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Problem 1

1. Let {Xn}Nn=1 be a 1-D Gaussian random process such that

En = Xn −
n−1∑

i=n−P

hn−iXi

results in En being a sequence of i.i.d. N(0, σ2) random variables for n = 1, · · · , N , and assume
that Xn = 0 for n ≤ 0. Compute the ML estimates for the prediction filter hn and the prediction
variance σ2

solution
Step 1: As proved in Chapter 2 Problem 14, 15:
for X, Y with µx = 0, µy = 0, if X ∈ Rm and Y ∈ Rn are jointly Gaussian random vectors
Denote covariance by Rx = E[XXT ], Rxy = E[XY T ], Ry = E[Y Y T ], where X ∈ Rm×1, Y ∈ Rn×1
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So, we know the follows, where A = RxyR
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E
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Note that Rx −RxyR
−1
y RT

xy is positive definite, when X and Y are linear independent.

Step 2: As proved in Chapter 2 Problem 8:
The best estimator x̂ = T (y) for x when cost function C(x, x̂) = |x− x̂|2 (Mean Square Error) is,
by minimizing the functional: the Bayes’ Risk J (T ) = E[C(x, x̂)]

δJ (T ) = δE[C(x, x̂)] = δE[|x− x̂|2] = 0 =⇒ x̂ = T (y) = E[X|y]

Thus, Minimal Mean Square Error (MMSE) estimator it X̂ = T (Y ) = E[X|Y ]

Step 3: Short proof for Property 2.3 and Property 2.4 in Chapter 2 of textbook MBIP
Property 2.3: for random variable vector X, Y, Z, where f(·) is PDF of random variables∫ [∫

~x · f(~x | ~y, ~z)d~x

]
f(~z | ~y)d~z =

∫ ∫
~x·f(~x, ~z | ~y)d~zd~x =

∫
~x·
[∫

f(~x, ~z | ~y)d~z

]
d~x =

∫
~x·f(~x | ~y)d~x

It hold for any Y = ~y, so

E[E[X | Y, Z] | Y ] = E[X | Y ]
1
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Property 2.4: for random variable vector X, Y, Z, and any function g(X) for X∫
~z · g(~x) · f(~z | ~x, ~y)d~z =

[∫
~z · f(~z | ~x, ~y)d~z

]
· g(~x)

It holds for any X = ~x, Y = ~y, so

E[g(X)Z | X, Y ] = g(X)E[Z | X, Y ]

Set Z = {1} with PDF f(z | ~x, ~y) = f(~z) = δ(~z − 1)∫
z · g(~x) · δ(z − 1)dz =

[∫
z · δ(z − 1)dz

]
· g(~x) = g(~x)

So, we have
E[g(X) | X, Y ] = g(X)

Set {gk(X)}pk=1 = X ∈ Rp, and Z = {1} with PDF f(z | ~x, ~y) = f(~z) = δ(~z − 1)∫
z · ~x · δ(z − 1)dz =

[∫
z · δ(z − 1)dz

]
· ~x = ~x

So, we have
E[X | X, Y ] = X

Especially, consider X → Y, Y → Z,E[X | Y ] = g(Y )

E[E[X | Y ] | Y, Z] = E[g(Y ) | Y, Z] = g(Y ) = E[X | Y ]

It is equivalent to below, consider random variable W = {1} with f(w | y, z) = f(w) = δ(w − 1)∫ [∫
~x · f(x | y)d~x

]
f(w | y, z)dw =

[∫
~x · f(x | y)d~x

]
Step 4: As proved in hw 1, Chapter 2 problem 4.
Let X be a jointly Gaussian random vector, and let A ∈ RM×N be a rank M matrix. Then prove
that the vector Y = AX is also jointly Gaussian.
Since M = rank(A) ≤ min(M,N), we have M ≤ N
Since X is a jointly Gaussian random vector, the PDF fX(x) of X is given by

fX(x) =
1

(2π)N/2
|R|−1/2 exp

{
−1

2
(x− µ)TR−1(x− µ)

}
Where the mean vector µ ≡ E[X], and symmetric positive-definite covariance R = RT ≡
E
[
(X − µ)(X − µ)T

]
fY (y) =

1

(2π)M/2
|ARAT |−1/2 exp

{
−1

2
(y − Aµ)T (ARAT )−1(y − Aµ)

}
So, we prove that the vector Y = AX is also jointly Gaussian.

Y ∼ N(Aµ,ARAT )

Step 5: As proved in hw 1, Chapter 2 problem 5.
Let X ∼ N(0, R) where R is a p× p symmetric positive-definite matrix.

a) Prove that if for all i 6= j,E[XiXj] = 0 (Xi and Xj are components of X), then Xi and Xj

are pair-wise independent.
b) Prove that if for all i, j,Xi and Xj are uncorrelated (Xi and Xj are components of X), then

the components of X are jointly independent.
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a) Because all i, j,Xi and Xj are uncorrelated, we have Rij = 0 for i 6= j, denote E [X2
k ] = σ2

k for
k ∈ {1, · · · , p}

R = diag
(
σ2
1, · · · , σ2

p

)
, R−1 = diag

(
1

σ2
1

, · · · , 1

σ2
p

)
, |R|−1/2 =

p∏
k=1

1

σk

Thus, for the PDF of X: fX(x) =
∏p

k=1
1√
2πσk

exp
{
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k

}
. For k ∈ {1, · · · , p}, we have
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1√
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}
·
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∫ +∞
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}
For Xi, Xj, i 6= j, we have

fX(xi, xj) =
1

2πσiσj
exp

{
− x2i

2σ2
i

−
x2j
2σ2

j

}
= fX(xi) · fX(xj)

So, we prove that if for all i 6= j,E[XiXj] = 0 (i.e., Xi and Xj are uncorrelated), then Xi and Xj

are pair-wise independent.

b) Similarly, we conclude

fX(x1, · · · , xp) =

p∏
k=1

1√
2πσk

exp

{
− x2k

2σ2
k

}
=

p∏
k=1

fX(xk)

In the end, we prove that if for all i, j,Xi and Xj are uncorrelated, then the components of X are
jointly independent.

Step 6.a: Combine Step 1,2, notice that for random process {Xn}Nn=1 with zero-mean E[Xn] = 0,
we know that Xn and {Xi for i < n} are jointly Gaussian random vectors.

Define the causal predictor as MMSE estimator X̂n ≡ T ({Xi for i < n}) = E[Xn|{Xi for i < n}]
based on past {Xi for i < n}. Here is the proof of Property 3.1 in textbook MBIP

X̂n ≡ E[Xn|{Xi for i < n}]

= E [Xn · (X1, · · · , Xn−1)] · E
[
(X1, · · · , Xn−1)

T · (X1, · · · , Xn−1)
]−1 · (X1, · · · , Xn−1)

T

= (hn,1, hn,2 · · · , hn,n−1) · (X1, · · · , Xn−1)
T

Where the coefficients of past is given by

(hn,1, hn,2 · · · , hn,n−1) = E [Xn · (X1, · · · , Xn−1)] · E
[
(X1, · · · , Xn−1)

T · (X1, · · · , Xn−1)
]−1

Define the error as En ≡ Xn − X̂n = Xn − E[Xn|{Xi for i < n}]

E
[
E2n | {Xi for i < n}

]
= E

[
(Xn − X̂n)2 | {Xi for i < n}

]
= E

[
X2
n

]
− E [Xn · (X1, · · · , Xn−1)] · E

[
(X1, · · · , Xn−1)

T · (X1, · · · , Xn−1)
]−1 · E [Xn · (X1, · · · , Xn−1)]

T

= E
[
X2
n

]
− (hn,1, hn,2 · · · , hn,n−1)E

[
(X1, · · · , Xn−1)

T · (X1, · · · , Xn−1)
]

(hn,1, hn,2 · · · , hn,n−1)T

= E
[
X2
n

]
− E

[
X̂2
n

]
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Here is the proof of Property 3.2 in textbook MBIP. For Xi, i < n, we have

E[XiX̂n] = E[XiE[Xn|{Xi for i < n}]] =

∫
xi

[∫
xn · f(xn | x1, · · · , xn−1)dxn

]
f(x1, · · · , xn−1)dx1 · · · dxn−1

=

∫
xi · xn · f(x1, · · · , xn)dx1 · · · dxn−1dxn =

∫
xi · xn · f(xi, xn)dxidxn

= E[XiXn]

E[XiEn] = E[XiXn]− E[XiX̂n] = 0

Moreover, for Ei, i < n, we define Fn ≡ {Xi for i < n}, then we have

E[EiEn] = E[(Xi − E[Xi | Fi]) (Xn − E[Xn | Fn])]

=

∫ ∫ (
xi −

∫
xi · f(xi | ~fi)dxi

)(
xn −

∫
xn · f(xn | ~fn)dxn

)
f(xn, ~fn)dxnd ~fn

=

∫ (
xi −

∫
xi · f(xi | ~fi)dxi

)[∫ (
xn −

∫
xn · f(xn | ~fn)dxn

)
f(xn | ~fn)dxn

]
f(~fn)d ~fn

=

∫ (
xi −

∫
xi · f(xi | ~fi)dxi

)[∫
xn · f(xn | ~fn)dxn −

∫
xn · f(xn | ~fn)dxn

]
f(~fn)d ~fn

=

∫ (
xi −

∫
xi · f(xi | ~fi)dxi

)
· 0 · f(~fn)d ~fn

= 0

Since {Xn}Nn=1 is Gaussian random process with zero-mean E[Xn] = µ = 0, we have the jointly
Gaussian PDF for X ≡ (X1, · · · , XN)T , where R ≡ E[XXT ]

fX(x) =
1

(2π)N/2
|R|−1/2 exp

{
−1

2
xTR−1x

}
⇔ X ∼ N(0, R)

With Step 4, we may define E ≡ (E1, · · · , EN)T , and have

E = (I −H)X = AX, H ≡


0 0 · · · 0
h2,1 0 0 · · · 0

...
...

. . . . . .
...

hN−1,1 hN−1,2 · · · 0 0
hN,1 hN,2 · · · hN,N−1 0


The corresponding distribution PDF of E is

fE(e) =
1

(2π)N/2
∣∣(I −H)R(I −H)T

∣∣−1/2 exp

{
−1

2
eT
(
(I −H)R(I −H)T

)−1
e

}
⇔ E ∼ N

(
0, (I −H)R(I −H)T

)
Notice E[EiEn] = 0 for i 6= n, we know that Λ ≡ E[EET ] is a diagonal matrix

Λ ≡ E[EET ] = (I −H)R(I −H)T = diag
(
σ2
1, · · · , σ2

N

)
fE(e) =

N∏
n=1

1√
2πσn

exp

{
− e2n

2σ2
n

}
⇔ E ∼ N (0,Λ)
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Where σ2
n ≡ E[E2n] = E [E[E2n | {Xi for i < n}]] = E

[
E [X2

n]− E
[
X̂2
n

]]
= E [X2

n]− E
[
X̂2
n

]
Consider coefficients for X̂n, X̂n+1, denote Fn = (X1, · · · , Xn−1)

T , Fn+1 = (X1, · · · , Xn)T = (F T
n , Xn)T

(hn,1, hn,2 · · · , hn,n−1)T = E
[
(X1, · · · , Xn−1)

T · (X1, · · · , Xn−1)
]−1
· E [Xn · (X1, · · · , Xn−1)]

T

(hn+1,1, hn+1,2 · · · , hn,n−1)T = E
[
(X1, · · · , Xn)T · (X1, · · · , Xn)

]−1
· E [Xn+1 · (X1, · · · , Xn)]T

Step 6.b: If random process {Xn}Nn=0 with zero-mean E[Xn] = 0, we know thatXn and {Xn−P , · · · , Xn−1}
are jointly Gaussian random vectors.
Furthermore, we can assume {Xn}Nn=0 is wide-sense stationary

E [Xn] = µ = 0, E [XnXi] = E [XnXi]− µ2 = R(|n− i|) ∀n, i ∈ {1, · · · , N}
As proved in Chapter Problem 19, all Gaussian wide-sense stationary random processes are:

a) strict-sense stationary
b) reversible

Cov[(Xm, · · · , Xm+k)
T (Xm, · · · , Xm+k)] = E[(Xm, · · · , Xm+k)

T (Xm, · · · , Xm+k)]− 02 · 1k×k

=


R(0) R(1) · · · R(k)
R(1) R(0) · · · R(k − 1)

...
...

. . .
...

R(k) R(k − 1) · · · R(0)

 = R(k)

It holds for m ≥ 1, k ≥ 0. Thus, we may set m→ n− P ≥ 1,m+ k → n ≥ P + 1, k → P

Cov[(Xn−P , · · · , Xn)T (Xn−P , · · · , Xn)] = E[(Xn−P , · · · , Xn)T (Xn−P , · · · , Xn)]

=


R(0) R(1) · · · R(P )
R(1) R(0) · · · R(P − 1)

...
...

. . .
...

R(P ) R(P − 1) · · · R(0)

 = R(P )

fXn−P ,··· ,Xn (xn−P , · · · , xn) =

∣∣R(P )
∣∣−1/2

(2π)P/2
exp

{
−1

2
(xn−P , · · · , xn)T R(P )−1 (xn−P , · · · , xn)

}
fXn−P ,··· ,Xn (xn−P , · · · , xn) = fXn−P ,··· ,Xn (xn, · · · , xn−P )

Then we only use the past P samples {Xn−P , · · · , Xn−1} to predict current value Xn

X̂n ≡ E[Xn|{Xn−P , · · · , Xn−1}]

= E [Xn · (Xn−P , · · · , Xn−1)] · E
[
(Xn−P , · · · , Xn−1)

T · (Xn−P , · · · , Xn−1)
]−1 · (Xn−P , · · · , Xn−1)

T

= (hn,n−P , · · · , hn,n−1) · (Xn−P , · · · , Xn−1)
T

= (hP , · · · , h1) · (Xn−P , · · · , Xn−1)
T

Where the coefficients of past is given by

(hn,n−P , · · · , hn,n−1) = E [Xn · (Xn−P , · · · , Xn−1)]·E
[
(Xn−P , · · · , Xn−1)

T · (Xn−P , · · · , Xn−1)
]−1

=

[R(P ), · · · , R(1)] · {R(P−1)}−1 = (hP , · · · , h1)
Define the error as En ≡ Xn − X̂n = Xn − E[Xn|{Xn−P , · · · , Xn−1}]


