ECE 64100 Homework 2-Due Sep. 17, 2021 Zhankun Luo (ECE Ph.D. student)
Chapter 2 (Probability), problems 6 to 20 luo333@purdue.edu

PROBLEM 6

6. Let X ~ N(0,R) where R is a p X p symmetric positive-definite matrix. Further define the
precision matrix, B = R~! , and use the notation

([ 1)e* A
= (" 2)
where A € R>*®=1 and ¢ € RP-Dx@-1)

a) Calculate the marginal density of X7, the first component of X, given the components of
the matrix R.

b) Calculate the conditional density of X; given all the remaining components, Y = [Xa, -+, X,]7.

c) What is the conditional mean and covariance of X; given Y ?

solution

a) We have proved that in Problem 5: let X ~ N(u, R) be a jointly Gaussian random vector, and
let K € RM™*?P be a rank M matrix. Then the vector Y = KX ~ N(Ku, KRKT) is also jointly
Gaussian. The corresponding PDF for X and Y are

fX(x) = (27T1)p/2 |R|—1/2 exp {—%(m — M)TR—l(x — M)}

1
fr(y) = ()i

Here we know that X ~ N(0,R),so p=0and Y = KX ~ N(0, KRKT)

1
|[KRK™|"/?exp {—5(?; — Kp)" (KRK") ™!y — Ku)}

_ 1 -1/2 [
fx(z) = (27T)P/2’R| exp{—§x Rz
fy(y) = b |IKRKT|"Y2exp —lyT(KRKT)_ly
Y (2m)M/2 2

We may set K = [1,0,---,0] € RI*?, then X; = KX, thus KRKT = Ry, = E[X?]

Fro 1) = e exp {
= ——— ¢eX —
X1 ! 27TR11 P 2R11

b) We may set K € RP~D*P a5
A ( O1x(p—1) )
Tp—1)x(p-1)
Y =[Xy, -, X' =KX, 7r=[Ra1, -, Rpu|" =[Ria, -+ ,Ryp|" and R = KRK" is given by

R22 R2
R/:KRKT: . .. :p R: Rll TT
— : . . ) r R/
Rp? Rpp



Consider the adjugate matrix, it is clear that for the inverse matrix B of R. We have that

1 R’ R
= —=(-1 1+12v 0 N i | 1
5 = (1) & IR (1)

o

(D Ryl IRy
Where A = [ap, - ,ap], R = [, -+ ,rpland Ry = [rh, -+ v}y, 7,7}y, -+, 7] whose (k—1)th
column vector is replaced with column vector r
Since the solution of R'z = R/[x1,--- ,xp_1] = r is given by x,_1 = i f;}/ ol €{2,---,p}
R/ R/ -1 R/
AT:—| |( ) T': ‘ ‘(R/) (2)

|R| |R|

Moreover, we can derive the relationship between |R| and |R/| by expanding |R| with first row

IR| = R11|R’|+Z DM Ry (=1D)F 2R}y = Ru|R| — " (R) 7| R

B _ 1
Rl Ru—rT(R)

Furthermore, we can verify the equation below if A, D are invertible

1

A B]"' | (A-BD'C)” 0 I -BD
C D| 0 (D-cAa'B)' || -CA™" I
Select A = R;;,B=rT,C=r,D=FR
Since Ry; # 0 and R’ is positive definite, both R;;, R’ are invertible
R — < % A > _ Rn—TTl(R/)‘lr 0% . ( 1 —rT(R’)_l)
AT ¢ 0 (7 -50) ab el
T\ 7
o-(r- _) 4
(75 (@)
With Sherman—Morrison formula
1 AT AL

™=l _ A-1
(A+uv) = A —l—l—vTA—lu

— 7 U = T notice (R) ™ = (R)7! and (1), (2), (3), (4)

(R IR
Ry —rT(R)~r (F)

Select A = R',u =

I
TRl

C = (R/)—l (R/) T(R/)_T _ (R/)—l + O_QATA (5)



With Y = [Xa, -+, X,]7 and (1),(5)

1 B 1 [22 _
1

_ (z1 + 02 Ay)? 1 "o
- (Qﬂ)p/zm\ UZ@XP{—IT - exXp —53/T(R) 'y

- 1 r—1/2 L opon-a
fy(y)—W|R| eXP{—§y (R) "y

fx(x) 1 o _(x1+a2Ay)2
le\Y(x1|?J)— fy(y) _\/ﬂa p{ o2 }

c¢) Treat Y = [Xo, -+, X,]" as a constant, X; ~ N(—c%Ay, 0?), the conditional mean is given by
E[X,|Y] = —0*Ay
and the conditional variance is given by
Var[X;|Y] = o?



PROBLEM 7

7. Let X ~ N(0, R) where R is a p X p symmetric positive-definite matrix with an eigen decom-
position of the form R = EAET

a) Calculate the covariance of X = ETX, and show that the components of X are jointly
independent Gaussian random variables. (Hint: Use the result of problem 5 above.)

b) Show that if Y = EA2W where W ~ N(0,1), then Y ~ N(0, R). How can this result be
of practical value?

solution

a) We have proved that in Problem 5: let X ~ N(u, R) be a jointly Gaussian random vector, and
let K € RM*P be a rank M matrix. Then the vector Y = KX ~ N(Ku, KRKT) is also jointly
Gaussian. The corresponding PDF for X and Y are

fx(x) = (27r1)P/2|R|_1/2 exp {—%(m — )R Yz — u)}

o) = gl KRR e {0 = K" (KRET) = K}

Here we know that X ~ N (0, R), where p =0 and Y = KX ~ N(0, KRKT)

fx(z) = o )p/2]R| 1/Qexp{ TRlx}

1 1
fr(y) = W\KRKTVW exp {—§ZJT(KRKT)1:U}

We may set K = ET € RP*? then X = KX = ETX, thus KRKT = ETRE = ETEAETE = A

I+ = Gl e { 37747} = H o P 2

Where A = diag(of,- -+ ,07), use the conclusion in Problem 5: X,=1[0,---,0,1,0,---,0] - X
—_— N —
(k—=1)0 (p—k)O
Notice [0,---,0,1,0,---,0]A[0,---,0,1,0,--- ,0]" = o}
——  —— e — N —
(k—1)0 (P—k) 0  (k—1)0 (p—k) O

~2
- l'k
: (T ex
o) = een{ =3}
In the end, we show that the components of X are jointly independent Gaussian random variables
Lol 2 ?
() = e {~ } = TL s
s ooy = s
The covariance of X = ETX is

EXXT] - E[X]E[XT] = A = diag(c?,--- ,0?)

p

b) In problem 5, we know that X ~ N (0, R), where p =0 and Y = KX ~ N(0, KRKT)

(o) = Gl e { - o)




1
fr(y) = @n)hi
We replace W — X, EAz — K, R — I, we know that W ~ N(0,1) and Y = (EA2)W ~ N(0, R),
since (EA2)I(EA2)T = EAET = R

1
|KRKT|~Y2 exp {—§yT(KRKT)1y}

1 1
fy(y) = W|R|_U2 exp {—ﬁyTR_ly}

So, we derive the method to generate vector Y ~ N(0, R) step by step:

enerate p samples Wy, .-+ W, YN 0, 12) with the pseudo ramdom generator
g D p P p g

1
(2) combine Wy, -+, W, to form a vector W = [Wy,---  W,]T
(3) compute Y with a linear transformation Y = (EAz)W



PROBLEM &

8. For each of the following cost functions, find expressions for the minimum risk Bayesian esti-
mator, and show that it minimizes the risk over all estimators.

,2) = |z — 2> minimum MSE (MMSE)
b) C(x, &) = |z — Z|
,Z

) =1—6(x — ) maximum a posteriori (MAP)

solution
For the best estimator & = T'(y), we may assume other estimator & = T'(y) + €h(y), where h(y) is
an arbitrary function, e € R. We can computer the Bayes’ Risk J (7" + €h)

g en =B = [ [ 0w T+ ehiy) frr oy

_ /joo [ joo C(x, T(y) + eh(y)) fxpy(z | y)dx} fr(y)dy

o0 o0

Since = T'(y) has the minimal J (T + €h) for any function h(y) at e =0
dJ (T +eh)|  _ /+°O [/+°° 0C(x, T(y) + eh(y))

0=

de B Oe
Especially, when C(z,2) = C(x — &) is a function of x — &
oC (z,T(y) + eh
@ TW D) e~ () - hi)
€ e=0
Then, it holds for all any arbitrary function h(y)

o= [~ Ji " O — T e o] fr )y

o0 [e.e]

e=0

L:ofX'Y<x | y)df] fr(y)dy

e} o0

So, the kernel must always be 0

/ T — Ty (e | y)de = 0

a) When C(z — 1) = |z — 2|?
C'(x = T(y)) = 2(x — T(y))
In the end, we have

+oo
| 2w - T (e | s =0

o0

rfxy (v | y)dr

T(y) = "2 afxy (x| y)da B /+°°
fj;o fxp (@ | y)de -
Thus T'(Y) is the expectation E[X|Y] of X given Y

e}

b) When C(x — ) = |z — 7|
C'(x = T(y)) = sgn(z — T(y))
T(y)

fX\Y(x | y)da —/ fX|y(96 | y)dz =0

T(y) —0o0
Thus T'(Y) is the conditional median of X given Y

+oo



c) When C(x —2) =1—6(z — )
O~ T(y) = ~8'(s — T(y)
In the end, we have
[ @ st 1 e = st o)+ [ s ran g,

Thus
Ofxy (z|y)

oz =0

2=T(y)

It leads to
T(Y) = argmin fxy(z | Y)



PROBLEM 9

9. Let {Y;}?_; be i.i.d. Bernoulli random variables with distribution

P{Y,=1}=6
P{Y,=0}=1-6

Compute the ML estimate of 0

solution
The pmf of Y}, can be written as P(y | 0) = 0Y<(1 — )* . Since {Y;}7_, are i.i.d.

Plys, -y | 0) = [] 67 (1 — )4 = g=icave . (1 — gy Tiawe
e}

Differentiate the log likelihood function at 6 = 6

ki ¥)  m =D U

dlog(P(yl,---,an))‘ _ _0
dé =0 0 1—-6
We obtain the ML estimate 6 for parameter 6
0 — D b1 Y
n

. 2p(yy ... . ; n .
Since, W b Sim < 0, we verify that 6 = @ is MLE



PROBLEM 10

10. Let {X;}, be i.i.d. random variables with distribution

P{X;=k}=m, sty m=1
i=1
Compute the MLE of the parameter vector § = [y, -+, m,]7 (Hint: You may the use ML the esti-
mate method of of the Lagrange parameter multipliers to calculate the solution to the constrained
optimization.)

solution
Since the pmf with parameter 0 is P(z; | 0) = [[,, W,i(xifk)

m

P(z | 0) = HPxZ|9 Hﬁﬂ' H 2i Slai—h

i=1 k=1 =1
The corresponding log hkehhood function is

log (P(z | 6)) Z [Zé — k) ] log (k)

To maximize the log likelihood function subject to the constraint Y " m — 1 = 0, we introduce
a Lagrange function L(#, ) and a multiplier A

L6, \) =log (P(x | 0)) (Zﬂ'k—l)

For 7, k€ {1,--- ,m}
— = —_ )\ — O g
aﬂk Tl = T A
To sum up k from 1 to m, we notice that Y, d(z; — k) =1
. ZZL—l Zn—l 5(371' - k) 21‘1—1 ka—l 5(-731' — k) 21‘1—1 1 n
1= — = 1= — 1= = _ 1=
2 A A D)
Thus, we have the MLE for 6 = |7y, -+, m,]7
oo —k
)\ 22:1 (f[f )kE{l,,m}
n

=n, =



PROBLEM 11

10

11. Let Xi,---,X, be ii.d. random variables with distribution N(u,0?). Calculate the ML

estimate of the parameter vector 6 = (u, 0?)

solution
Since the pdf with parameter 0 is fx,(z; | 0) =

(zi—p)?
27ra' GXp{ IQU‘; }

1 n n
=1 i=1

The corresponding log likelihood function is

log (fx (x| 9)) = ~3 log(2r) — T log(o) — 5 [Z of -2 (Z ) ot g

=1

}

Differentiate the likelihood function with parameters u,o? at = 6 = (j1,6?)

dlog (fx(x [ 0))
o ’9 o 262 [ (Z IZ) 2

Olog (fx(x[0))| _ _n LZ(% —)?=0

d[o?] ‘ezé 207 2007 &
In the end, we derive the MLE for § = (u, 0?)
D i1 Ti 52 = > i (@i — 1)

="
n n
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PROBLEM 12

12. Let Xy,---, X, be iid. random variables with distribution N(u, R), where u € RP and
R € RP*P is a symmetric positive-definite matrix, and let X = [X, -+, X,,] be the p x n matrix
containing all the random vectors. Let 6 = (u, R) denote the parameter vector for the distribution.

a) Derive the expressions for the probability density of p(x|6) with the forms given in equations
(2.6) and (2.10). (Hint: Use the trace property of equation (2.7).)
b) Compute the joint ML estimate of ;1 and R

solution
Since the pdf of given parameter 6 is
P (0110) = s B2 exp { o= )R o= 0
~ Gl e {=Jor (o - "R 0) |
~ Gl e { e [ = ) - )}

a) Since X, -, X, are i.i.d.

n 1
(z]0) HfX z; | 0) 27T)np/2’R| /2 exXp {_étr

R Z(-Ti — )z — M)T] }
1

n 1
(27?)”10/2|R| /2exp{—§tr N — - Tin) (@ — - 11><n>T:|}

|R|_"/2 exp —%tr R 'zx } +tr [R_lx . 1nX1,uT} — gtr [R_IMMT]]}

- (gﬂ)npﬂ
_ 1 R|—/2 1t Ryl TR1:.1 n TR-1
e { et R SR
With substitution b =Y @, = - 1,x; and S = > zx] = za’
1 » 1
fx(z]0)= (27)—"’7/2|R| /2 exp {—§tr [R'S] + "R — TR ,u}

b) The corresponding joint log likelihood function is

n
tog (fx( | 0)) =~ loa(2x) + & log || — 5tx [R S
Differentiate log (fx(z | 6)) with parametersf = (i, R) at 0 = 6 = (ji, R), notice S = ST = z27

dlog (fx(x | 0))

15} + "R — = "R

b x'lnxl

R YR =0 = 2 =
ol 0=0 neR= k= n
alog(fx(x | 9)) na 1 T, ;T e » S_Q”bT_‘_n,UPJ (x_ﬂ'llxn) (x_ﬂ'llxn)
_— — —_— b R
J[R™1] =0 2R 25 T las =0=Hh= n n

In the end, we have

/1 —_ €z - 1"><1 — Z?:l L R — (:U - /l : 11><n) (SC B /:L : 11><n)T — Z?zl(xi - ﬂ)(.ﬁEl — ﬂ)T
n n n n
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PROBLEM 13

13. Let X and W be independent Gaussian random vectors of dimension p such that X ~ N(0, R,.)
and W ~ N(0, R,), and let 6 be a deterministic vector of dimension p

a) First assume that Y =6 4+ W | and calculate the ML estimate of 6 given Y

b) For the next parts, assume that Y = X + W, and calculate an expression for pxy(z | ),
the conditional density of X given Y

c) Calculate the MMSE estimate of X when Y = X + W

d) Calculate an expression for the conditional variance of X given Y

solution R
a) the ML Estimate 0 of 6 is Y

dWw
=Y — argmax fy (W

0 = argmax fy (Y | 6) Wy argmax fw (W | 6) )
0 dy W

1
_ 1/2 T -1 _
=Y — argmax on )p/Q\R | 7Y exp{—§W R, W} =Y

b) Think about the pdf relationship between Y, X, W

fY,X,W(y: T, W) = fY,X(y,fE)(S(y —T—w) = fY,W(%w)(S(?J —r—w)= fX,W(fE, w)o(y — v — w)

So, we always have
frx(,r) = fyw(y,w) = fxw(r,w) st.y—z—w=0
Thus, notice X, W are independent, and X ~ N(0,R,), W ~ N(0, R,,)

frx(,r) = fxw(z,w) = fx(@)fw(w) st.w=y—x

1 _ 1 1 _
= o )p/2|R| 1/2e:><;p{ TRzlx} on )p/Q\R w|” 1/Qexp{ 3 TRwlw}

1 1
_ i ~1/2 L L Ty
— (QW)PleRM exp{ 2x Rz 2(y x) R, (y a:)}

. 1 —1/2 1 i 4 R;l ‘|‘R;1 —R;l T
= @y fattl eXp{‘i (y) -r," R, ) \y

Notice the equation below if A, D are invertible

1

[é 3}1: [ (A_Blg_l(J) (D—C?&‘lB)

Let A=R'+ R} B=C=-R,'D=R,!
notice (R;' + Ry") ' = Ry(Ry 4+ Ry) 'Ry = Ru(Ry 4+ Ry) 'R,
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U (Ry + Ry) 'RyR;N) ™ = ((Ry + Ry) [Ro + Ry — RJJR;Y) ™" = Ry + Ry,

-1 (R;' + R;' — R'R,RM) ™ 0
) N 0 (Rat - R R+ R R;,})_l

(R,

R'+R,)' —R}!
—R;l Rt_vl

w w

I R'R,
RYRIA+RMNT I

(R, 0 _ I I
“\0 R,+R,) \(Ro+Ru,)'R, I
(R, R,

~\R, R.+ R,

With Schur complement if A, D are invertible, we have

A B] [I BD'][A-BD'C 0 I 0

c Dl |o I 0 D || DtC I
[ 1 0]lA 0 I A'B
“lcAat 1||0 D-cA'B||0 I

Thus, for the determinant, we have

’A B ‘ — det(A — BD'C) det(D) = det(A)det(D — CA™'B)

C D
Thus, we have
R, R, _
R R+ R,| = 1Bel s [Ret Ry — Ro(Ro) ™ Ro| = |Re R

R, R,
So, we conclude that (X,Y) ~ N <0> <Rx R, + Rw))

_ 1 |R, R, | 1 (2\" (R, R, \ ' (z
fx,y(l’,y)—fxx(yafﬁ)—w R, R.+R, P72y R, R,+ R, y

We have proved that in Problem 5: let X ~ N(u, R) be a jointly Gaussian random vector, and
let K € RM*P be a rank M matrix. Then the vector Y = KX ~ N(Ku, KRKT) is also jointly

Gaussian. The corresponding PDF for X and Y are

fx(z) = (27T1)p/2 ’R|—1/2 exp {—%(:p — )Rz — /L)}

o) = gl KRR e {0 = K" (KRET) = K}

Here we know that X ~ N(0,R), sou=0and Y = KX ~ N(0, KRKT)

1 _ 1 _
fX(x) = (27T)p/2|R| 1/2€Xp{—§l‘TR 11‘}

1 i ) )
P 0) = Gy K RKC] 1/26Xp{_§yT(KRKT) 13/}



R, R,

= Ix2p — .
Let K = [0, 0,1, .1 eR , then Y K[X’Y]’K<Rx R.+ R,

)KT:Rx+Rw

p 0 pl

So, Y ~ (0, R, + Ry)
1 1
fY(y) = (2 )p/2|R + R, | 1/2 exp{ 2yT(Rx+Rw)_ly}

Thus, notice (R, + R,)™ ' = R,' — (R, + Ry) 'R, R, = R' — R,'(R;' + R,) 'R}
Moreover, we have R, — R,(R, + R,) 'R, = (R;' + R;')~!

R, R, _ _ R
R R 4R, B Re(Re+ Ru) 'Ryl - |Re + Ryl = (R, + RN - |Re + Ryl
X
vl | ) = L)
f
—1/2
_ 1 R R+R o 1 2\ (R + R —R;! x
@2 | R, + Ry p 2 \y "R RMRI 4+ R)'R
RS+ RS 1 I 1, pe1 I
- (271' p/2 €xXp 5 w (R;l—FR;I)_I (Rx +Rw> —R;1<R;1+R_
R 1—|—R —-11-1/2 1 _ 1N — _
- X (Qﬂp/z - eXP{ 5@ —z0)( (R + R, )(!E—l’o)}, w0 = (R + R, TIRy

Eventually, we obtain
(XY)~ N (R +RDTRY, (R + R,

¢) Now let’s compute the MMSE estimate of X when Y = X + W
We proved that the MMSE estimate of X when Y is given in Problem 8 a) is

=T (y) C(z2)=|z—2[?

So, we know that

Xmse = T(Y)ymse = E[X | Y] = (R, + RN 'RY

d) The conditional variance of X given Y is
Cov[X | Y] = (R;' + R,")™
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PROBLEM 14

14. Show that if X and Y are jointly Gaussian random vectors, then the conditional distribution
of X given Y is also Gaussian.

solution
Let consider the cases with i, = 0, p,, = 0 first
Denote covariance by R, = E[XXT]|, R,, = E[XYT],R, = E[YY7], where X € R™*!Y € R™*!

erlog) — L[ Be Ry, R (x)T <Rx ny)‘l <x>

YT onmE R, R, 12\ \&, &, Y
Notice the equation below if A, D are invertible

A B]' | (A-BD!C)" 0 1 -BD!

C D| 0 (D-cA™'B)™" | [ -CA™! I

Let A=R, B=R,, C=R. D=R,

xy?

R, Rmy - o (R.Z‘ - RwyRyiley)il 0 ) I —nyszl
RT R,) = 0 (R, — RLR;'R,,)" ) \-RT R T

xytlz
_ ( (Re — Ry R'RE)! —(R; — nyRjglefy)‘leyRy‘l)
_(Ry - Rfngley)—lesz—l (Ry - RzyRa?lRwy)_l

Consider Woodbury matrix identity
(A+UCV) ' =A AU (O +vAT D) T vAT

Let A=R,, C =R,', U= —R],V = Ry, and since the matrix is symmetrical, we have

(R, — RL,R,;'R,,)"' = R,'+ R,'R. (R, — RyyR,'R. )" R, R,
—(Ry = RL,R; Rey) ' RI, R = = [(R. — Roy Ry RE) ™ Ry By
Rewrite the inverse matrix as
R, R,\ ™ (R. — Ry R, RE) ™ —(Ry — Ry R)'RY) ' Ry R
(ng Ry) - (_ (R, — RoyR,'RL ) 'R,y R R+ R'RE (R, — nyRy_lRfy)_leyRy‘l)

Moreover, we have

(Rx Rw)‘l_ (0 0 )
R’ R, 0 R,
_ ( (R, — RyyR;'RT )™ ~(R, = RuyR;'RY ) 'R, R )

o [(Rx‘ - nyszley)ilengl}T Rgley(Rx B Ra?yRyilecﬂy)ileyRyil (1>

— T . x T T 11T
— [Rey R, vy — Ry,

With Schur complement if A, D are invertible, we have

A B| |I BD™ A—BD7'C 0 I 0
C D| |0 1 0 D D-C T

[ 1 o0]TA 0 I A'B
“|lcat 1|0 D-CA'B||0 I
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Thus, for the determinant, we have

£ Pl = det(4 — BD™'C) det(D) = det(A) det(D — CA™'B)
Let A= R,, B=R,,, C=R[, D=R,, we have
R. R, .
PR R o AR 2)

—-1/2

fX\Y(x ly) =

1
exp {—5(1‘ —20)" (R — RoyR,'RL,) ' (z — xo)} , T = RyyR, 'y

With (1), (2), we conclude that
1 /(2\" | (R, R\ ' 0 0 T
7 expi —5 A B 2
(2m)= | Ry | 2 \y R, R, 0 R, y
y
(2m) %
Then let’s introduce fi,, 1, now, replace x,y with © <= x — 1, y <y — i, in the pdf
fxy(z|y) = (2m)? _E(x — 1z — 20)" (Re — Ray RV RY) (& — pra — 0)

Since the pdf of YV is
R, R,

’Rx - nyRy—lRTy’—lﬂ 1 - T I I T "

= _ T e - . Rx_Rx RflRT -1
@2m)% 172 \y) - [RrT) o B\ i, m1”)

So, we prove that (X |Y') with zero means p, = 0, 1, = 0 follows Gaussian distribution
We obtain the following equation, where zo = Ry, R, (y — 11y)
(X |Y) follows Gaussian distribution

. 1 —1/2 _1 A r 0 0 xr
1 ng Ry
_|R, = Ry R, RE |2
(X |Y)~ N (BeyR,'Y, R.— RoyR,'R])
LR AL |
P
(X | V)~ N (i + Ry R, (Y — 1), Ry — RyyR;'RY)
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PROBLEM 15

15. Show that if X € R™ and Y € R" are jointly Gaussian random vectors, then E[X | Y] = AY
and

B [(X — EIX | Y)(X —E[X | Y] | V] = C
Where A € R™*™ and C' € R™*™ is positive definite

solution

As proved in Problem 14, for X, Y with p, =0, 1, =0

Denote covariance by R, = E[XXT]|, R,, = E[XYT],R, = E[YY7], where X € R™*!Y € R™*!
1

R, R, | ' 1 /(e\ (R, R,\ ' [x
— y exp{ —— - y
(271‘)% 2 Yy R:py Ry Yy

ng Ry
(X | Y) with zero means ji, = 0, y1,, = 0 follows Gaussian distribution, where zo = Ry, R, 'y
(X |Y)~ N (RuyR,'Y, R,—R,R,'R.)
|R, — RyyR;'RT |~1/2 1 _ _
(;W;’% Y exp —5(.1' —20)" (R, — Ry R, 1Rfy) Yo — o)
So, we know the follows, where A = R,,R.', C = R, — R,,R,'R],

fX,Y(ZU7 y) =

fxy(z|y) =

EX |Y] =AY = R, ,R;'Y
E [(X ~E[X | Y)(X ~E[X | Y]))" | Y] = C = R, - R, R, 'K,
Let’s prove C' is positive definite now! With Schur complement if A, D are invertible, we have

A B| [T BD™ A—BD7'C 0 I 0
¢ D| |0 I 0 D D™C 1

[ 1 0]lA 0 I A'B
“lcAat 1|| 0 D-cA'B||0 I

Let A=R,, B=R,,, C =RL D= R, we have

xy?

R, R.,\ (1 RyR;'\( R.—R,R;'R, 0 I 0
R, R,)~\o I 0 R, )\ RJ'RL I

B I 0\ ([ R,—Ry,R'RL, 0 I 0
“\ R'RL, 1 0 R, )\ R,'RL, I

Because <Z—§7{ %y) is positive definite, for Vz = (21, , Zpyn)? € RmHmx1
Ty Yy
T T 2
(Re Ru\ oo (X (X T arxy (x B s (X
z (ng R, z=2zE v v z=E |z v v ) ? =E|[z2 - v > ()

. 1 0. , 1 0 . (mn)x1
Since ( R;ng I ) is full rank, do transform z’ = ( Ry,ley I > z, space of 2’ is also R

()

It holds for any 2’ € RU"™™>*! "we prove that C' = R, — Ry, R, RY, is positive definite

>0

()T ( Ry = Rf‘(l)/RleZy ](%) ) 7 =K
y
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PROBLEM 16

16. Let Y € R™ and X € R" be zero-mean jointly Gaussian random vectors. Then define the
following notation for this problem. Let p(y,x) and p(y|z) be the joint and conditional density of
Y given X. Let B be the joint positive-definite precision matrix (i.e., inverse covariance matrix)

given by B~! = E[ZZT] where Z = (};) Furthermore, let C, D, and F be the matrix blocks that

C D
o= (o %)

where C' € R™*™ D € R™" and E € R™*". Finally, define the matrix A so that AX =E[Y | X],
and define the matrix

form B, so that

AT =E[(Y -E[Y | X)(Y -E[Y | X])" | X]

) Write out an expression for p(y, x) in terms of B

) Write out an expression for p(y | ) in terms of A and A
) Derive an expression for A in terms of C, D, and E

) Derive an expression for A in terms of C, D, and F

solution
As proved in Problem 14, 15, we can obtain these conclusions by exchange X < Y

s_ (R BL)'_ (R, — RL,R;'R,,)™" . —(R, — RY,R;'R,,)"'RT R,
Ry Ry —[(Ry — RL R;'R,,)'RL R;'|" R;'+ R;'R.y(R, — RL R;'R,,) 'Rl R*

xy* x Tyt tx

C = (R, — R},R,'Ry,)""

ry*x

D=—(R,—R! R,'R,,) 'RL R.'

ry* tx Tyt Yz

E=R,'+ R;'R,y (R, — R.,R,'R,,) 'R. R,

Ty T

Denote covariance by R, = E[XXT]|, R,, = E[XYT],R, = E[YY7”], where X € R Y € R™*!

~1/2 1 T 7N\ —1
Ly R, R; Y
{5 (0) (8 ) ()

(X | Y) with zero means p, = 0, 1, = 0 follows Gaussian distribution, where yo = R], R,z

(Y | X)~N (RL,R,'X, R,— R R.'Ry,)

Ty VT

1

frx(y,x) = m

Ry RZy
R., R,

fY\X(y | ) =

m
2

|R, — RT R_'R,,|~/? 1 _ _
z (;w) z exp —5(9 - ZJO)T(Ry - Rfny ley) 1(Z/ — %)

So, for A, A, we have

A=R} R’
A= (R,—RLR;'R,,)"

a) Write out an expression for p(y, z) in terms of B

e 1Bl e {‘% <y>B (y)}

frx(y,z) =



b) Write out an expression for p(y | ) in terms of A and A

A 1/2
oty 2) = ot e {50 - A0 Ay A)}

c¢) Derive an expression for A in terms of C, D, and F
A=C

d) Derive an expression for A in terms of C, D, and E
A=-C"'D

19
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PROBLEM 17

17. Let Y and X be random variables, and let Yy 4p and Yy se be the MAP and MMSE
estimates respectively of Y given X. Pick distributions for ¥ and X so that the MAP estimator
is very “poor”, but the MMSE estimator is “good”

solution
Consider X =Y + W, and Y, W are mutually independent, where W follows the pdf

_ 2 _ 132
fw(w>=1\/2_7:eXp{—%}+ ;ﬂgexp{—%}

Set Y ~ N(0,1?)

o) = = { -2}

As proved in Problem 13 b), we can compute the pdf of (Y | X)

. 1|2
oty 1) = (1= 9 ;)32‘ o {5 (17 417 - )}
P
ro-l0 (;)>/ ew{-3 (174 3) -]
1,1 T 1

where yo=(17"+17") 17z =

Let € = 04

MAP = argmin fy|x(y | X) =1+ 1f€2 is close to infinity — 400
y

MMSE = E[Y | X] = (1 — €)% + €[X + 5] is close to — 5 + 1

1+€2
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PROBLEM 18

18. Prove that two zero-mean discrete-time Gaussian random processes have the same distribution,
if and only if they have the same time autocovariance function.

solution
Because it is Gaussian random process, write down the pdf, where E[(Xp,, -+, Xingk) = O1x (k1)

(X, Xonax) and (Y, -+, Y4k ) have the same distribution for all Yk, m € Z*

f (C cre,C ) = |COV[(Xm’ ’Xm"t‘k‘)T(Xma 7Xm+k)]|71/2
Xmy 3 Xk \C0y , Ck (zﬂ)k/Q

exp{ - % (o s ex)" = E[(Xoms -+ Xorn)"]
) [COV[(Xm, T >Xm+k)T(va T 7Xm+k)} o [(007 T vck) - E[(Xm7 T 7Xm+k)] }
_ |COV[(XW7 e ’Xm+k)T(Xm7 e 7Xm+k)]|71/2

(27T)k/2
exp {4 [fen ] [CovXm X o+ X))l )]}
= me,---,Ym+k(Co, T ,Clc)
OOV Vo) (Vi V)]
(2m)k/2

exp{_% [(Co,"' 7Ck)T} [COV[(Ym,~-~ ,Ym-i-k)T(Xm?"' ,Xm+k)H_1 [(co, -+ ack)]}

Which is equivalent to
|Cov[(Xom, -+ s Koo)X+, )] = [Cov| (Yo, -+, Vo) (Vi -, Yol
Cov[(Xin, -+ s o) (K -+ X)) ™ = Cov[(Vn -+, Yonoe) T (Yo -+ Ys) ™!
That is equivalent to, it holds for all Vk,m € Z*
Cov[(Xim, - Xonsn) " (Ko + s X)) = Cov[(Yn, -+, Yorse) (Voo -+, V)]
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PROBLEM 19

19. Prove all Gaussian wide-sense stationary random processes are:

a) strict-sense stationary
b) reversible

solution

a) strict-sense stationary
Definition: for any fixed k > 0, all Ym € Z, it doesn’t change for any fixed (ci,--- ,¢;) € RF*!

FXm,~~~7Xm+k (CO7 e 7Ck’) = Fk(CO; e 7Ck’>
We only have to prove the follows for pdf

me,~~,Xm+k(CO7 Tt ;Ck) = fk(007 ce ,Ck)

Start proof! Freeze k, we know that for wide-sense stationary random processes
E[Xm-l-l] = K, E[Xm+iXm+j] - IU’2 = R(|Z - j|) \V/Z,j € {07 e 7k}

RN = Cov[(Xom, -+, Xongr) " (Xoms -+, X

= E[(Xm, s Xongr) " (Kims s X)) = El(Kims -, X[ El(Kins -, X))

= E[(va T, m-Hf) (Xma T »Xm+k)] - “2 “Lexk
R(0)  R(1) R(k)

(AW RO e
R(E) R(k—1) - R(0)

Because it is Gaussian random process, we can write down the pdf

= |COV[(Xm7 e 7Xm+k)T(Xm7 e 7Xm+k)]|_1/2

me,--- Xtk (CO7 e 7Ck) (27T>k/2
1
exp{ = 5 [0+ )" — Bl Xt)]
: [COV[(XmJ U 7Xm+k)T(Xma U 7Xm+k)} - [(Co, T ;ck) - EKXma U 7Xm+k)] }
|R(l<:)|—1/2

1 -
T me P {_5 [(co -+ e =t L] [R®] ™ [(eo, e+ o) = o 1(k+1)x1]}

= fk;(C(), . ;Ck)

pdf fx, xp(c, o ce) = fulco, -+, ¢) is NOT function of m, Vk € Z*,V(co, - - - , ;) € RM*¥

b) reversible
We need to prove that for Vk € Z*,V(cy, -+ , ) € RY*K

me,“',Xerk (COv T 7ck) = mef--,Xerk (Ckv e 760)




Actually,
COV[(Xma T 7Xm+/€)T(Xm’ T 7Xm+k’)] = COV[(XW-HC’ T 7Xm)T<Xm+k’ T va)]
RO) RO) -  R(k)
(R0 RO Re |
R(E) R(k—1) -  R(0)

me,--~,Xm+k(CO7 ce ,Ck:) = me,-~,Xm+k(Cka T 700) = fk(Co, T ,Ck) = fk(Ck, T ,Co)

23
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PROBLEM 20

20. Construct an example of a strict-sense stationary random process that is not reversible.

solution
Let’s assume random process X,,,n € Z iid, and follows

P(X,=1)=p, P(X,=0=1-—p, pe(0,1)
Think about random Process Y, as a “register” with 2 bits to store information of X,

Y, = (Xn—an>2 =2'. Xp-1+ 20 Xy

Proof of strict-sense stationary
We can compute the Probability for any [Y,,, -+, Y;.x]7 where m, k € Z,k >0

Ptk ((c21€0)g, -+ 5 (Cho1€r)y) = P{Ym = (c21c0)2, -+, Yingk = (Ch—1Cr)o
== P{mel = C*l7Xm =Cp, - ;Xerk == Ck:}

k
= H P{Xm+k/ = Ck/}
k'=-1
— pzﬁ/:_l S(egr) (1 _ p)ZZ’:—l d(er—1)
k
= H P{Xk/ = Ck/}

k' =—1

Where ¢y € {1,0}, k' = {—1,0,--- , k}. Other than that, when [Y,,, -+, Yix]" # [(co1¢0)g, - 5 (Ch—1Ck)s)
we have P, i = FPor =0
Thus, we prove that for Vm, k € Z,k > 0, and V[tg, - - - , ;)" € REFDx1

Fovmtk (to,t1, -+ s te) = Fog (to, ta, -+, tk)

to t
= Z Z Pk (th, -+ ) = Z Z Pog (th, -+, th)
t),=—00

/I
to=—00




Proof of NOT reversible

Set m =0,k =2 and [c_1,cp, 1] = [1,1,0]
Po i ((c21¢0)y, (coc1)s) = P{Yo = (c_1¢0)2, Y1 = (coc1)y}
= P{Xq =c.1,Xog=c, , X1 = Cl}

= H P{Xk/:Ck/}

k=—1
=p*(1 —p)
#0
=P{X 1=1,X0=0,Xo=1,X; =1} X,=0,X =1 is Impossible
=P{X_ 1=cp, Xo=c1,Xo=c_1,X1 =0}
= P{Yy = (coc1)y, Y1 = (c-100),}
= Do ((coc1)y, (c-1¢0),)
So, it is NOT possible to have
Fox (to,t1, -+ th) = Fomeak (tes te—1, -+, to)
for Vm,k € Z,k > 0, and V[tg, - - - , ;)7 € REFDx1

25



