Homework 4

Course Title: Digital Signal Processing | (Spring 2020)

Course Number: ECE53800

Instructor: Dr. Li Tan

Author: Zhankun Luo

Problems 5.1,5.2,5.4,5.5,5.9,5.12, 5.14, 5.19, 5.20 (b), 5.21 (b)
Advanced problems

5.22,5.23,5.30

Problems

Problem 5.1

Find the z-transform for each of the following sequences:

(@) z(n) = 4u(n) (b) z(n) = (=0.7)"u(n) (¢) z(n) = 4e~2"u(n) (d) z(n) = 4(0.8)" cos(0.17n)u(n) (e)
z(n) = 4e73" sin(0.17n)u(n)

solution

(a) For |z| > 1, z-transform:

> R 4 4z
X(z)=nZ=0a:(n)z =nZ=04z =T, =51
(b) For |z| > 0.7, z-transform:
X(2) = =) (=0.7z271)" = =
(2) nz=o 2(n)2 ;( * ) =107 T zvo7
(c) For |z| > e™2, z-transform:
X(2) = f:a:(n)z_" = i4(e_2z_1)“ = 4 -
n=0 n=0 1—e 2271 z—e 2
(d) For |z| > 0.8, z-transform:
o0 o0 o0 1 . .
X(z) =) =z(n)z" =) 4(0.8)" cos(0.1mn)z™" =4 5[(0.8&"'“[1)" + (0.8~ 901z~ 1yn]
n=0 n=0 n=0
2\ 1 1 1 1 — 0.8cos(0.17)z !
:42_ i, 1 T o1l =4 (0.47) 2
£42°1—0.8¢/017y 1—0.8e= 017z 1—-2x0.8cos(0.1m)z~! + 0.8°272
4 —3.0434271 _ (42-3.0434)z

1—1.5217z"1 +0.64z72 22 — 1.5217z + 0.64
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(e) For |z| > €73, z-transform:

X(z) = Z z(n)z™" = 246_3" sin(0.1mn)z™" = 42 ,l[(e_?’ejo'l’rz_l)" — (e 370 1my 1))
n=0 n=0 n=0 ]2
.1 1 1
- 3_2[1 — e 3ei0lmy1 | _ g—3g—d0lm 41 ]
_q e 3sin(0.17m)z7! | = 0.0615421
© 1—2e3cos(0.1m)zt +e 622" 1—10.094702"1 + 0.00247922

_ 0.061542
T 22 —0.09470z + 0.002479

Problem 5.2

Using the properties of the z-transform, find the z-transform for each of the following sequences:

(@) (n) = u(n) + (0.5)"u(n) (b) z(n) = ¢34 cos(0.17(n — 4))u(n — 4), where u(n — 4) = 1 for n > 4
while u(n —4) =0forn < 4

solution

(a) For |z| > max(1,0.5) = 1, z-transform:

X(2) = iw(n)z'" = f:(z-l)n + (05271 = f:(z-l)“ + f:(o.sz-l)n
n=0 n=0 n=0 n=0
1 1

C1—2z1 + 1—0.5z1

(b) For || > e~ , z-transform:

X(z) = Z z(n)z™" = Z e 34 cos(0.1m(n — 4))u(n — 4)z™"
n=0 n=0
=z Z e 39 cos(0.17(n — 4))z~ %)
n=4

41 1 + 1
211 —e3eilny, 1 T ] _ g3g—j0im -1

=z Z e %" cos(0.1mn)z ™" = 2
0

]

1— e 3cos(0.1m)z 1
1—2e3cos(0.1m)z"1 + e 622
_ 272-0.0473527°
22 —0.09470z + 0.002479

fd 2_4

Problem 5.4

Using the properties of the z-transform, find the z-transform for each of the following sequences:

(a) z(n) = —2u(n) — (0.75)"u(n) (b) z(n) = e~2"3) sin(0.2w(n — 3))u(n — 3), where u(n — 3) = 1 for
n >3 whileu(n—3)=0forn <3

solution

(a) For |z| > max(1,0.5) = 1, z-transform:
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o0 o0

X(2) = Zm(n)z‘" = Z —2(z71)" 4+ (0.7527 )" = -2 i(z_1 >+ i(0.75z_1 "

n=>0 n=0 n=0 n=0

-2 n 1
1-21  1-0.75271

(b) For |z| > e~%, z-transform:

X(2) = i z(n)z™" = io: e~23 5in(0.2n(n — 3))u(n — 3)z™

n=0 n=0
=z Z e~ 2"=3) sin(0.27r(n — 3))z~ (%)
n=3
-3 —2n _: —-n -3
= 2 = —_— - — _
z ; e " sin(0.27n)2 z P R e pk gy p e ]
_ -3 e 2 sin(0.27) 271
1—2e2co0s(0.2m)2z71 + e 4272
0.0795522

22 —0.2190z + 0.01832

Problem 5.5

Given two sequences

z1(n) = 50(n) — 26(n — 2) and z2(n) = 36(n — 3)

(a) Determine the z-transform of convolution of the two sequences using the convolution property of z-
transform

X(2) = X1(2)X2(2)

(b) Determine the convolution by the inverse z-transform from the resultin (a)

z(n) = 271 (X1(2) X2 (2))

solution
(a)

Xi(2) = i[56(n) —26(n—2)]z " =5— 2272

n=0
Xo(2) = Z 36(n—3)z " =323
n=0

X(2) = X1(2)Xa2(2) = (5 —2272)(3273) = 15273 — 6275

(b)

method 1: Applying the inverse z-transform Z~1[1] = §(n) and using the shift theorem
Z7 1z X(2)] = z(n — no)u(n — ny), having:

z(n) = 156(n — 3) — 66(n — 5)
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Problem 5.9

Using the partial fraction expansion method, find the inverse of the following z-transforms:

1 z 2(z+0.5)
(a) X(2) = 2 032 0.04 (b) X(2) = (z— 0.2)(z+04 X(2) = (z+0.2)( z2 2+0.5) (d) X(2) = (2—0.1)2(2—0.6)
solution
(a)
X(z)  —25 252 — 7.5
z oz 22 —0.32—0.04
25%(—0.1)—7.5 25x0.4—7.5
_ 2 4 0i-0a | 04101
z z+0.1 z2—04
=25 + 20 + 5
oz z+0.1  z—-0.4
z z
X(2)= —25+20z_|_0.1 +5z_0.4
1 1
=—-2 2
5+20 1+0.121 +5 1—-04z1
z(n) = zZ1 [X(2)] = —256(n) +[20 - (—0.1)" + 5 (0.4)"]u(n)
(b)
1 1
X(2) _ 1 _ 02104  “0402 _ 9 ( 11 ]
z (2—0.2)(z+04) 2z—-02 2+04 32z—-02 2404
5 z z 5 1 1
X —— _
(2) = 3 z—02 z+0.4] 3'1-0.2z71 1+0.4z—1]
1 1 5
=Zz1= — = —[0.2" — (—0.4)" = 1.667[0.2" — (—0.4)"
o(n) = 2 Gl 5 — 1o gl = 5102 — (~0.4)"Iu(n) = 166710.2" — (~0.4)"Ju(n)

(©
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X(2) 1
z  (240.2)(22 — 2+ 0.5)

A B+ jC B - jC
= + ; ;
z+0.2  z-—(0.5+50.5) z—(0.5— 50.5)
1 1
_ (—0.2°—(-0.2)+0.5 (0.5+40.5+0.2)(0.5+30.5— (0.5—30.5)) B —jiC
N z+0.2 z— (0.5 + 50.5) z— (0.5 — 50.5)
1 —0.5—30.7 ]
__oh_ 0.52+0.72 B — jC
z+02 z-(05+30.5) z—(0.5—50.5)
1 —0.5—30.7 —0.5+40.7
__on n 0.5%-+0.72 0.52-+0.72
z+02 z-(05+30.5) =z—(0.5—50.5)
1 —0.5—50.7 —0.5+440.7
__o0m 0.74 + 0.74
z+02 z-(05+40.5) z—(0.5—50.5)
1 1 —0.5 —50.7 1 —0.5 + 50.7 1
X(2) =
(2) 0.74 1+0. 2z—1 +( 0.74 ) 1— (0.5 + j0.5)z! +( 0.74 ) 1— (0.5 — j0.5)z!
0.5 — 50.7 0.5 4 0.7

z(n) = Z71X(2)] = o 4( 0'2)”(_.T)(0'5 + j0.5)"+(_T)(0.5— §0.5)"Ju(n)
*;4’0'7)(0.5 +j0.5)" }]u(n)
n e d gi(=2.191) iej0.251r n Uiuln
(<02 + 2Re {0 (=P )

( 0.2)n 1+ 2Re {(%)nej(0.251m—2.191) }]u(n)

[074( 0.2)"+2Re{(

[0 74
[0 74
[0 74

= [1.351(—0.2)" + 2(0.7071)" cos(0.257n — 2.191)]u(n)
= [1.351(—0.2)" + 2(0.7071)" cos(45°n — 125.5°)Ju(n)

" i " cos ™ — u(n
(—0.2)" +2( ﬁ) (0.257n — 2.191)]u(n)

(d)
X(z) z+0.5
z  (z—0.1)%2(z—0.6)
2 140, 0.6+0.5
(z+gg)/ dz|,—91 % (0.6-0.1)*
z—0.1 (2—0.1)2  z-0.6
_ (0.1_—6.6)2 (-1.2) 4.4
~ z-01  (z—01)2 z-06
_(44) | (-12) 44
- z-0.1 (z—01)2 z—0.6
z z
X(z) = (—4.4 — 44—
(&)= ) +( )(z—0.1)2 + z—0.6
1 0.1z71 1
=(—44)—— +(-1.2/0.1) ———— + 44—
( )1—0.1z—1 +(=1.2/ )(1—0.1z—1)2 A T 06t

z(n) = Z[X(2)]
= [(=4.4)(0.1)" + (=12)n(0.1)" + 4.4 - (0.6)"]u(n)

Problem 5.12

A system is described by the difference equation
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y(n) + 0.2y(n — 1) = 4(0.3)"u(n)

Determine the solution when the initial condition is y(—1) = 1.

solution

Z[y(n) +0.2y(n — 1)|2~ Zy(n)z " +0. 2Zy(n —1)z"
—Zy(n)z +0.227¢ Z (n)z™"

n=-—1
= Y(z) +0.227 y(-1)z+ Y (2)] = [1 +0.2271]Y(2) + 0.2y(—1)
=[140.2271Y(2) + 0.2 [y(-1) =1]

ad 4
= 4(0.3)" =
nz (0-8)uln) = 9351
3.840.062~*
11— 03z —0.2 _ T1-03z1
Y(2) =
1+0.2z71 1 +0.2271
3.8 +0.06z71

(1-0.3271)(1 + 0.2z°1)

3.8x0.340.06 3.8x(—0.2)+0.06
Y(z)  3.82+0.06 309 .

z  (2-03)(z+02) z—03 z2+0.2
_ 24 14
T 2—-03 ' 2402
1 1
Y(2)=24——~  4+14—
(2) 1031 1T 1 021
y(n) = Z7L[Y(2)] = [24 - (0.3)" + 1.4+ (—0.2)"]u(n)

Finally
y(n) = [2.4- (0.3)" +1.4- (=0.2)"[u(n)

Problem 5.14

Given the following difference equation with the input-output relationship of a certain initially relaxed
system (all initial conditions are zero),

y(n) — 0.7y(n — 1) + 0.1y(n — 2) = z(n) + ¢(n — 1)

(a) Find the impulse response sequence y(n) due to the impulse sequence §(n). (b) Find the output response
of the system when the unit step function u(n) is applied.

solution

(a) Because all initial conditions are zero:
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Y(2) —0.7271Y(2) +0.127'Y(2) = Z[6(n) + 6(n — 1) =1+ 2 ¢

14271
Y =
Y X P
0.241 0.5+1
Y (z) _ z+1 _ 0205 0.5-0.2
z 22 -0.724+01 2z—0.2 2z-0.5
(9 5
 2—0.2 . z—0.5
z 1 1

zZ
Y(2) = (-4 5 =(-4 5
(&) =403 +5 05 = (1027 TP 1051

y(n) = Z71Y(2)] = [-4- (0.2)" + 5 - (0.5)"]u(n)

(b) Here we know the impulse response of system is h(n) = [—4 - (0.2)™ + 5 - (0.5)"]u(n), then:
y(n) =h(n)xu(n) = Y h(r)u(n—n')
n'=—o0

= f: [—4-(0.2)" +5-(0.5)" Ju(n')u(n — n')

n'=—00

- 2”:[—4. (0.2)" +5-(0.5)"]
n'=0

o ot ooy

- [(—5)[1 —0.2-(0.2)"] + 10[1 — 0.5 - (0.5)"]] u(n)
=[5+ (0.2)" — 5 (0.5)"]u(n)

Problem 5.19

Use the initial and final value theorems to find x(0) and x() for Problem 5.11(a), (b), (d).

22(z—0.4)

_ 1 =z =
(@) X(2) = (b) X(z) = ( (d) X(2) = (2—0.2)*(2+0.8)

2240.52+0.06 2+0.3)(2—0.5)

solution

Initial value theorem:

Final value theorem( z=1 is in ROC of X(z))
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N+1

N
l:ix%(z —1)X(2) = ii_l)l}l\}im [z Z z(n)z™" Z z(n)z™"

_0 n=0

= lim lim [Z z(n)(z—1)z " + (N +1)z7]

2—1 N—oo

— lim ].im[z z2(n)(z — 1)z + 2(N + 1)z
0

N—oo0 z—1 4=

= lim z(N +1)
N—o0

= @(+00)

(a)
1

z(0) = 11m X(z) = lim =0
z—=00 22 + 0.5z + 0.06
1

a(+o00) = }41—13(2 ~DX(2) = E—Iﬁl(z -1 2 +052+006

(b)

2(0) = lim X(2) = kim0 =08y~ °
z(+00) = il_lﬂ(z - 1)X(2) = Eﬁ(z -1) 21 03)(z_05) =0

(d)
- 22(z—0.4) _
2(0) = lim X(=) = lim 0 oz 08) —
22(z—0.4)
(z—0.2)2(2+0.8)

z(+o00) = il_lﬁ(z —-1)X(2) = llj)li.(z -1) =0

Problem 5.20

Use power series method to find x(0), x(1), X(2), x(3), x(4) for Problem 5.11(a), (b).

(b) X(2) = romiames

solution

VA z

X&) = 08 (—05) ~ #—02:-015

Using the long division method, we yield
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271 40.2272 +40.1927% +0.068274

22 —-0.22—-0.15 ) z

z —-0.2 —0.15z71

0.2 40.15z71
0.2 —0.04z7! —0.03z72
0.19271 40.03272
0.19271  —0.038272 —0.0285z73

0.06822 +0.028523

0.068272 —0.013682% —0.0102z~*

0.04218z% +0.0102z7*

This leads to
X(2)=0+1-21+02-22+0.19-272+0.068- 274+ -
We see that:
z(0) =0
z(1l)=1
z(2) = 0.2
z(3) =0.19
z(4) = 0.068

Problem 5.21

Use the residue formula to find the inverse of the z-transform for Problem 5.11(a), (b), (d).

(b) X(2) = (z+0.3)z(z—0.5)

solution
(b) Ciis any simple closed curve in Region of Convergence

z(n) = if X(2)2 'dz [Cisin ROC: |z| > 0.5]
i2r Jo

Let C to be a circle z = Re®,[R > 0.5,6 € [0, 27)], then:

_ 2)2" ldz
o) = 5= §  X@P
= Res[X(2)2" 1, —0.3] + Res[X(2)2"1, 0.5] 4+ Res[X(2)2"" 1, 0]

= —Res[X(2)2" ™}, 00

Notice,
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D Res[f(2),pi] + Res[f(z),00] = 0

Res[f(z), 0] = —jziﬂ 7{& f(2)dz  [Vpi,|pi| < R]
1.1 _1
= —Res[f(z)g,O] €= -]

Forn > 0, having:
z(n) = Res[X(2)2"*, —0.3] + Res[X(2)z" "1, 0.5] 4 Res[X(2)2""}, 0]

2" zZ"

= Res[ Z103)(z—05)’ —0.3] + Res] Z103)(z—05)’ 0.5 +0
2. zn—l 2. z’n—l

= mb:-o.s + mb:o.s
= —5(~03)" + = (05)
— —1.25- (—0.3)" + 1.25 - (0.5)"

For n < 0, having:
z(n) = —Res[X(2)2" 1, od]
n

= —Resl 03— 05)

— Reslf(5) g 0] €= 7.1(:) =

, 00

Z'n

(z+0.3)(z— 0.5)

]

_ & 1
a Res[(% +0.3)(2 —05) € 0]
= Res| " , 0]

(1 + 0.36)(1 — 0.5)
=0

To sum up:

z(n) = [-1.25- (—0.3)" + 1.25 - (0.5)"|u(n)

Advanced Problems

Problem 5.22

If y(n) = e"**x(n), where a > 0 and n > 0, show that

Y(2) = X (ze?)

solution

When zis in ROC, |2/| = |2]| - |€*| > |2| in ROC, too
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e [

NgE

X(z)=) z(n)z

Il
o

n

Y(z) = Z e "x(n)z™"

n=>0
[0 o]

= a(n)(ze")"

n=0
00

=D zm)(Z)™" [ = 2]
n=0

= X(¢) = X(2e®)

So, we conclude that:

Problem 5.23

If y(n) = nz(n), where @ > 0 and n > 0, show that

Y(2) = —z d);fiz)
solution
dX(z) _ d & n
g = (g e
00 d .
= (-2) > e g
=(-2)Y)_a2(m)(-n)z"" [n>0
n=0
= - n-z(n)z™"
n=0
=) _y(n)z™" = Z[y(n)]
n=0
=Y (2)
So, we verify that:
Y(2) = -z d);iz)
Problem 5.30
Given
(a —b)

X(2) = anda< |z|<bh0<a<landb>1

1-azl)(2-0)
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use the inversion formula to show that

 n<0
z(n) =9 ,
a® n>0

solution
Set C to a simple curve in ROC a < |z| < b, then:

_ L 2)2" 1dz
o) = 5= § X"

= Res[X(2)2" ', a] + Res[X(2)z" 1, 0]
= — {Res[X(2)2",b] + Res[X(2)z" !, 0]}

Note,
ZRes[f(z),pi] + Res[f(z),00] =0
Res(f(2),00] = — =~ 74 f@)dz  [vpi,Ipi] < E]
Lo el
= —Reslf(3) .0 (€=
Here:

z—a (a—0b)z"!

Res[X(2)2"",a] = = (1—az1)(z—b) e

_ (a —b)z" |
(z—b) *°

z—b (a—1b)z"1 |
0 (1-—az1l)(z—b) "

Res[X(2)2"1,b] =

_ (a—b)2" (azb)<,
(z—a) =
— b

Moreover:


af://n233

(a —b)z"

Res[X(2)z"*,0] = Res[—, 0]
(2 )(z b)
dan! (a—b)z"
— { dz—n—1 [( —n—1)! (z—a)(z—b)]lz=0 n<0
0 n>0
a1 (a—b)
= { dz—n1 [(—n 1)' (z—a,)(z—b):“z:(] n < O
0 n>0
1 d—n—l 1 1
e { (—n—l)! dz—n-1 [(z—a) - (z_b)]lzz(] n < 0
0 n>0
I G ) Y o Vi e .
= { (—n—l)![ (z_a)_" - (— b)—n ]|z—0 n<0
0 n>0
1 1
_ [V — gl 7 <0
0 n>0
{( Dla”—v"] n<0
0 n>0
Res[X(2)2"", 00] = —Res[X(5)(3)" 55, 0] [€= ]
’ £°¢ e’ z
(a—10) .
= —Re [ ( ) +1 ]
(1-af)(z-b) ¢
(a—1?)
= —Res ,0
e a—see”
{ 0 n<o0
- (a-b)
w4mlwlﬁuwem— n>0
{0 n<0
= 1 (a—b)
(n—1)! d{'ﬂ—l[(l —af)(1— b§]|€— n>0
{0 n<0
(n-1)! ggn? [(1/a (1/(,_5)”5:0 n>0
0 n<0
- Dt — wigrlles n> 0
(n—-1)! /e — (1/p—¢)" =0
{0 n<0
= 1
e T @agrllen m>0
_Jo n<0
" L(-Dle" ~ b n>0

So, forn > 0, having:

L n—1
z(n) = ﬂ_ﬂ,%ch(z)z dz

= Res[X(2)2" "}, a] + Res[X(2)2"*, 0]
a”+0

— {Res[X(2)2""1,b] + Res[X(2)2" 1, 00| }
= {0+ (D" 5]}

:an

For n < 0, having:



1 n—1
z(n) = Ton ch(z)z dz
= Res[X(2)2" "}, a] + Res[X(2)2""1, 0]
=a" + (-1)[a" — b"]
= — {Res[X(2)2""',b] + Res[X(2)z" ", 0] }
=—{-b" +0}
— "

To sum up, we have:

" n<o0
z(n) =
a® n>0
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