Homework 2

Course Title: Digital Signal Processing | (Spring 2020)

Course Number: ECE53800

Instructor: Dr. Li Tan

Author: Zhankun Luo

Problem: Problems 3.2: 3, ¢, 3.6, 3.9: a,b, 3.10, 3.13, 3.15, 3.18: a, b, 3.23, 3.27, 3.28

3.30:b,d,3.31¢ 3.34

Problems

Problem 3.2

Calculate the first eight sample values and sketch each of the following sequences:

(a) z(n) = 5sin(0.27n)u(n)
(¢) z(n)=>5cos(0.1mn + 30°)u(n)

solution
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Problem 3.6

Given the digital signals x(n) in Figs. 3.24 and 3.25, write an expression for each digital signal using the unit-
impulse sequence and its shifted sequences.
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solution
1. Fig 3.24
z(n) = 36(n) + d(n — 1) + 26(n — 2) + §(n — 3) + d(n — 5)

2. Fig 3.25

z(n) =6(n—1) —d(n—2)+é(n —4) — é(n — 5)

Problem 3.9

Assume that a digital signal processor with a sampling time interval of 0.01 s converts each of the following
analog signals x(t) to a digital signal x(n), determine the digital sequences for each of the following analog
signals.

(@) @(t) = e u(t)
() =z(t) = 5sin(207t)u(t)

solution

T = 0.01, then z(n) = z(t)|,_,r. S0 having:

@ a(n) = e D)y = e u(nT) = O u(n)
(b) z(n) = b5sin(207t)u(t)|,_,r = 5sin(207Tn)u(nT) = 5sin(0.2mn)u(n)
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Problem 3.10

Determine which of the following systems is a linear system.

(@) y(n) = 5z(n) + 22*(n)
(0) y(n) ==(n— 1)+ 4x(n)
(¢) y(n)=4z3(n—1)—2z(n)

solution

1. (@) Nonlinear system:
Example: set z; (n) = —1,z2(n) = 1,2(n) = z1(n) + z2(n) =0
Havingyi(n) = —-5+2=-3,92(n) =5+2="7,y9(n) =0+0=0
Here y(n) # y1(n) + y2(n)
2. (b) Linear system:
For any input 1 (n), £2(n), and a,b € R
setz(n) = az1(n) + bra(n)
we have
y1(n) = z1(n — 1) + 4z (n)
y2(n) = z2(n — 1) + 4z2(n)
y(n) = z(n — 1) + 4z(n) = [az1(n — 1) + bza(n — 1)] + 4[ax1 (n) + bxa(n)]
= alzy(n — 1) + 421 (n)] + blze(n — 1) + 4z2(n)] = ay1(n) + byz(n)
3. (c) Nonlinear system:
Example: set z1(n) = 2,22(n) = 1,z(n) = z1(n) + z2(n) =3
Having y1 (n) = 28, y2(n) = 2,y(n) = 102
Here y(n) # y1(n) + y2(n)

Problem 3.13

Given the following linear systems, find which one is time invariant.
(a) y(n) =—5z(n — 10)
(®) y(n) =4z(n?)

solution

1. (a) time invariant

For input &1 (n), the shifted input of n samples z2(n) = z1(n — ng)
y1(n) = —5z1(n — 10)
y1(n —ng) = —5z1(n —ny — 10) [replacing n by n — ny]
y2(n) = —5za(n — 10) = —5z1(n —ng — 10) [replacing x5 (n — 10) by 1 (n — ng — 10)]

So, having

y1(n —no) = y2(n)
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2. (b) time varying
For input zy (n), the shifted input of n samples z3(n) = z1(n — ng)

y1(n) = 4z (n?)
y1(n —ng) = 4z1((n —ng)?) [replacing n by n — ng]

2 2

ys(n) = 4zy(n?) = 41 (n? — o) [replacing o3 (n?) by z1 (n? — no)]

So, having

y1(n —ng) # y2(n)

Problem 3.15

Determine the causality for each of the following linear systems.

(a) y(n) =0.5z(n) + 20z(n — 2) — 0.1y(n — 1)
() y(n)==z(n+2)—04y(n—1)
(¢) y(n)==z(n—1)+0.5y(n+2)

solution

(a) Causal; (b) Noncausal; (c) Causal

(a) Since the output y(n) depends on the current input x(n) and the past input x(n-2) , and past output y(n-1),
the system is causal.

(b) Since the output y(n) depends on the future input x(n+2), the system is noncausal.

(c) We can rewrite the formula:

0.5y(n) =y(n —2) — z(n — 3)
y(n) = 2y(n — 2) — 2z(n — 3)

Since the output y(n) depends on the past input x(n-3) and the past output y(n-2), the system is causal.

Problem 3.18

Find the unit-impulse response for each of the following linear systems.

(@) y(n)=0.2z(n) —0.3z(n — 2); forn > 0,z(—2) =0,z(-1) =0
() y(n) =0.5y(n —1) + 0.5z(n); forn > 0,y(—1) =0
solution
1. (@) the unit-impulse response, by replacing z(n), z(n — 2), y(n) with §(n), 6(n — 2), h(n), having:

h(n) =0.26(n) —0.36(n —2) [n>0]

2. (b) the unit-impulse response, by replacing z(n), y(n — 1), y(n) with 8(nr), h(n — 1), h(n), having:
h(n) = 0.5h(n — 1) + 0.56(n) [n > 0,h(—1) = 0]
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Mathematical induction
1. The initial case: We know that h(—1) =0
h(0) =0.5-0+0.56(0) = 0.5
So having h(0) = 0.5 = 0.5%+1
2. The induction step: Then from h(n) = 0.5h(n — 1) [n — 1 > 0]
When h(n — 1) = 0.5" [n — 1 > 0], we can infer that
h(n —1) =0.5" [n — 1 > 0] = h(n) = ah(n — 1) = 0.5"™ [n > 0]

Conclusion: h(n) = 0.5 [n > (]

Problem 3.23

2, k=0,1,2 2, k=0
h(k)=<1, k=3,4 andz(k)=<1, k=1,2
0 elsewhere 0 elsewhere
evaluate the digital convolution
00
y(n) = Y z(k)h(n—k)
k=—00

1. the graphical method;
2. the table method;
3. applying the convolution formula directly

solution

1. the graphical method;
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n=4: x(k) and h(4-k) 30 n=5: x(k) and h(5-k)

A x(k) ) —A_ x(k)
—4_ h(a-k) —4_ h(5-k)

| | |
{ { {
{ { {
| | |
t { t
| | |
{ { {
| | |
{ { {
10 | | 10
{ {
{ {
{ {
| |
05 ! ! 05
{ {
{ {
{ {
0.0 t T t T t T + T + 0.0 t T t
0.0 0.5 10 15 2.0 25 3.0 35 4.0 o 1 2

k
n=6: x(k) and h(6-k)

x(k) and h(4-k)
&

x(k) and h(5-k)
G

A x(k)
—4_ h(6-k)
25
520 + 1 +*
- i
H i
£ 1
§
=
|
|
|
|
|
|
|
|
‘ ‘ !
0 1 2 3 4 5 6

So we have:

y(n) = 46(n) + 66(n — 1) + 85(n — 2) + 66(n — 3) + 5d(n — 4) + 26(n — 5) + 6(n — 6)

2. the table method;

k —4|-3[-2][-1/0/1]2[3]4[5]6
(k) 211

h0—k) | 1 2 |2

h(1 — k) 2 |22

h(2 — k) 1 2(2]2

h(3 — k) 11222

h(4— k) 101222

h(5 — k) 101222
h(6 — k) 101222

So we have

y(n) = 48(n) + 65(n — 1) + 85(n — 2) 4+ 66(n — 3) + 53(n — 4) + 26(n — 5) + d(n — 6)

3. applying the convolution formula directly
h(k) = 26(k) +20(k— 1) +25(k—2) +6(k—3) + d(k —4)
z(k) = 20(k) + 0(k— 1)+ d(k—2)
z(n—k)=20(n—k)+én—k—1)+d(n—k—2)

So we have



ym)= 3 h(k)(n— k)
k=—o00

= ) [26(k) +26(k — 1) + 26(k — 2) + 6(k — 3) + 8(k — 4)|z(n — k)
k=—o00
=2z(n) +2z(n—1)+2z(n — 2) + z(n — 3) + z(n — 4)
= 2[26(n) + d6(n — 1) + é(n — 2)] + 2[26(n — 1) + d(n — 2) + 6(n — 3)]
+2[26(n — 2) + 6(n — 3) + d(n — 4)]
+ [26(n — 3) + &6(n — 4) + d(n — 5)] + [20(n — 4) + é(n — 5) + 6(n — 6)]
= 46(n) + 66(n — 1) + 85(n — 2) + 66(n — 3) + 56(n — 4) + 26(n — 5) + 6(n — 6)

Problem 3.27

Determine the stability for the following linear system.

y(n) = 0.5z(n) + 100z(n — 2) — 20z(n — 10)

solution

Stable system:

Consider the impulse response h(n), having

h(n) = 0.56(n) 4+ 1005(n — 2) — 208(n — 10)

Then, for y(n)

Wl =1 Y hke(n - k)

k=—00

=| Y [0.56(k) + 1005(k — 2) — 205(k — 10)]z(n — k)|
k=—00
= |0.5z(n) + 100z (n — 2) — 20z(n — 10)|
< M]|0.5] 4 |100] + | — 20]] < 120.5M

Hence, we obtain a bounded output with a bounded input.

Problem 3.28

Determine the stability for each of the following linear systems.
(a) y(n)= Z 0.75Fz(n — k)

® wy(n) = 22’“:1:(77, k)

solution

1. (a) Stable
When |z(n)| < M, with the bounded input, we have
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ly(n)| = i 0.75%z(n — k)
k=0

1

1_om M

o0
<MD 075 =M
k=0
Hence, we obtain a bounded output with a bounded input.
2. (b) Not stable
When |z(n)| < M, with the bounded input, let us set &(n) = u(n), M can be 2

y(n) = i 2Fu(k)u(n — k) = f: 2" *u(n — k)u(k) = 2" zn: 27F [n>0]
k=00 k=00 k=0

1_2—n—1
=" >o" >
495 =¥ 20

So, we have

lim y(n) = lim 2" = +o0
n—00 n—r00

We will obtain the unbounded output.

Advanced Problems

Problem 3.30

Given each of the following discrete-time systems,
®) y(n)==z(n—1)+0.5y(n — 2)
d) y(n) = |e(n)|

determine if the system is (1) linear or nonlinear; (2) time invariant or time varying; (3) causal or noncausal;
and (4) stable or unstable.

solution

1. (b) Linear; (d) Nonlinear
(b) Linear
For any input ;1 (n), z2(n), and a,b € R
setz(n) = az;(n) + bz (n)

we have
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ni) = 3 h(k)e:(n— k)

k=—o00
n) = 3 h(Wea(n - k)
k=—o00
y(n) = i h(k)z(n — k) = i h(k)[azi(n — k) + bza(n — k)]
k=—00 k=—00

= a[ki h(k)z1(n — k)] + b[ki h(k)z2(n — k)] = ay1(n) + bya(n)
(d) Nonlinear
Example: set 2 (n) = —1,z2(n) = 1,z(n) = z1(n) + z2(n) =0
Having y1(n) = 1,32(n) = 1,y(n) =0
Here y(n) # y1(n) + y2(n)
2. (b) time invariant; (d) time invariant
(b) time invariant

For input z1 (n), the shifted input of n samples z2(n) = z1(n — ng)

nm) = > bk (n— k)

k=—0o0
yi(n—mg) = f: h(k)z1(n —ng — k) [replacing n by n — ng]
k=—o0
nm) = 3 hRaan—k) = 3 hkjar(n—no — k) [replacing >(n — k) by 71 (n — ny — k)
k=—00 k=—00

So, having

y1(n —no) = y2(n)

(d) time invariant
For input z1 (n), the shifted input of n samples za(n) = z1(n — ng)

y1(n) = |z1(n)]
y1(n —ng) = |z1(n —ny)| [replacing n by n — ng]
Y2(n) = |z2(n)| = [z1(n —no)| [replacing z2(n) by z1(n — no)]

So, having

y1(n —no) = y2(n)

3. (b) Causal; (d) Causal
(b) Since the output y(n) depends on the past input x(n-1) , and past output y(n-2), the system is causal.

(d) Since the output y(n) depends on the current input x(n), the system is causal.

4. (b) Stable; (d) Stable



(b) When |z(n)| < M, with the bounded input, we have
h(n) —0.5h(n —2) =6(n — 1) [h(—2) = h(-1) = 0]

1 n—1 __ln—lun_
h(n)=0-5[(ﬁ) +(\/§) Ju(n —1)

Then, for y(n)

Wl =1 3 Aka(n - k)

k=—0c0

= | io: h(k+1)z(n—k—1)
k=—00

<M i |h(k + 1)

k=—00
> Lk __lku
<Mk:§_jw|0.5[(ﬁ) +(ﬂ)] Q]
1 1 V2
<Mkz=o(\/§) _Ml_%_Mﬁ_l

Hence, we obtain a bounded output with a bounded input.

(d) When |z(n)| < M, with the bounded input, we have
ly()| = |z(n)| < M

Hence, we obtain a bounded output with a bounded input.

Problem 3.31

Given each of the following discrete-time systems,

(¢) y(n) = round[z(n)]

determine if the system is (1) linear or nonlinear; (2) time invariant or time varying; (3) causal or noncausal;
and (4) stable or unstable.

solution

1. Nonlinear
Example: set 1 (n) = 3.4, z2(n) = 0.2, z(n) = z1(n) + z2(n) = 3.6
Having y1 (n) = round[3.4] = 3, y2(n) = round|[0.2] = 0, y(n) = round|3.6] = 4
Here y(n) # y1(n) + y2(n)

2. time invariant

For input & (n), the shifted input of n samples z5(n) = z1(n — ng)

y1(n) = round[z; (n)]
v1(n — ng) = round[z1(n — ny)| [replacing n by n — ny|
y2(n) = round[z,(n)] = round[z; (n — ng)] [replacing x5 (n) by z1(n — np)]


af://n337
af://n344

So, having

y1(n — ng) = y2(n)

3. Causal

Since the output y(n) depends on the current input x(n) , the system is causal.
4. Stable

When |z(n)| < M, with the bounded input, we have

|ly(n)| = | round|[z(n)]| < max(|z(n) — 0.5, |z(r) + 0.5]) < |2(n)| + 0.5 < M + 0.5

Hence, we obtain a bounded output with a bounded input.

Problem 3.34

Given a relaxed discrete-time system,

y(n) —ay(n — 1) = z(n)

1. Show that the impulse response is
h(n) = a"u(n)

2. If the impulse response of a relaxed discrete-time system is found as

mm:{

a” n>0,n= even
0  otherwise

determine the discrete-time system equation.

solution
1.1fa = 0, we have h(n) = h(n) — 0 - h(n — 1) = §(n) = 0™u(n)
Now consider a # 0
A. Mathematical induction
1. The initial case: Here we need the additional condition: h(—1) = 0
2. The induction step: Then from h(n) — ah(n — 1) = §(n)|,,., =0 [n < 0]

When h(n) = 0 [n < 0], we can infer that
B h(n) —0

=0[n—1<0]
a

h(n) =0[n <0 = h(n—1)

Conclusion A: A(n) = 0 [n < 0]
B. Mathematical induction
1. The initial case: We know that h(—1) =0
h(0) — ah(-1) = é(n)|,—o =1

So having A(0) =1 =a®
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2. The induction step: Then from h(n) —ah(n —1) =0[n — 1 > 0]
When h(n — 1) = a™ ! [n — 1 > 0], we can infer that

h(n—1)=a"'[n—1>0] = h(n) = ah(n —1)+0=a" [n > 0]

Conclusion B: h(n) = a" [n > 0]
Combine conclusion A and B, we have h(n) = a™u(n) for a # 0
Summary: h(n) = a"u(n) forVa € R

2. We know the impulse response h(n), and we can write as

h(n) = 0.5[a™ + (—a)"]u(n)

For y(n),y(n — 2), we have

ym)= 3 h(k)z(n— k)

k=—00
a’y(n—2) = i a’h(k — 2)z(n — k)
k=—00
Because
h(k) — a®h(k — 2) = 0.5[a* + (—a)*u(k) — a? - 0.5[a¥ 2 + (—a)*2Ju(k — 2)
= 0.5[a* + (—a)*[u(k) — u(k — 2)]
= 0.5[a* + (—a)*][6(k) + 6(k — 1)]
= 0.5[a* + (—a)*]6(k) + 0.5[a* + (—a)*]16(k — 1)
= 0.5[a’ + (—a)°]é(k) + 0.5[a* + (—a)']6(k — 1)
= 6(k)
So, we have
ym) —alyn—2) = 3 [(F) — a*h(k — D]a(n— k)
k=—00

= f: d(k)z(n — k)

k=—o00

= f: d(k)z(n — 0)

k=—00
= z(n) i o(k)
k=—00

= 2(n)

Finally, the discrete-time system equation:

y(n) — a*y(n — 2) = z(n)
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