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Problems

Problem 9.1

Given a quadratic MSE function for the Wiener filter:

J = 50 — 40w + 10w?

find the optimal solution for w, to achieve the minimum MSE J,i, and determine Juyiy, .

solution

From the derivative of J(w)

dJ

dw v

— —40 + 20w|,_, = —40 + 20w, =0

We conclude the extremum
Wy = 27 J(w)|w:w* =10

2
Because for Vw € R, the second order derivative % =20>0

We conclude that w, = 2 is the minima point, the min value Jy,, = J(w)],_,, = 10
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Problem 9.5

Given a quadratic MSE function for the Wiener filter:

J = 50 — 40w + 10w?

use the steepest decent method with an initial guess as w(0)=0 and the convergence factor u=0.04 to find the
optimal solution for w, and determine Jyi, by iterating three times.

solution
Y 40+ 20w
dw
w<=w — dJ
'udw

After iterating three times, the w, J(w) value are updated to be

w = [0,1.6,1.92,1.984]
J(w) = [50,11.6,10.064, 10.00256]

Plot of the trajectory for w

Trajectory of w

60

Jlw)

2.5 3.0
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Problem 9.9

d(n)

Output
e(n)
—

Input /

x(n)

Adaptive
FIR filter

/
FIG. 9.22

Noise cancellation in Problem 9.9.

Given the following adaptive filter used for noise cancellation application (Fig. 9.22), in which d(0)=3, d(1)=2,
d(2)=1, x(0)=3, x(1)=1, x(2)=2, and an adaptive filter with two taps: y(n) = woz(n) + wiz(n — 1) with initial
values wy = 0,w; = 1, and p=0.1

(a) Determine the LMS algorithm equations

y(n) =
e(n) =
Wy =
w1 =

(b) Perform adaptive filtering for each n=0, 1, 2.
(c) Determine equations using the RLS algorithm.

(d) Repeat (b) using the RLS algorithm with 6=1/2 and A=0.96.
solution

(a) Determine the LMS algorithm equations

y(n) = Zwkm(n — k) = woz(n) + wiz(n — 1)
k=0

e(n) = d(n) — y(n)
wp = wo + 2pe(n)z(n)
wy = wy + 2pe(n)z(n — 1)

(b) Perform adaptive filtering for each n=0, 1, 2.

ol M R v R I

y(n) =0,4.8,1.8
e(n) =3,-2.8,-0.8
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Python script is below:

from rls.1ms import Lms

from rls.rl1s import Rls

Tistx = [3, 1, 2]

Tist_d = [3, 2, 1]

HAH BB RHAHHH BB RR AR

# LMS adaptive filter

HHH#HHH AR AR AR R AR A

N, mu, w0 =2, 0.1, [0, 1]

Tms = Lms(mu, N, w_0)

Tist_y, Tlist_e, list.w = [], [], [w_0]

for x, d in Tlist(zip(list_x, list_d)):
Ims.train(x, d)
Tist_y.append(Ims.y)
Tist_e.append(Ims.e)
Tist_w.append(Ims.w)

print(Tist_y)

print(list_e)

print(Tist_w)

print('\n")

(c) Determine equations using the RLS algorithm. [initialization for wy, = 0,Q(—1) = § x I']
r\n w
X(n) < (n) ,W = 0
z(n —1)

a(n) =d(n) - w' X(n) =d(n) = > wpz(n — k)
k=0

1
A+ XT(n)Q(n —1)X(n)

Qn) = 51Q(n 1)~ Km) X" ()Q(n — 1)

w < w + a(n)k(n)

y(n) = w? X(n) = Zwk:c(n — k)
k=0

k(n) = |

|Q(n —1)X(n)



(d) Repeat (b) using the RLS algorithm with 6=1/2 and A=0.96.

Q) - B

k(n) =

(0.5 0.0
(0.0 0.5
[1st Q(n): n = —1]
[0.2747257 [0.015956] [0.121538]
0.0 } ’ {0.272256] ’ [0.035663_

0.0 0.520833

a(n) = 3,1.175824, —1.006001

Yy
e

w =

0 0 0.320126
n) = 2.472527,1.803315, 1.725590
n) = 0.527473,0.196685, —0.725590

0.284249

Python script is below:

HHHAH AR AR AR AR A
# RLS adaptive filter
HHHHHH AR AR AR R HH AR A
delta, lambda_, N = 1/2, 0.96, 2

ris = Rls(delta, lambda_, N) # initial w = [0, ...

Tist_y, list_e, list_alpha, list.w, =[], [],

for x, d in Tist(zip(list_x, list_d)):
ris.train(x, d)
Tist_y.append(ris.y)
Tist_e.append(rils.e)
Tist_alpha.append(rils.alpha)
Tist_w.append(ris.w)
print(rls.Q)
print(rls.k)

print('\n")

print(Tist_y)

print(list_e)

print(Tist_alpha)

print(Tist_w)

print('\n")

[0 0.824176 0.842938 0.720671
, , , [1st: n

0.091575 0.0 [ 0.093869 —0.025971
[ —0.025971  0.099409

= 1]

, 0]
(1, [[0] * NI]

'

0.0773
—0.033062

—0.033062
0.101788



Problem 9.10

Unknown system | 4(1)
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FIG. 9.23
System modeling in Problem 9.9.

Given a DSP system with a sampling rate set up to 8000 samples per second, implement adaptive filter with
five taps for system modeling. As shown in Fig. 9.23, assume that the unknown system transfer function is

0.25 + 0.25z71
H(z) = 557

(a) Determine the DSP equations using the LMS algorithm

(b) Determine equations using the RLS algorithm.
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solution

(a) Determine the DSP equations using the LMS algorithm

4
y(n) = > wia(n — k)
k=0

e(n) = d(n) - y(n)
wy, <= wg, + 2pe(n)z(n — k)

fori=0,1,2, 3,4, thatis, write the equations for all adaptive coefficients:

wy = wo + 2pe(n)z(n)

wy; = wy + 2pe(n)z(n — 1)
wy = wy + 2pe(n)z(n — 2)
w3 = w3 + 2pe(n)z(n — 3)
wg = wy + 2pe(n)z(n — 4)

(b) Determine equations using the RLS algorithm.

After the initialization for wy, = 0,Q(—1) = x I,

z(n) [ wy |
z(n —1) wy
X(n)<=|z(n—2) |, w= | ws
z(n — 3) ws

| z(n — 4) | | Wy _

a(n) =d(n) — w'X(n) =d(n) — Y _wpz(n — k)
k=0
1

k(n) = |

N X ()0 - DX @m) 2~ DX

Qn) < 51Q(n 1)~ Km) X" (m)Q(n — 1)

w <= w + a(n)k(n)

y(n) =w" X(n) =) wpz(n — k)
k=0


af://n72

Problem 9.16

FIG. 9.26
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Line enhancement in Problem 9.16.

For a line enhancement application using the FIR adaptive filter depicted in Fig. 9.26,

(a) Set up the LMS algorithm for the adaptive filter using two filter coefficients and delay A=2.

(b) Given the following inputs and outputs: d(0)=-1, d(1)=1, d(2)=-1, d(3)=1, d(4)=-1, d(5)=1 and d(6)=-1 and

initial weights: wg = w; = 0, convergence factor is set to be p=0.1, perform adaptive filtering to obtain
outputs y(n)forn=0, 1, 2, 3, 4.

(c) Determine equations using the RLS algorithm.

(d) Repeat (b) using the RLS algorithm with 6=1 and A=0.96.

solution

This description is pretty ambiguous. There are 2 ways of understanding:

1. use all the information of d(n)

d(_2)7d(_1)7 d(O)) d(l)a d(2)a d(3), d(4) =-1,1,-1,1,-1,1,-1

x(O),m(l),a:(2),:c(3),a:(4) - d(—2),d(—1),d(0),d(1),d(2) =-1,1,-1,1,

2. only use part information of d(n)

d(O), d(l)a d(2)7 d(3)7 d(4)a d(5)a d(6) = _1a ]-a _17 1a _]-7 ]-7 —1

CU(O),Q?(].),ZC(2), $(3),ZC(4) - d(—2),d(—1),d(O),d(l),d(2) =0,0,-1,1,

(a) Set up the LMS algorithm for the adaptive filter using two filter coefficients and delay A=2.

y(n) = Zwkx(n — k) =woz(n) + wiz(n—1)
k=0

e(n) = d(n) —y(n)

wy = wo + 2ue
wy = wi + 2ue

(
(

n
n

)
)

z(n)
z(n —1)

—1

—1
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(b) Given the following inputs and outputs: d(0)=1, d(1)=1, d(2)=1, d(3)=1, d(4)=1, d(5)=1 and d(6)=1 and initial
weights: wy = w; = 0, convergence factor is set to be u=0.1, perform adaptive filtering to obtain outputs y(n)
forn=0,1,2,3,4.

1. use all the information of d(n)
d(_2)7 d(_1)7 d(O)) d(l)a d(z)a d(g)a d(4) =-1,1,-1,1,-1,1,-1
:I?(O), 213(1), m(z)a $(3)7 :13(4) - d(_2)7 d(_1)7 d(0)7 d(1)7 d(2) =-1,1,-1,1,-1

Then the results are

0 0.2 0.36 0.456 0.5136 0.54816
w = , , , , , [1st: n = —1]

0 0 —0.16 —0.256 —0.3136 —0.34816

y(n) = 0,0.2, —0.52,0.712, —0.8272

e(n) = —1,0.8,—0.48,0.288, —0.1728

2. only use part information of d(n)
d(O), d(l)’ d(2)’ d(3)) d(4)a d(5)a d(G) = _]-a ]-a _]—a 1a _]-7 ]-7 —1
:E(O)a m(l)a "E(2)a $(3)a .’13(4) - d(_2)7 d(_1)7 d(0)7 d(l)a d(2) =0,0,-1,1,-1

The results are

0 0 0 0.2 0.36 0.456
w= , , , , , [1st: n = —1]
0 0 0 0 —0.16 —0.256
y(n) = 0,0,0,0.2, —0.52

e(n) =-1,1,—-1,0.8,—0.48
(c) Determine equations using the RLS algorithm.

After the initialization for w, = 0, Q(—1) = 4§ x I,

L)

z(n —1) w1

a(n) =d(n) — w' X(n) = Z wiz(n — k)

. 1
M) = S X mom - Dxm)

Qn) < $1Q(n 1)~ Km) X" ()Q(n — 1)
w¢w+a(mm)

y(n) = w? X(n) = Zwk:c(n —k
k=0

|Q(n —1)X(n)



(d) Repeat (b) using the RLS algorithm with 6=1 and A=0.96.

1. use all the information of d(n)
d(_2)7 d(_1)7 d(O)) d(l)a d(z)a d(3)7 d(4) =-1,1,-1,1,-1,1,-1
.’13(0), :U(l), .’13(2), $(3)7 .’13(4) - d(_2)7 d(_1)7 d(0)7 d(1)7 d(z) =-1,1,-1,1,-1

The results are

0.0 1 0.0 1.041667 0.220396 0.635094
0.413922 0.285189 0.418397 0.323149 0.428268 0.352052

[0.285189 0.548019] ’ [0.323149 0.517613] ’ [0.352052 0.507659]

[1st Q(n): n = —1]
k(n) = [—0.510204] ’ [ 0.203117 ] , [—0.128733] ’ [ 0.095248 ] , [—0.076216}

0.0 —0.414698 0.262830 —0.194464 0.155607
a(n) = —1,0.489796, —0.187193,0.113895, —0.080898
w— [0] [0.510204] [ 0.609690 ] [ 0.633788 } [ 0.644636 ] [ 0.650802

0 0 —0.203117 —0.252317 —0.274466 —0.287054
y(n) = —0.510204, 0.812807, —0.886105,0.919102, —0.937856
e(n) = —0.489796,0.187193, —0.113895, 0.080898, —0.062144

1 0.0 0.510204 0.0 0.423513 0.220396
Q(n) = ) ) )

] [1st: n = —1]

2. only use part information of d(n)
d(0),d(1),d(2),d(3),d(4),d(5),d(6) = —1,1,—1,1,—1,1,—1
z(0),z(1),z(2),x(3),z(4) = d(-2),d(-1),d(0),d(1),d(2) = 0,0,—1,1,—1

The results are

Q(n) = 1 0 1.041667 0 1.085069 0
o 1]’ 0 1.041667 |’ 0 1.085069 | ’

l0.530578 0 } l0.440798 0.238353} l0.432377 0.305349}

0 1.130281 0.238353 0.669617 0.305349 0.575953
[1st Q(n): n = —1]

0 0 [ —0.530578 0.202444 —0.127027
k(n) = ) s

1710]7| 0 —0.431263 0.270604
a(n) = —1,1,—1,0.469422, —0.171945

01 [o] [0] [0.530578 0.625610 0.647452
0]’ [0]’ _0} ’ [ 0 ] ’ l—0.202444} ’ l—0.248974
y(n) = 0,0, —0.530578, 0.828055, —0.896425

e(n) = —1,1,-0.469422,0.171945, —0.103575

} [1st: n = —1]



Advanced Problems

Problem 9.30
(b) E {e/}
(d) E {(AcosnQ)?}
(e) E{(A cosnf)(Asinnf)}
where n is the time index, and Q0.
solution
(b) E {e}
E{e™} = E{cos(nf) + jsin(nQ)}

= E{cos(nQ)} + jE {sin(nQ)}
=0+j0=0

(d) E {(Acosnf2)?}

E{(AcosnQ)*} = E {AT 1+ cos(2nﬂ)]}

2 2
= A?E{l} + ATE{COS(ZnQ)}
A? A?
—3 0=y

(e) E{(Acosn)(Asinnf)}

E{(AcosnQ)(AsinnQ)} =FE { A?sin(2nﬂ) }
= ATQE{sin(2nQ)}

2
— 2 x0=0
) X
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Problem 9.31
The following Wiener filter is used to predict the sinusoid:
d(n) = Asin(n2)
where the Wiener filter predictor with delays of ny, ny, and ng is given as
y(n) = wid(n —ny) + wed (n — ny) + wzd (n — ng)
Find the Wiener filter coefficients: wy, w9, and wy .

solution

7= B{em)} = B{(dn) - v’ X(m)’}

=w' E{X"(n)X(n) }'w— 2E{d(n)X(n)} w+ E {d*(

— wl Rw — 2PTw + &*
Here we define

w = [w; wy w3]”

d(n —ny)
X(n)= |d(n—ny)
d(n — ng)

Moreover, forR, P, 0%, we conclude that (n;, ny, n3 are not equal each other)

R_E{XT n}

[ E{d(n)d(n —n1)}
E{d(n)d

| E{d(n)d
o’ = E{d*(n)}

n—mns)}

n—ns)}

(

(

(
P=E{d(n zX(n)}

(

(

(
(

Because we know that (for 4, j € {1,2,3})

[ E{d n—nl)d(n—nl)} E{d(n —ni)d(n —ny)} E{d(n—mni)d(n—n3)}
E{d(n —n2)d(n —nq1)} E{d(n—mn2)d(n—n2)} E{d(n—mny)d(n—n3)}
| E{d(n —n3)d(n —n1)} E{d(n—n3)d(n—ng)} E{d(n—mn3)d(n—n3)}
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E{d(n —n;)d(n —n;)} = E{A%sin((n — n;)Q) sin((n — n;)Q)}

—E { ‘f [cos((n; — n;)2) — cos((2n — n; — nj)m]}
—E {A;cos(ynj - n,.m)} —0

2
= 7cos(]nj — n;|Q)

- { p i=
ATzcos(lnj — n;|2) iF£j
E{d(n)d(n — n;)} = E {A* sin(nQ) sin((n — n;)Q) }

_ B {A;[cos(nin) _ cos((2n — ni)Q)]}

—E {A;cos(nim} —0

2
= ATCOS(’I’L 0)

E{d*(n)} = E {[Asin(nQ)]*}

—E {ATZ 1 cos(2nQ)]}

A? A?
=5 0=

Thus forR, P, o2, we conclude

[E{d(n —ni1)d(n —n1)} E{d(n—mn
R=|E{dn—ny)d(n—mn1)} E{d(n—ns
| E{d(n —n3)d(n —n1)} E{d(n—ns

[ A cos(|n1 —ma[Q)  A-cos(|ng — na|0
= A;cos(|n2 —n1|Q) A;cos(]m — n2|Q

din—mn2)} E{d(n—mni)d(n—n3)}

din—mn2)} E{d(n—mny)d(n—n3)}

din—mn2)} E{d(n—mn3)d(n—n3)}
-cos(|n; — n3(Q)
A;cos(|n2 — n3|Q)

~— Nt N N N N

: : A—2cos(\n3 — n3|Q)

i %cos(\n;; —n1|Q) ATCOS(’TL;), —n2(Q) 5
A2 1 cos(|ny — n2|Q)  cos(|ny — n3|)
— | cos Iny — ny Q) 1 cos(|ng — n3|N)

cos(|ny — n3|) cos(|ny — n3|N 1

(
( )
E{d(n)d(n —n)} —cos(m ) 12 cos(ny Q)
P = |:E{d(n)d(n — nz)}] = —cos(n2 )| = > |:COS(nQQ)]
E{d(n)d(n —n3)} ) cos(ns(2)
AZ

o’ :E’{d2(n)} =5

—cos( 382



Find the Wiener filter coefficients w, , here if R is invertible
1 cos(|ny — n2|?)  cos(|ny —ng|Q) |
w, = R"'P = | cos(|n; — nz|Q) 1 cos(|ny — n3|)
cos(|ny — n3|Q) cos(|ny — n3|2) 1

But Unfortunately, det (R) = 0 always holds, R~ Not Exist . we verify it with Python script

import sympy as sym

from sympy import cos, sin

nl, n2, n3, omega = sym.symbols('n_1, n_2, n_3, omega')

R = sym.Matrix([[1l, cos((nl-n2)*omega), cos((nl-n3)*omega)],
[cos((nl-n2)*omega), 1, cos((n2-n3)*omega)],
[cos((n1-n3)*omega), cos((n2-n3)*omega), 111)

P = sym.Matrix([[cos(nl*omega)],

[cos(n2*omega)],
[cos(n3*omega)]])
det = R.det()
sym.trigsimp(sym.cancel(det)) # symplify the form of det:= 0

Now we want to find all solutions w, = wWspecial + Whasic fOr equation Rw, = P
Where wgpecial is special solution for Rw, = P

Here wy,sic is set of basic solution for Rw, = 0

[R P)] elementary row operations(#]%47 45 #)

RP = R.col_insert(3, sym.Matrix([cos(nl*omega), cos(n2*omega), cos(n3*omega)]))

cos(ni2)
cos(nq2)
cos(n3(2)

rref = sym.trigsimp(RP.rref()) # [R P] elementary row operations &% symplify form

print(sym.latex(rref))

1 cos (2(ny —mg2)) cos(Q(ny —ng)) cos(Qny)
[R P]= |cos(Q(ny —mn2)) 1 cos (2 (ny —m3)) cos(Qny)
cos (2(ny —mn3)) cos(Q(n2 —n3)) 1 cos (2ng)
[~ 1 0 cos (2(ny—ng))—cos (2(n1—2ns+n3)) __ sin (Qny)
elementary row operations 2 sin’ (Q(m—n2)) sin (1 —n2))
o 1 cos (Q(ny—ng))—cos ((—2n;+ny+n3)) sin (Qny)
2 sin? (Q(n1—ny)) sin (Q(n1—n2))
0 0 0 0 |
Typically, we can find wgpecial is special solution for Rw, = P
___ sin (Ony)
sin (Q(n1—n2))
Wspecial — _ sin(@n) (Qn1)
i sin (R(m —m2))
0

The whasic set of basic solution for Rw, = 0 are [Vk € R, k' = —2sin(n; — ny)kl



cos (2 (ny —n3)) — cos (2 (ny — 2ny + n3))
Whasic = k- | cos (2 (ng —ng)) — cos (Q(—2n1 + n2 + ng3))
—2sin? (Q (n1 — ny))
sin (Q (ng — n3))
=k - |sin(Q(n3 —ny))
sin (2 (n1 — n2))

Finally, we find all solutions w, = Wspecial + Whasic fOr equation Rw, = P

__ sin(Ony) )
sin (Q(ng—n2)) sin (Q (7?,2 - n3))
Wy = Wspecial + Whasic = __sin (fin () + K - | sin (Q (TL3 —n ))

sin (9(7(1)1 —n2)) sin (Q (n; — ng))



Problem 9.38

Given the matrix inversion lemma: A~! = B— BC(D + CTBC)_ICTB

Verify the matrix inversion lemma using the following:

solution

G RS R

From Woodbury matrix identity

short proof

(A+UCV) ' =A' —A'U(C +VvAaAU) VAT

Consider equation, here X is inverse of (A+U C V)

(A+UCV)X =1
{AX+UY:I
VX-Cly =0

For 1st equation, use Y to represent X

X=AYI-UY)
=VX=VA'(I-UY)

Substitute V X to 2nd equation

VAN I-UY)-C 'Y =0
=VA'=[VA'U+C Y
= [VAlU+cCclvaAl =Y

Replace Y in the 1st equation

Finally

AX+UVATU+C ) lvAa =1
= AX=I-UVA'U+C']'vAa™

X:A4P—UWA4U+OW4VAﬂ

— A —AU(CT +vATD) VAT
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Then replace symbols

A« B!
U<=C
C«<D

V<O

For inverse of A, we have
A= (B! +cDCT)
—~ A" =B-BC(D+C"BC) 'C'B

e[ w2 o[l oo

Example

For the left side

[1/2 1/2]
Lo !3 _11//22}‘1 - %0_O ><2(_%) _ [1(/)2 1é2]

For the right side

RS=B-BC(D+CTBC) 'C"B
Lo ) lo 2JLal e o] Lo ] o lo] o 2]
o o) [o]oe

[0 o] -em[g o] =[5 %

So, itis verified that LS = RS, thus yields

A =B-BC(D+CTBC) 'C"B



MATLAB Projects

Problem 9.23

Write a MATLAB program for minimizing the two-weight mean squared error (MSE) function
J =100+ 100w% + 4w§ — 100wy — 8wy + 10wy wy

by applying the steepest descent algorithm for 500 iterations. The derivatives are derived as

dJ dJ
— = 200w; — 100 4+ 10wy, —— = 8wy — 8 + 10w,
duwn dws

and the initial weights are assumed as w; (0)=0, w4 (0)=0, y=0.001. Plot w1 (k), w2 (k), and J(k) vs. the number of
iterations, respectively, and summarize your results.

solution

G T {100 5

5 4

= wl'Rw — 2PTw + &2

T
}w—2>< [540] w + 100

Here, w = [wl,wQ]T, and R = [1(5)0 i] ,P= [540} ,02 =100, thus

VJ = 2(Rw— P) = {20011;1 - 100+1Ow2]

8w2 -8 + 10'w1

R is positive definite, when VJ = 0, w = w, ] is the minima

{4 —5} [180]
W _pip_ L5 100 [s50] _ [150] _ 3| [0.48
T 35 |2 |o4

S 100x4-5 |4
T
50 0.48
J(w,) = —PTw, +o* = 100 = 74.4
(wy) Wy +0 [4] [0.4]4-
The steepest descent algorithm
w<=w—puVd

Finally, after 500 iterations:

w, = [0.480455, 0.391241]
J(w,) = 74.4003
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Plot Trajectory of w

Trajectory of w = [wg, wy]"

2.00 110
175 105
1.50 100
1.25 95
£ 100 90
0.75 85
0.50 80
0.25 75
0.00 70

Python code is below

try:

from rls.matrix import Matrix
except ModuleNotFoundError:

from matrix import Matrix

class Quad(object):
def _init__(self, R, P, sg_sigma, mu, w_0=None):
if disinstance(R, Matrix):
self.R = R
elif isinstance(R, 1list):
row = len(R)
col = 1en(R[0])
if row != col:
raise Exception("R must be n x n matrix")
self.R = Matrix(R)
if self.R.T() != self.R:
raise Exception("R must by symmetric amtrix")
if Ten(R) !'= len(P):
raise Exception("R, P must have the same length™)
self.p =P
self.sq_sigma = sq_sigma
self.mu = mu
if w_0 == None:
w_0 = [0] * len(P)
self.w = w_0
self.__update_grad()



def __update_grad(self):
temp = (Matrix([self.w]) * self.R)[0]
self.grad = [2*(t_ - p_) for t_, p_ in list(zip(temp, self.pP))]

def train(self):
self.w = [w_ - self.mu * grad_ for w_, grad_ in list(zip(self.w, self.grad))]

self.__update_grad()

def eval(self, w_eval=None):

if w_eval == None:
w_eval = self.w # default func(self.w)
if Ten(w_eval) != Ten(self.w):

raise Exception("w_eval and self.w have the same Tlength™)
temp (Matrix([w_eval]) * self.R)[0]
temp = [temp_ - 2 * p_ for temp_, p_ in Tist(zip(temp, self.P))]
return sum([temp_ * w_ for temp_, w_ in list(zip(temp, w_eval))]) \
+ self.sg_sigma

if _name_ == "_main__":
R, P, sg_sigma = [[100, 5], [5, 411, [50, 4], 100
mu, w_0 = 0.001, [0, O]
quad = Quad(R, P, sqg_sigma, mu, w_0)
Tist_w = [w_0]
for ind in range(500):
quad.train()
Tist_w.append( quad.w )
Tist_w = Tist(map(Tlist, zip(*1list_w))) # transpose: (n, 2) => (2, n)
print(quad.w) # w*: minima point
print(quad.eval()) # J(w*): min value
HHRHHH AR AR AR HRH A AR AR AR AR R AR AR AR AR
# plot Trajectory of w
BHBHHH AR AR AR HRH R AR AR AR HRH R AR AR AR
import matplotlib.pyplot as plt
import numpy as np
x1ist = np.linspace(0, 0.9, 100)
ylist = np.linspace(0, 2, 100)
X, Y = np.meshgrid(xTist, ylist)
row, col = len(ylist), Ten(xlist)
Zz = [[ quad.eval([X[n_row] [n_col], Y[n_row][n_col1]]) for n_col in range(col)] \
for n_row in range(row)]
fig, ax = plt.subplots(l, 1)
cp = ax.contourf(X, Y, Z2)
ax.clabel(cp, colors = 'k', fmt = '%2.1f', fontsize=12)
fig.colorbar(cp) # Add a colorbar to a plot
ax.set_title(r'Trajectory of $w=[w_0, w_1]AT$")
ax.set_xlabel(r'$w_0$")
ax.set_ylabel(r'$w_1$")
ax.plot(list_w[0], Tlist_w[1], 'r")
fig.savefig("../p9_23.png")
plt.show()



Problem 9.24

In Problem 9.10, the unknown system is assumed as a fourth-order Butterworth bandpass filter with a lower
cutoff frequency of 700 Hz and an upper cutoff frequency of 900 Hz. Design a bandpass filter by the bilinear
transformation method for simulating the unknown system with a sampling rate of 8000 Hz.

(a) Generate the input signal for 0.1 s using a sum of three sinusoids having 100, 800, and 1500 Hz with a
sampling rate of 8000Hz.

(b) Use the generated input as the unknown system input to produce the system output. The adaptive FIR
filter is then applied to model the designed bandpass filter. The following parameters are assumed:

e Adaptive FIR filter

e Number of taps: 15 coefficients
e Algorithm: LMS algorithm

e (Convergence factor: 0.01

(c) Implement the adaptive FIR filter, plot the system input, system output, adaptive filter output, and the
error signal, respectively.

(d) Plot the input spectrum, system output spectrum, and adaptive filter output spectrum, respectively.

(e) Repeat (a)-(d) using the RLS algorithm with 6=1 and A=0.96.
solution

(a) Generate the input signal for 0.1 s using a sum of three sinusoids having 100, 800, and 1500 Hz with a
sampling rate of 8000Hz.

f_sample, 1ist_f = 8000, [100, 800, 1500]

Tength = ceil(0.1 * f_sample) # duration 0.1 second

Tist_x = [sum([sin(2*pi * (f/f_sample) * ind) for f in 1ist_f]) for ind in
range(length)]

(b) Use the generated input as the unknown system input to produce the system output. Unknown system: a
fourth-order Butterworth bandpass filter

wy = 27 X 700, w,, = 27 x 900 rad/s

wsi = 2fs tan(;’—;), wsh = 2fs tan(;’—}h) , SO, Wy, wep, = [4512.4667, 5902.7116]

Then wy = /wg X wep, W = wsp, — wy, then
The order of Butterworth prototype: 4 / 2 = 2 (band pass)

1
s? +1.41428" +1

H(s') =

2
Substitute s’ = =

b tor band pass filter, th
W or pan paSS |ter,t us

1932780.9958 s>

— 2% T s 1 1966.103353 + 55204360.28525% + 52368712599.4459s + 709465289998621.9
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Atlast, BLT s = 2fs;—zj to yield

0.0055 — 0.0111z2 4+ 0.00552 4
H(z)=H(s)| , 1.1 = — — — -
s=2f,—= 1—3.06642"! +4.1359272 — 2.74312~3 + 0.8008z

The magnitude and phase plots for the unknown system

(el e

-100 1

-200

—300

Magnitude response (dB)
Magnitude response (dB)
L

0 500 1000 1500 2000 2500 3000 3500 4000 650 700 750 800 850 900
Frequency (Hz) Frequency (Hz)

LH(el%) LH(e)

100 4 100 4

-100 -100 +

°
hd & hd '

T T T T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Frequency (Hz) Frequency (Hz)

& &

Phase response (degrees)
o

Phase response (degrees)
(=}

(c) Implement the adaptive FIR filter, plot the system input, system output, adaptive filter output, and the
error signal, respectively.

Adaptive FIR filter

Number of taps: 15 coefficients
Algorithm: LMS algorithm

e Convergence factor: 0.01

The magnitude and phase plots for the LMS adaptive filter

[wo, -+, wy-1| =[0.098584,0.081271,0.052333, —0.010238, —0.104861, —0.179288, —0.170288, —0.070568,
0.055421,0.128914, 0.125045, 0.078709, 0.030333, —0.017251, —0.080168]
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Plots of system input, system output, adaptive filter output, and the error signal.
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(d) Plot the input spectrum, system output spectrum, and adaptive filter output spectrum, respectively.
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(e) Repeat (a)-(d) using the RLS algorithm with 6=1 and A=0.96.
The magnitude and phase plots for the RLS adaptive filter
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Plot of system input, system output, adaptive filter output, and the error signal.
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Syst. output spect,  Syst. input spect,

ADF output spect,

RLS

T
o 500

T
1000

T T
1500 2000 2500

T T
3000 3500 4000

T
o 500

T
1000

t T T
1500 2000 2500

T T
3000 3500 4000

T
o 500

Comparison for Errors of LMS and RLS

Error

T
1000

t T T
1500 2000 2500
Frequency (Hz)

T T
3000 3500 4000

0.4

0.2 4

0.0 S

—0.2 4

—0.4

—— LMS algorithm
—— RLS algorithm

60 80
Number of samples

T
100

T T
120 140 160




Problem 9.25

Use the following MATLAB code to generate the reference noise and the signal of 300 Hz corrupted by the
noise with a sampling rate of 8000 Hz.

fs = 8000; T = 1/fs; % Sampling rate and sampling period

0:T:1; % Create time instants

randn(1l, length(t)); % Generate reference noise
filter(L00O00000O0O00O0.81], 1, X); % Generate the corruption noise
sin(2*pi * 300 * t) + n; % Generate the corrupted signal

o S5 X rt
o

(a) Implement an adaptive FIR filter to remove the noise. The adaptive filter specifications are as follows:

e Sample rate = 8000 Hz

e Signal corrupted by Gaussian noise delayed by nine samples from the reference noise
e Reference noise: Gaussian noise with a power of 1

e Number of FIR filter tap: 16

e Convergence factor for the LMS algorithm: 0.01

(b) Plot the corrupted signal, reference noise, and enhanced signal, respectively.
(c) Compare the spectral plots between the corrupted signal and the enhanced signal.

(d) Repeat (a)-(c) using the RLS algorithm with 6=1 and A=0.96.
solution

1. Implement an adaptive FIR filter to remove the noise. The adaptive filter specifications are as follows:

Sample rate = 8000 Hz

Signal corrupted by Gaussian noise delayed by nine samples from the reference noise
Reference noise: Gaussian noise with a power of 1

Number of FIR filter tap: 16

Convergence factor for the LMS algorithm: 0.01
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2. Plot the corrupted signal, reference noise, and enhanced signal, respectively.
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3. Compare the spectral plots between the corrupted signal and the enhanced signal.
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4. Repeat (a)-(c) using the RLS algorithm with 6=1 and A=0.96.
The adaptive FIR filter
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The corrupted speech, reference noise, cleaned speech
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Problem 9.28 (Bonus)

Frequency tracking:

/

x(n) vin)
Second-order adaptive IR

notch filter

FIG. 9.30
A frequency tracking system.

An adaptive filter can be applied for real-time frequency tracking (estimation). In this application, a special
second notch IIR filter structure, as shown in Fig. 9.30, is preferred for simplicity. The notch filter transfer
function

H() 1—2cos(f)z! + 272
Z) =
1 —2rcos(0)z=t + r2z2

has only one adaptive parameter 6. It has two zeros on the unit circle resulting in an infinite-depth notch. The
parameter r controls the notch bandwidth. It requires 0 << r < 1 for achieving a narrowband notch. When r is
close to 1, the 3-dB notch filter bandwidth can be approximated as BW = 2(1 - r) (see Chapter 8). The input
sinusoid whose frequency f needs to be estimated and tracked is given below:

z(n) = Acos(2mfn/fs + )
where A and a are the amplitude and phase angle. The filter output is expressed as
y(n) = z(n) — 2cos[f(n)]z(n — 1) + z(n — 2) + 2rcos[f(n)|y(n — 1) — r’y(n — 2)

The objective is to minimize the filter instantaneous output power %2 (n). Once the output power is minimized,
the filter parameter 6=2mtf/f; will converge to its corresponding frequency f(Hz).

The LMS algorithm to minimize the instantaneous output power y?(n) is given as
0(n +1) = 6(n) — 2uy(n)B(n)
where the gradient function B(n)=ay(n)/86(n) can be derived as follows:
B(n) = 2sin[f(n)]z(n — 1) — 2rsin[f(n)]y(n — 1) + 27 cos[d(n)]B(n — 1) — r*B(n — 2)
and p is the convergence factor which controls the speed of algorithm convergence.
In this project

1. plot and verify the notch frequency response by setting f;=8000 Hz, f=1000Hz, and r=0.95.
2. Then generate the sinusoid with duration of 10 s, frequency of 1000 Hz, and amplitude of 1.
3. Implement the adaptive algorithm using an initial guess 6(0)=2m x2000/fs = 0.5m

4. plot the tracked frequency f(n)=6(n) f,/2m for tracking verification.
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Notice that

e this particular notch filter only works for a single frequency tracking, since the mean squared error
function E[yQ(n)] has a one global minimum (one best solution when the LMS algorithm converges).
Details of adaptive notch filter can be found in the reference (Tan and Jiang, 2012).

e the general IIR adaptive filter suffers from local minima, that is, the LMS algorithm converges to local
minimum and the nonoptimal solution results in.

solution

1. plot and verify the notch frequency response by setting f,=8000 Hz, f=1000Hz, and r=0.95.
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2. Then generate the sinusoid with duration of 10 s, frequency of 1000 Hz, and amplitude of 1.

Input: x(n) =1 -sin(2rd%%n)  [f; = 8000Hz]
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from math import sin

fs, f = 8000, 1000

N = 10 * fs # 10 second duration

Tist_x = [sin(2*pi * (f/fs) * ind) for ind in range(N)]
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3. Implement the adaptive algorithm using an initial guess 6(0)=2mt x2000/fs = 0.5m

from math import cos, acos, pi
class Freqg_track(object):

def

def

def

def

def

def

def

__init__(self, mu, r, theta_0=pi/2):
self.mu = mu # learning rate
self.r = r
self.c = cos(theta_0)
self.x = [0, 0, 0] # x(n), x(n-1), x(n-2)
self.y = [0, O] # y(n-1), y(n-2)
self.Beta = [0, 0] # beta := dy/dc; beta(n-1), beta(n-2)
# optional: coeffs for x(n), y(n)
self.coef_x = [1, -2 * self.c, 1]
self.coef_y = [2 * self.r * self.c , - self.r * self.r]
self.coef_x_beta = [0, -2, O]
self.coef_y_beta = [2 * self.r, 0]
get_theta(self):
return acos(self.c)
__update_X(self, x): # __func(): private method
self.X = [x] + self.x[:-1] # update X(n)
__update_Y_Beta(self, y, beta):
self.y = [y] + self.y[:-1]
self.Beta = [beta] + self.Betal[:-1]
__clip_c(self):
if self.c > 1:
self.c = 1
elif self.c < -1:
self.c = -1
__update_coef(self):
self.coef_x = [1, -2 * self.c, 1]
self.coef_y = [2 * self.r * self.c , - self.r * self.r]
self.coef_x_beta [0, -2, 0]
self.coef_y_beta [2 * self.r, 0]
train(self, x):
self.__update_X(x)
# calc old y(n), beta(n)
y_old =\
sum([coef_ * x_ for coef_, x_ in Tist(zip(self.coef_x, self.x))1)\
+sum([coef_ * y_ for coef_, y_ in Tist(zip(self.coef_y, self.y))])
beta_old =\
sum([coef_ * x_ for coef_, x_ in 1list(zip(self.coef_x_beta, self.x))])\
+sum([coef_*y_ for coef_, y_ in Tist(zip(self.coef_y_beta, self.Y))])\
+sum([coef_ * b_ for coef_, b_ in Tist(zip(self.coef_y, self.Beta))])
# update self.c := cos(theta)
self.c = self.c - 2 * self.mu * y_old * beta_old
self._clip_cO
self.__update_coef()
# calc new y(n), beta(n) with new self.c
y =\
sum([coef_ * x_ for coef_, x_ in Tlist(zip(self.coef_x, self.X))1)\
+sum([coef_ * y_ for coef_, y_ in Tist(zip(self.coef_y, self.Y))])
beta =\
sum([coef_ * x_ for coef_, x

*

in Tist(zip(self.coef_x_beta, self.X))1)\



+sum([coef_*y_ for coef_, y_ in Tlist(zip(self.coef_y_beta, self.Y))])\
+sum([coef_ * b_ for coef_, b_ in Tist(zip(self.coef_y, self.Beta))])
self._update_Y_Beta(y, beta)

if _name__ == "_main__":
from math import sin
import matplotlib.pyplot as plt
fs, f = 8000, 1000
N =10 * fs # 10 second duration
Tist_x = [sin(2*pi * (f/fs) * ind) for ind in range(N)]
HAHRBRHAHHH BB RHAH AR R R R R R BB A RS S
mu, r, theta_0 = 7e-4, 0.95, pi/2
freq_track = Freg_track(mu=mu, r=r, theta_O=theta_0)
Tist_freq = []
for x in Tist_x:

freg_track.train(x)

omega = freq_track.get_theta()

Tist_freq.append( fs * omega / (2 * pi) )
HHHHHBHBHRH R HR AR AR HRH AR AR AR AR H R RR AR AR R AR AR AR AR A A
fig = plt.figure()
plt.plot(list_freq)
plt.xTabel("Time index n")
plt.ylabel("Frequency (Hz)")
plt.title(r"Frequency tracking: $f=f_s \times \frac{\theta}{2\pi}$™)
ax = plt.gca(Q)
ax.set_x1im([0, N])
plt.gridQ
plt.tight_Tayout()
fig.savefig("../p9_28.png")
plt.show()
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4. plot the tracked frequency f(n)=6(n) fs/2m for tracking verification.

Freguency tracking: f=1; x 2‘%
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