

img t[i]1[j] = img->mono([i][j];

}
/* blur the image */
for (intl6 t 1 = 2; 1 < H-2; i++ ) {
for (intlé t j = 2; j < W-2; Jj++ ) {
img t[i][]J] *= 3;
img_t[i][3] += 2*(img_in[i][Jj-1] + img_in[i][j+1]1)\

+ img in[i] [j-2] + img in[i] [J+2];

}
for (intlée t i = 2; 1 < H-2; i++ ) {
for (intlé6 t j = 2; J < W-2; Jj++ ) {
img_out[i][§] *= 3;
img_out[i] [§] += 2*img t[i-1][j];

}
for (intlé t i = 2; i < H-2; i++ ) {
for (intl6 t j = 2; Jj < W-2; Jj++ ) {
img out[i][J] += 2*img t[i+1][]];

}
for (intlée t i = 2; i < H-2; i++ ) {
for (intle t j = 2; j < W-2; j++ ) {
img out[i][j] += img t[i-2]1[3];

{






Question 2.4.2

Compute the MAP estimate of X using 20 iterations for coordinate decent optimization
with Ji = 6% the ML estimate of ai forp = 2, and cr%,V = 42, Print out the resulting MAP
estimate.

solution

By running the following program to export the resulting MAP estimate image to
soln_2 4 2.tif and the cost function to soln_2 4 2.csv

./soln 2 4 2 soln 2 4 1.tif

We have 2 versions of ICD with blurred image, one is easy must take longer time
complete ICD iterations; the other complex version take shorter time. The second row in
the table indicates Time cost for 20 iterations of ICD Algorithm with Blurring Filter, and
cost function computation for each iteration.

EASY VERSION COMPLEX VERSION

function name in map.c iter ICD blur iter ICD blur quick

Time cost (second) 4.4384 0.7905
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The corresponding function for ICD with Blurring filter in map.c is (easy version, takes
longer time)

void iter ICD blur (double **img y, double **img x, \
intlé t W, intl6 t H,\
double sigma w, double sigma x) {
double **img t, **img hy, **img h2x old, **img gx old;
double **img h2x, **img gx;
double ratio = (sigma x / sigma w) * (sigma x / sigma w);
/* | |H| |72 the sum of all elements in blurring filter H */
double H2 = (1*1 + 2*2 + 3*3 + 2*2 + 1*1) / 81.0;
H2 *= H2;
/* allocate memory */
img t = (double **)get img (W, H, sizeof (double));
img hy = (double **)get img (W, H, sizeof (double));
for (intl6 t i=0; i < H; i++) {
for (intlé6 t j=0; j < W; j++ ) {
img_t[i][j] = img x[i][J];

}
/* assign H * y to img hy */
conv_array H(img y, img hy, W, H);
/* ICD with blurred image */
for (intl6 t i=2; i < H-2; i++) {
for (intl6 t j=2; j < W-2; Jj++) {
img t[i][j] = (ratio*(img hy[i][J]\
- point conv H2(img t,i, j, W, H) + H2*img t[i][j]) \
+ point conv G(img t, i, j, W, H)) / (ratio*H2+1);
img_t[i][3] = (img_t[i][]j] < 0)2\
0: (img t[i][3] > 255)2\
255:img t[i][]J];

}
/* assign update the img x */
for (intl6 t 1 = 2; 1 < H-2; i++ ) {
for (intl6 t j = 2; J < W-2; Jj++ ) {
img x[i][J] = img_t[i][]];

}
/* de-allocate memory */
free img( (void**)img t );

free img( (void**)img hy );






The corresponding function for ICD with Blurring filter in map.c is (complex version,
takes shorter time)

void iter ICD blur quick(double **img y, double **img x, \
intl6 t W, intle6 t H,\
double sigma w, double sigma x) {
double **img t, **img hy, **img h2x old, **img gx old;
double **img h2x, **img gx;
double **reg up = (double **)get img(W, 4, sizeof (double));
double **reg low = (double **)get img(W, 4, sizeof (double));
double ratio = (sigma x / sigma w) * (sigma x / sigma w);
/* | |H| |72 the sum of all elements in blurring filter H */
double H2 = (1*1 + 2*2 + 3*3 + 2*2 + 1*1) / 81.0;
H2 *= H2;

/* allocate memory */

img t = (double **)get img (W, H, sizeof (double));
img hy = (double **)get img (W, H, sizeof (double));
img h2x old = (double **)get img(W, H, sizeof (double)):;
img gx old = (double **)get img(W, H, sizeof (double));
img h2x = (double **)get img (W, H, sizeof (double));
img gx = (double **)get img (W, H, sizeof (double));

for (intl6 t i=0; 1 < H; i++) {
for (intlé t j=0; J < W; j++ ) {
img t[i][j] = img x[i][J];

}
/* assign H * y to img hy */
conv_array H(img y, img hy, W, H);
/* assign the x"{old} part of G * x to img gx old */
/* x = [x"{new}, x"{old}], where x"{old} for last iteration */
/* and x*{new} for current iteration */
for (intl6 t i=4; i < H-4; i++) {

for (intl6 t j=4; j < W-4; j++) {

img gx old[i][j] = 2*img x[i][j+1];

}
for (intl6 t i=H/2-3; 1 >= 4; i--) {
for (intl6 t j=4; j < W-4; Jj++) {
img gx old[i][j] += 2*img x[i-1][3] \
+ img x[1-11[j-1] + img x[i-1]1[j+1];
img_gx_old[i][§] /= 12;



}
for (intlé6 t i=H/2+2; i < H-4; 1i++) {
for (intl6 t j=4; j < W-4; j++) {
img gx old[i] [J] += 2*img x[i+1][j] \
+ img x[i+1]1[j-1] + img x[i+1][j+11;
img_gx_old[i] [§] /= 12;

}
/* assign the x"{old} part of H*H*x to img h2x old */
/* x = [x"{new}, x"{old}], where x"{old} for last iteration */
/* and x"{new} for current iteration */
for (intl6 t i=0; 1 < H; i++) {
for (intl6 t j=4; Jj < W-4; Jj++) {
img h2x old[i][j] = 19*img x[i][j] \

+ 16* (img_x[1] [J+1]+img_x[i][J-11)\

+ 10* (img_x[1i] [J+2]+img_x[i][]j-2]) \

+ 4% (img_x[1i] [3+3]1+img_x[1][3-31) \

+ img_x[i] [J+4]+img x[i] [J-4];

}
for (intlé t i=H/2-3; i >= 4; i--) {
for (intl6_t j=4; j < W-4; j++) {
img h2x 0l1d[i][j] = 16*img h2x old[i-1][j]\
+ 10*img h2x old[i-2][3] \
+ 4*img h2x 0ld[i-3][j] + img h2x old[i-4][j];

}
for (intl6 t i=H/2+2; i < H-4; i++) {
for (intl6 t j=4; j < W-4; J++) {
img h2x old[i][j] = 16*img _h2x old[i+1][3F]1\
+ 10*img h2x old[i+2][j] \
+ 4*img h2x old[i+3][]j] + img h2x old[i+4][]j];

}
for (intl6 t i=4; i < H-4; i++) {
for (intl6 t j=4; j < W-4; Jj++) {
double t = 19*%img x[i][j] + 16*img x[i] [J+1]\
+ 10*img x[i] [J+2] \
+ 4*img x[1] [J+3] + img x[i] [J+4];
img h2x old[i][]j] += 19*t;
img h2x old[i][j] /= 81*81;



/* ICD process */
/* step 1: compute x"{new} in the mid 4 rows */
for (intlé t i=H/2-2; i < H/2+2; i++) {
for (intl6 t j=2; j < W-2; j++) {
img_t[i][3j] = (ratio*(img_hy[i][§]\
-point conv H2(img t,i, j, W, H) + H2*img t[i][3j])
+ point conv G(img t, i, j, W, H)) / (ratio*H2+1);
img_t[i][3] = (img_t[i][§] < 0)2\
0: (img t[i][j] > 255) 2\
255:img t[i][3];

}
for (intleé t i=H/2-2; 1 < H/2+2; i++) {
for (intl6 t j=4; Jj < W-4; Jj++) {
intl6 t r up = i-(H/2-2);
intl6 t r low= (H/2)+1-1i;
reg_uplr_upl[J] = 19*img t[i][j] \
+16* (img_t[i] [j-1]1+img_t[i][J+11)\
+10* (img_t[i] [j-2]1+img_t[i][J+2])\
+ 4*(img_t[i][j-3]1+img_t[i][J+31)\
+img_t[i] [J-4]+img_t[i] [J+4];
reg low[r_ low][]j] = reg up[r_upl[j];

}

/* step 2: process upper chunk + lower chunk of img */

for (intlé t i=H/2-3; i >= 4; i--) {
intl6é t r0 = (i-((H/2-3)%4))%4, rl, r2, r3;
rl=(r0+1)%4; r2=(r0+2)%4; r3 = (r0+3)%4;

for (intl6 t j=4; j < W-4; j++) {
img h2x[i][§] = 1l6*reg up(r0][3]\
+10*reg up[rl] [j] + 4*reg up[r2][j]1\
+treg_up(r3][j];
img h2x[1][j] /= 81*81;
img h2x[1][j] += img h2x old[i] []];

for (intl6 t j=4; j < W-4; j++) {

img _gx[1][j] = 2*img_t[i+1]1[3] \

1
+ img t[i+1][j-1] + img t[i+1] [J+1];
img gx[i][]J] /= 12;
img gx[i][j] += img gx_old[i] [J];

}
/* update the estimate img t */
for (intl6e t j=4; j < W-4; Jj++) {



double h2x, gx;
h2x = 16*img t[i][j-1] + 10*img t[i][j-2] \
+ 4*img t[i] [§-31\
+img_t[i] [§-4];
h2x *= 19; h2x /= 81*81;
h2x += img h2x[i][]j];
gx = img_t[i][3-1] / 6&;
gx += img gx[i][J];
img_t[i][j] = (ratio* (img_hy[i][3j] \
- h2x + H2*img t[i][3]) \
+ gx) / (ratio*H2+1);
img_t[i][§] = (img_t[i][3] < 0)2\
0: (img t[i][J] > 255)°2\
255:img t[i]1[J];

for (intl6 t j=4; j < W-4; j++) {
reg_up(r3][Jj] = 19%img t[i][3] \
+16* (img_t[i] [j-1]1+img_t[i][J+11)\
+10* (img_t[i] [j-2]+img_t[i][j+2])\
+ 4% (img_t[i] [j-3]1+img_t[i][F+3])\
timg t([i] [J-4]+img_t[i][j+4];

for (intlé t i=H/2+2; i < H-4; i++) {
intle t j=2;
intl6 t r0 = (((H/2+2)%4)+4-(1i%4))%4, rl, r2, r3;
rl=(r0+1) %4; r2=(r0+2)%4; r3 = (r0+3)%4;
for (intlé t j=4; j < W-4; j++) {
img h2x[1][j] = 16*reg low[r0] [J]\
+10*reg low([rl][j] + 4*reg low[r2][j]\
+reg low[r3][j];
img h2x[1i][j] /= 81*81;
img h2x[i][j] += img h2x old[i] [j];

for (intl6 t j=4; j < W-4; j++) {

img gx[1][j] = 2*img_t[i-1]1[3] \

]
+ img t[i-1][§-1] + img t[i-1][§+1];
img gx[i][]J] /= 12;
img _gx[i][J] += img_gx_old[i][]];

}

/* update the estimate img t */

for (3=4; j < W-4; j++) {
double h2x, gx;



h2x = 16%img t[i][§-1] + 10*img t[i] [§-2] \
+ 4%img t[i][§-3]\
+img_t[i][j-4];
h2x *= 19; h2x /= 81*81;
h2x += img h2x[i] []];
gx = img t[i][j-1] / 6;
gx += img gx[i][J];
img t[i][3j] = (ratio* (img_hy[i][J] \
- h2x + H2*img t[i][j]) \
+ gx) / (ratio*H2+1);
img_t[i][j] = (img_t[i][j] < 0)?2\
0: (img t[il[j] > 255) 2\
255:img t[i]1[j];

for (intl6 t j=4; j < W-4; Jj++) {
reg_low([r3][j] = 19*%img t[i][]j] \
+16* (img_t[i] [j-1]1+img_t[i][J+11)\
+10* (img_t[i] [j-2]+img_t[i][F+2])\
+ 4% (img_t[i] [j-3]1+img_t[i][F+3])\
+img t[i] [j-4]+img t[i] [j+4];

}
/* step 3: post-process for head rows + tail rows/cols */
/* rows */
for (intl6 t i=2; 1 < 4; i++) {
for (intl6 t j=2; j < W-2; j++) {
img t[i][j] = (ratio*(img hy[i][J]\
-point conv H2(img t,i, j, W, H) + H2*img t[i][J]) \
+ point conv G(img t, i, j, W, H)) / (ratio*H2+1);
img_t[i][j] = (img_t[i][j] < 0)2\
0: (img t[i][§] > 255) 2\
255:img t[i][]J];

}
for (intl6 t i=H-4; i < H-2; i++) {
for (intl6 t j=2; j < W-2; Jj++) {
img_t[i][j] = (ratio* (img hy[i][3]\
-point conv H2(img t,i, j, W, H) + H2*img t[i] [J]) \
+ point conv G(img t, i, Jj, W, H)) / (ratio*H2+1);
img_t[i][j] = (img_t[i]l[3j] < 0)2\
O0: (idmg t[i][3] > 255)°2\
255:img t[i][j];






Question 2.4.3

Plot the cost function of equation 23 as a function of iteration number
solution

Then visualize the results of cost functions in soln_2_4 2.csv with python script
vis_2_4 2.py

The below image is the cost functions for o2 = &
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The corresponding function for cost function computation in map.c is

double compute cost blur (double **img y, double **img x, \

intl6 t W, intlé6 t H,\
double sigma w, double sigma x) {

double **img t;

double cost = 0.0;

/* allocate memory */

img t = (double **)get img (W, H, sizeof (double)):;

/* assign H * x to img t */

conv_array H(img x, img t, W, H);
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3.1 Basic Techniques for MAP Restoration with non-Gaussian
Prior

Question 3.1.1

Use the noisy and blurred image from Section 2.4 as the image y, and compute the MAP
estimate of X using 20 iterations of coordinate decent optimization with

p = 1.20, 0;13'2 = &916'2 (i.e. the ML estimate of ¢ for p = 1.2), 0'%[/ = 42 and err = le-T7.
Print out the resulting MAP estimate

solution

The times cost of ICD and cost function computation for 20 iterations is around 60
seconds for one run.

By running the following program soln_3_1_1 with command line

./soln 3 1 1 soln 2 4 1.tif

to export the resulting MAP estimate image to soln_3_1_1.tif and the cost function to

soln 3 1 1.csv
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The corresponding function of ICD algorithm with Blurring filter and GGMRF prior in
map.c is

void iter ICD blur GGMRF (double **img y, double **img x, \
intl6 t W, intlé6 t H,\
double sigma w, double sigma x, double p) {
double **img t, **img hy, **img h2x old, **img gx old;
double **img h2x, **img gx;

double ratio = pow(sigma x, p) / (sigma w*sigma w);

/* | |H| |72 sum of all elements in blurring filter H */
double H2 = (1*1 + 2*2 + 3*3 + 2*2 + 1*1) / 81.0;
H2 *= H2;

/* allocate memory */

img t (double **)get img (W, H, sizeof (double));

img hy (double **)get img (W, H, sizeof (double));
for (intl6 t i=0; i < H; i++) {
for (intlé6 t j=0; j < W; j++ ) {

img t[1][3] = img x[i][J];

}

/* assign H * y to img hy */

conv_array H(img y, img hy, W, H);

/* ICD with blurred image and GGMRF prior */

for (intl6 t i=2; i < H-2; i++) {

for (intl6 t j=2; j < W-2; Jj++) {
/* compute convolution product H * e of H and e=y-H*x */
/* H * e = H*y - H*H* x */
double *a t = (double *)calloc (25, sizeof (double));
for (intl6 t dy = -2; dy <= 2; dy++) {
for (intl6 t dx = -2; dx <= 2; dx++) {

if ((J+dx-2 < 0) || ( j+dx+2 > W-1 ) \
[l ( i+dy-2 < 0 ) || ( i+dyt2 > H-1)) {
*(a_t+5* (dy+2)+dx+2) = img t[it+dy] [j+dx];
} else {
double a[5] = {0};

double *pa = a;

for (intl6 t row=it+dy-2; row<=i+dy+2; row++) {
*pa = 3*img t[row] [j+dx] \

2* (img_t[row] [J+dx-1] \

img tlrow] [J+dx+1]) \

img t([row] [J+dx-2] \

+ 4+ o+ o+

img tlrow] [J+dx+2];



pat+;
}
*(a_t+5* (dy+2) +dx+2) = \

(3*a[2]+2* (a[l]l+a[3])+a[0]+a[4])/81;

}
double a2[5] = {0};
double *pa = a2;
for (intl6 t row=0; row <= 4; rowt+) {
*pa = 3*(*(a_t+5*row+2)) + 2* ((*(a_t+5*row+l)) \
+ (*(a_t+5*row+3))) + (*(a_t+5*row)) + \
(* (a_t+5*rowt4d)) ;
pat+;
}
free( a t );
double conv = \
(3*a2[2]1+2* (a2[1]1+a2[3])+a2[0]+a2[4])/81; /*H*xH*x*/
double he = img hy[i] [J];
he-=conv; /* H * e = H*y - H*H* x */
/* find max/min elements in neighbor of img t[i][j] */
double high = (img t[i][j-1] > img t[i][j+1]1)2 \
img t[i][j-1]: img t[i] [j+1];
for (intl6 t dx = -1; dx <= 1; dx++) {
if (img t[i-1][j+dx] > high) {high=img t[i-1] [j+dx];}
if (img t[i+1] [j+dx] > high) {high=img t[i+1] [j+dx];}
}
double low = (img t[i][j-1] < img t[i][j+1])2 \
img t[i][j-1]: img t[i] [§+1];
for (intl6 t dx = -1; dx <= 1; dx++) {
if (img t[i-1][j+dx] < low) {low=img t[i-1][j+dx];}
if (img t[i+1] [j+dx] < low) {low=img t[i+1] [j+dx];}
}
/* compare and update low/high bound with threshold */
double thr = img t[i][j]; thr += he/H2;
if (low > thr) { low = thr; }
if (high < thr) { high = thr; }
/* pass parameters of function */
Parameters param = {.ratio=ratio, .H2=H2, .he=he, .p=p};
for (intlé6 t dy=-1; dy <= 1; dy++) {
for (intl6 t dx=-1; dx <= 1; dx++) {
param.x old[dy+1] [dx+1] = img t[i+dy][]j+dx];









Question 3.1.2

Produce two restorations using 20 ICD iterations with the parameters of problem 1 above,
but witho, =56, and o, = (1/5) - 6, Print out the resulting MAP estimates.

solution
By running the following program soln_3_1_2 with command line
./soln 3 1 2 soln 2 4 1.tif
to export the resulting MAP estimate image to soln_3_1_2a.tif, soln_3_1_2b.tif, and the

cost function to soln_3_1_2a.csv, soln_3_1_2b.csv for 0, =56, ando, = (1/5) - &,
respectively

The left image is the resulting MAP estimate image for o, = 5 - 6, and the right image is
the one for o, = (1/5) - 6,
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Then visualize the results of cost functions in soln_3 1 2a.csv, soln_3 1 2b.csv with
python script vis_3_1_2.py

The left image is the cost functions for o, = 5 - 6, and the right image is the one for
o, = (1/5) - 6,
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_ 15-
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400000 -
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300000 -
11-
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iteration=20 1.0~
200000 - clx)=184454
o 2 4 6 8 10 12 1 16 18 20 o 2 4 6 8 10 12 14 16 18 20

iteraton of ICD with Blurring Filter and GGMRF Prior iteraton of ICD with Blurring Filter and GGMRF Prior



Question 3.1.3

Plot the cost function of equation 31 as a function of iteration number.
solution

Then visualize the results of cost functions in soln_3_1_1.csv with python script
vis_3_1_1.py. The below image is the cost function for
ol? = 512 = 8.732012'2, 62 = 42 for 20 iterations

cost function c(x) of ICD optimization

} iteration =0 —8— cost c(x)
clx)=577717

550000 -
500000 -
x
L
450000 -
400000 -
iteration = 20
clx) =351076
350000 -

0 2 4 6 8 1ID 12 14 16 18 20
iteraton of ICD with Blurring Filter and GGMRF Prior

The corresponding function for cost function computation in map.c is

double compute cost blur GGMRF (double **img y, double **img x, \

intl6é t W, intlé6 t H,\
double sigma w, double sigma x, double p) {

double **img t;

double cost = 0.0;

/* allocate memory */

img t = (double **)get img (W, H, sizeof (double)):;

/* assign H * x to img t */

conv_array H(img x, img t, W, H);

/* compute the cost function: |y-H*x|"2 part */
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3.2 MAP Restoration using Majorization to Optimize non-
Gaussian Cost Function

Question 3.2.1

Use the same noisy and blurred image from Sections 2.4 and 3.1 as the image y, and
compute the MAP estimate of X using 20 iterations of coordinate decent optimization
with symmetric bound majorization as specified above. Use the parameters
p=12,q=2,0,2 = 6. (i.e. the ML estimate of ¢ for p = 1.2), and o3, = 42. Print
out the resulting MAP estimate

solution
We set T' = 1 as the default value in out program soln_3 2 1.c

The times cost of ICD and cost function computation for 20 iterations is around 6 seconds
for one run, much faster than the 60 seconds time cost of the method in previous section.

By running the following program soln_3 2 1 with command line

./soln 3 2 1 soln 2 4 1.tif

to export the resulting MAP estimate image to soln_3_2_1.tif and the cost function to
soln 3 2 1.csv
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The corresponding function of ICD algorithm with with Majorization of GGMRF Prior in
map.c is

void iter ICD blur gGGMRF quick(double **img y, double **img x, \
intl6é t W, intlé6 t H,\
double sigma w, double sigma x, \
double p, double g, double T) {
double **img t, **img hy, **img h2x old, \
**img gx old, **img g old;

double **img h2x, **img gx, **img g;

double **reg up (double **)get img(W, 4, sizeof (double));

double **reg low (double **)get img (W, 4, sizeof (double));
double ratio = 1.0 / (2*sigma w*sigma w);

/* | |H||"2 the sum of all elements in blurring filter H */
double H2 = (1*1 4+ 2*2 4+ 3*3 + 2*2 + 1*1) / 81.0;

H2 *= H2;

/* allocate memory */

img t = (double **)get img (W, , sSizeof (double)) ;

img hy = (double **)get img (W, , sizeof (double)) ;

img h2x old (double **)get img (W, , Sizeof (double)) ;

H
H
H
(double **)get img (W, H, sizeof (double));
H
H
H

img gx old =

img g old = (double **)get img (W, , sizeof (double)) ;
img h2x = (double **)get img (W, , Sizeof (double)) ;
img gx = (double **)get img (W, , sizeof (double)) ;



img g = (double **)get img (W, H, sizeof (double));
for (intl6 t i=0; 1 < H; 1i++) {
for (intlé t j=0; Jj < W; Jj++ ) {
img t[i][j] = img x[i][J];

}
/* assign H * y to img hy */
conv_array H(img y, img hy, W, H);
/* assign the x"{old} part of G * x, G
(b {s, r} * x {r} , b {s, r}) to img gx old */
/* x = [x"{new}, x"{old}], where x"{old} for last iteration */
/* and x"{new} for current iteration */
for (intl6 t i=4; i < H-4; i++) {
for (intl6e t j=4; j < W-4; Jj++) {
double xs = img x[i][j];
double r = get btilde(img x[i][j+1]-xs, \
1.0/6, sigma x, p, 9, T);

img_gx_old[i][j] = r*img x[i][§+1];

img g old[i][j] = r;

}
for (intlé t i=H/2-3; i >= 4; i--) {
for (intlé6 t j=4; j < W-4; j++) {
double xs = img x[i][j];

double r

get btilde (img x[i-1][j]-xs, \
1.0/6, sigma x, p, 9, T), \
s = get btilde(img x[i-1][j-1]-xs, \
1.0/12, sigma x, p, 9, T), \
t = get btilde(img x[i-1][j+1]-xs, \
1.0/12, sigma x, p, 49, T);
img_gx_old[i] [§] += r*img x[i-1][j] \
+ s*img x[i-1][j-1] + t*img x[i-1]1[j+1];
img g old[i][j] +=r + s + t;

}
for (intl6 t i=H/2+2; i < H-4; i++) {
for (intl6 t j=4; j < W-4; j++) {
double xs = img x[i][]j];

double r = get btilde(img x[i+1][j]-xs, \

[y

.0/6, sigma x, p, q, T), \
s = get btilde(img x[i+1][j-1]-xs, \
1.0/12, sigma x, p, 9, T), \

o+
I

get btilde(img x[i+1][j+1]1-xs, \



*/

1.0/12, sigma x, p, 49, T);
img gx old[i][]j] += r*img x[1i+1]1[j] \
+ s*img x[i+1][§-1] + t*img x[i+1][§+1];

img g old[i][j] +=r + s + t;

}
/* assign the x"{old} part of H*H*x to img h2x old */

/* x = [x"{new}, x"{old}], where x"{old} for the last iteration

/* and x”"{new} for current iteration */
for (intl6 t 1=0; i < H; i++) |
for (intl6 t j=4; j < W-4; Jj++) {
img h2x o0ld[i][j] = 19%img x[i][j] \

+ 16* (img_x[1] [J+1]+img_x[i][J-11)\
+ 10* (img_x[1][J+2]+img_x[1i][]j-2]) \
+ 4% (img_x[1i] [3+3]1+img_x[1][3-31) \
+ img_x[1i] [J+4]+img_x[i] [J-4];

for (intlée t i=H/2-3; i >= 4; i--) {
for (intl6_t j=4; j < W-4; j++) {
img_h2x old[i][j] = 16*img_h2x_old[i-1][j]\
+ 10*img h2x old[i-2][3] \
+ 4*img h2x o0ld[i-3][j] + img h2x old[i-4][j];

for (intlé t i=H/2+2; i < H-4; 1i++) {
for (intl6é t j=4; j < W-4; j++) {
img h2x 0ld[i][j] = 16*img h2x old[i+1][j]\
+ 10*img h2x old[i+2][j] \
+ 4*img _h2x_old[i+3][]j] + img_h2x old[i+4][J];

for (intl6 t i=4; i < H-4; i++) {
for (intl6 t j=4; j < W-4; j++) {
double t = 19*img x[1i][j] + 16*img x[i][j+1]\
+ 10*img x[i] [J+2] \
+ 4*img x[i] [J+3] + img x[i] [J+4];
img h2x old[i] [J] += 19*t;
img h2x old[i][j] /= 81*81;

}
/* ICD process */



/* step 1: compute x"{new} in the mid 4 rows */
for (intlé t i=H/2-2; i < H/2+2; i++) {
for (intl6 t j=2; j < W-2; j++) {
double gx, g;
point btilde G(img t, i, j, W, H,\
sigma x, p, g, T, \
&gx, &9);
img_t[i][j] = (ratio* (img hy[i][3]\
-point conv H2(img t,i, j, W, H) \
+ H2*img_t[i][3]) \
+ gx) / (ratio*H2+qg) ;
img_t[i][3] = (img_t[i][j] < 0)2\
0: (idmg t[i][3] > 255)°2\
255:img t[i][J];

}
for (intleée t i=H/2-2; i < H/2+2; i++) {
for (intl6 t j=4; j < W-4; Jj++) {
intlé t r up = i-(H/2-2);
intl6 t r low= (H/2)+1-1i;
reg uplr up][J] = 19*img t[i][3] \
+16* (img_t[i] [J-1]1+img_t[i][J+11)\
+10* (img_t[i][j-2]+img t[i] [J+2])\
+ 4% (img_t[i][j-31+img t[i] [J+3])\
+timg t[i] [j-4]+img_t[i] [J+4];
reg low[r low] [J] = reg uplr upl[j];

}

/* step 2: process upper chunk + lower chunk of img */

for (intlé t i=H/2-3; i >= 4; i--) {
intl6 t r0 = (i-((H/2-3)%4))%4, rl, r2, r3;
r1=(r0+1)%4; r2=(r0+2)%4; r3 = (r0+3)34;

for (intl6 t j=4; j < W-4; j++) {
img_h2x[1i][j] = l6*reg_up[r0][J]\
+10*reg up[rl][j] + 4*reg uplr2][j]\
+reg up[r3] [J];
img h2x[1][]j] /= 81%*81;
img h2x[1][]j] += img h2x old[i] []];

for (intl6 t j=4; j < W-4; j++) {
double xs = img t[i][j];
double r = get btilde(img t[i+1][j]-xs, \
1.0/6, sigma x, p, 49, T), \



s = get btilde(img t[i+1][j-1]-xs, \
1.0/12, sigma x, p, 49, T), \
t = get btilde(img t[i+1][j+1]-xs, \

1.0/12, sigma x, p, 4, T);
img_gx[i][J] = r*img t[i+1]([]] \
+ s*img t[i+1][j-1] + t*img t[i+1][J+1];
img g[i] [J] =r + s + t;
img_gx[i] [j] += img_gx_old[i][]];
img g[i][j] += img_g old[i][]];
}
/* update the estimate img t */
for (intle6 t j=4; j < W-4; j++) {
double h2x, gx, g;
h2x = 16*img t[i] [j-1] + 10*img t[i][j-2] \
+ 4*img t[1][3-3]\
+img_t[i][j-41;
h2x *= 19; h2x /= 81*81;
h2x += img h2x[i][j];
double t = \
get btilde (img t[i][j-1]-img t[i][3],\
1.0/6, sigma x, p, q, T);

gx = t*img t([i][j-1];
g =t
gx += img gx[i][]];
g += img gl[i][]];
img t[i][j] = (ratio* (img hy[i][J] \
- h2x + H2*img t[i][3]1) \
+ gx) / (ratio*H2+g);
1031 < 0)2\
O0: (img t[i]l[3] > 255)2\
10317

img t[i][j] = (img_t[i

255:img t[i

for (intl6_t j=4; j < W-4; J++) {
reg up[r3][j] = 19*img t[i] [j] \

+16* (img t[i][J-1]1+img t[i] [+1])

+10* (img_t([i][J-2]1+img_t[i][3+2]) \

+ 4* (img_t[i] [J-3]1+img_t[i] [3+31)\
] 1;

+img t[i] [j-4]+img t[i] [j+4

4

}
for (intl6 t i=H/2+2; i < H-4; i++) {
intle t j=2;
intl6 t r0 = (((H/2+2)%4)+4-(i%4))%4, rl, r2, r3;



rl=(r0+1) %4; r2=(r0+2)%4; r3 = (r0+3)%4;
for (intl6 t j=4; j < W-4; j++) {
img h2x[i] []j] = 16*reg_low[r0][j]\
+10*reg low([rl] [j] + 4*reg_low[r2][j]\
+reg low[r3][j];
img h2x[1][]j] /= 81%*81;
img h2x[1][]j] += img h2x old[i] []];

for (intlé t j=4; j < W-4; Jj++) {
double xs = img t[i][]j];
double r

get btilde(img t[i-1]1[j]-xs, \
1.0/6, sigma x, p, q, T), \
s = get btilde(img t[i-1][j-1]-xs, \
1.0/12, sigma x, p, 9, T), \
t = get btilde(img t[i-1][j+1]-xs, \
1.0/12, sigma x, p, 9, T);
img_gx[i][j] = r*img_ t[i-11[3] \
+ s*img t[i-1][j-1] + t*img t[i-1][j+1];
img gli] [J] =r + s + t;
img _gx[1i][]j] += img_gx_old[i] []];
img g[i][j] += img_g old[i][]];
}
/* update the estimate img t */
for (3=4; j < W-4; j++) {
double h2x, gx, g;
h2x = 16*img t[i][j-1] \
+ 10*img t[i][j-2] + 4*img t[i][j-3]\
+img_t[i] [§-4];
h2x *= 19; h2x /= 81*81;
h2x += img h2x[i][J];
double t = get btilde(img t[i][j-1]1-img t[i][j], \
1.0/6, sigma x, p, 49, T);
gx = t*img t[i] [j-1];
g =t
gx += img gx[i][]J];
g +=1img gl[il[J];
img_t[i][j] = (ratio* (img_hy[i][3j] \
- h2x + H2*img t[i][3]) \
+ gx) / (ratio*H2+qg) ;
img_t[il[j] = (img_t([i][Jj] < 0)?2\
0: (img t[i][j] > 255) 2\
255:img t[i][j];






double gx, g;

point btilde G(img t, i, j, W, H,\

sigma x, p, 9, T, \
&gx, &9);

img_t[i][j] = (ratio*(img_hy[i] [J]\

-point conv H2 (img t,i, j, W, H)
+ H2*img_t[i][J]) \
+ gx) / (ratio*H2+g);

img t[i][j] = (img_t[i][J] < 0)2\

}

0: (img t[i][3] > 255) 2\
255:img t[i][3];

for (intl6 t i=4; i < H-4; i++) {

for (intlé6 t j=W-4; J < W-2; j++) {

double gx, g;

point btilde G(img t, i, j, W, H,\

sigma %, p, 9, T, \
&9gx, &g);

img_t[i][j] = (ratio*(img_hy[i] [J]\

-point conv H2 (img t,i, j, W, H)
+ H2*img t[i][3]) \
+ gx) / (ratio*H2+q) ;

img_t[i][j] = (img_t[i][]j] < 0)2\

}

0: (img_t[i][j] > 255) 2\
255:img_t[i][3];

/* assign update the img x */

for (intl6 t 1 = 2; 1 < H-2; i++ ) {

for (intl6 t j = 2; j < W-2; j++ ) {

img x[1][j] = img t[i][J];

}

/* de-allocate memory */

free img(
free img(
free img(
free img(
free img(
free img(
free img(

free img(

(void**)img t );
(void**)img hy );
(void**)img h2x old );
(void**)img gx old );
(void**)img g old );
(void**)img h2x );
(void**)img gx );

(void**)img g );

\

\






Question 3.2.2

Produce two restorations using 20 ICD iterations with the parameters of problem 1 above,
but witho, =56, and o, = (1/5) - 6, Print out the resulting MAP estimates.

solution
By running the following program soln_3_2_2 with command line
./soln 3 2 2 soln 2 4 1.tif
to export the resulting MAP estimate image to soln_3_2_2a.tif, soln_3_2_2b.tif, and the

cost function to soln_3_2_2a.csv, soln_3_2_2b.csv for 0, =56, ando, = (1/5) - &,
respectively

The left image is the resulting MAP estimate image for o, = 5 - 6, and the right image is
the one for o, = (1/5) - 6,
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Then visualize the results of cost functions in soln_3 2 2a.csv, soln_3 2 2b.csv with
python script vis_3_2_2.py

The left image is the cost functions for o, = 5 - 6, and the right image is the one for
o, = (1/5) - 6,

cost function c(x) of ICD optimization 16 cost function c(x) of ICD optimization
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iteraton of ICD with Majorization of GGMRF Prior iteraton of ICD with Majorization of GGMRF Prior



Question 3.2.3

Plot the cost function of equation 36 as a function of iteration number.
solution

Then visualize the results of cost functions in soln_3_2_1.csv with python script
vis_3_2_1.py. The below image is the cost function for
ol? = 512 = 8.732012'2, o2 = 42 for 20 iterations

cost function c(x) of ICD optimization

. . ——
P jteration =0 cost c(x)

c(x) =520453

500000 -
450000 -
x
“o400000 -
350000 -
iteration = 20
clx) =297493
300000 -
0 2 4 6 a8 10 12 14 16 18

iteraton of ICD with Majorization of GGMRF Prior
The corresponding function for cost function computation in map.c is

double compute cost blur gGGMRF (double **img y, double **img x, \

intl6 t W, intlé6 t H,\
double sigma w, double sigma x, \
double p, double g, double T) {

double **img t;

double cost = 0.0;

/* allocate memory */

img t = (double **)get img (W, H, sizeof (double)):;

/* assign H * x to img t */

conv_array H(img x, img t, W, H);

20
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